


symmetric, nonnegative definite. If A, B are symmetric, A > B{4 > B] means
A — B is positive [nonnegative] definite. The letters ¢, o, r are arbitrary real
numbers which always denote the time; we use fo < 4 < #; to denote fixed, or-
dered values of &. ANl scalars, vectors, and matrices are real throughout. For a

scalar function L(u) of the vector u, L, is the gradient vector and L., is the
jacobian matrix.

We shall study the system represented by the equations
de/dt = F(t)x 4+ G(t)u(t) (2.1)
y(t) = H(t)=z(t) (2.2)

where: © is an m-vector, z is an n-vector, y is a p-vector; F(i), G(t), as well as
H(t) are rectangular matrices continuous in ¢, either of which may be singular.

In view of the physical motivation of our problem, we adopt the following
terminology: Equations (2.1-2) are the plant (or model); x is the sfate of; u(t)
is the contrel function or input to; and y(¢) is the cutput of the plant. The plant
is constant if F, G, H are constants. If u(t) = 0 or G(t) = 0, the plant is free.

The behavior of the plant is described by the solution of the differential equa-
tion (2.1) which will exist for all ¢ and be unique if, say, u(t) is Lebesgue inte-
grable. As is well known ([9]), the general solution has the form’

x(t) = ®(¢, )x(l) + j;t &(t, r)G(F)ulr) dr (2.3)

where &I, 7), defined for all ¢, 7, is a fundamental matrix ([9]) of solutions of
the free system (2.1), satisfying the additional requirement that

&(t,t) =1 forallt (2.4)

In view of (2.4), we call @ the fransition matriz of (2.1)—a terminology bor-
rowed from the theory of Markov processes ({7], (8], [10]).

The solution (2.3) is conveniently regarded as the motion of the state of (2.1);
this leads to the notation

z(t) = dult; 2, b) (2.5)

Read: the motion of (2.1) starting at initial state x at time & and observed at
time ¢, and influenced by the fized control function u(¢) defined in the interval
{to, t). Since (2.5) holds for all ¢, &, we have in particular the identity: z =
¢u(t; x, t) for all ¢, z, u. Free motions are denoted by ¢, . We observe also that
(2.1) has an equilibrium state =* at 0, in other words, a state for which g* ==
s (t; 2%, b)) forall ¢, & .

3. Statement of problem

1u the simplest applications, the object of a control system is the following:
Given any stale x of the plant (2.1) at any time 1, “generate’” a control function

1 The function (2.3) will satisfy the differential equation (2.1) almost everywhere.
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(o), defined for t 2 b and depending on z, 4, » which causes

Tibhrs z o be “trg ed”
i the equilibrium siate 0, Tn other words, u(¢) is chosen so nsferred

as to assure
B}B ¢u(t; Z, ) =0 (31)

For technological reasons, the function %(#) must be generated from actual
Ineasurements of the behavior of the plant. To describe how the control system
is to be physically realized, one must therefore provide an algorithm for comput-
ing the number u(ty) from the knowledge of y(¢) for ¢ < ¢ . This is usually re-
ferred to as the Feedback Principle. -

One may separate the problem of physical realization into two stages:

(A) Computation of the ‘“best approximation” #(¢) of the state z(t;) from
knowledge of y(¢) for ¢ < 4.

(B) Computation of u(t) given £(4,).

In the engineering literature one often makes the simplifying assumption of
treating the two problems separately, i.e., simply regarding £(¢) ag though it
were z(t¢). We are concerned here only with Problem (B) and therefore always
assume that x(t) is known exactly. Somewhat surprisingly, the theory of Problem
(A), which includes as a special case Wiener's theory of the filtering and predic-
tion of time series, turns out to be analogous to the theory of Problem (B) de-
veloped in this paper. This assertion follows from the duality theorem discovered
by the author ({7], [8]); this theorem can be used to show also that the separa-
tion of Problems (A) and (B) is indeed legitimate.

Assuming x(¢) is known exactly and taking into account the Feedback Prin-
ciple, the problem of generating w(¢) reduces to specifying the control law

u(l) = k(z(8), ) (3.2)

From the definition of state it is clear that nothing would be gained by letting
u(¢) depend also on values of the state prior to time ¢. To assure that (2.1) with
(3.2) has a unique solution, it suffices to have k € €% If (3.2) does not depend
ekplicitly on t, we say the control law is constant.

To arrive at the control law “rationally,” we now add the further desideratum
that the iniegral of a nonnegative function of the state along any motion ¢, should be
minimized by the choice of (). Stating this requirement with some care, we shall
see that it uniquely determines w(¢) and hence also the control law (3.2), and
even implies (3.1). We call the resulting control system opiimal.

Let us now state precisely the

(8.3) OpriMaL REqurLaToR ProsreM. Find a control law (3.2) for which
ty
V' (@, 10,t:) = inf {v(m(tx;x, b)) + f‘ L(¢u(t; 2, t0) u(t),t) dt} (34)
u(é) 0

18 attained for all x, &, , and & , where v, L are nonnegative scalar functions of class
G in all arguments.
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The class of functions u(¢) which are admitted to competition in taking the
infimum in (3.4) are to be of class D° (i.e., continuous except at isolated points
at which u(¢) has finite left- and right-hand limits).

It is well known in the calculus of variations ({11], p. 196) that the condition
Ly, > 0 or L,, < 0 is necessary for the existence of even local extremals. To
avoid complications due to the equality sign, we assume from the outset that

Lyu(z, u, t) > 0 forallz, u, ! (3.5)

which is equivalent to assuming that L is strictly convex in u.

In engineering language, one calls t; the terminal time (it may be infinity!), the
integral is the performance index, and (at least when it does not depend on u) L
ig the error criterion or more generally the loss function. The function » is added
for greater generality. We use the notation V(z, f, & ; ©) for the value of the
integral in (3.4) for some specified, fixed u(¢). The superseript o identifies
“optimal”.

4, Relations with the calculus of variations

In this section we transcribe some well-known results ([11], Ch. 12) of the
local problem of the calculus of variations into a form best suited to our problem.
Let us first solve (3.3) in a very special case.

(4.1) Lemwma (Carathéodory). Let k(z, t) be an m-vector funetion of class C* in
z, t. Write v’ = k(z, t). Assume v = O and that the function L in (3.4) satisfies
the following conditions for all zx and all &, < t < 4 ¢

(a) Lz, v, 1) =0

(b) L(x, w, t) > O forall u = o’

Then the optimal performance index V° is identically zero for all x and is attained
by using the optimal control low given by

u = k(x(t), t) (4.2)

Proof. Let ¢.° denote the motion of the plant under control law (4.2); simi-
larly, let ¢,2 be the motion corresponding to some fixed control function u'(¢).
By (b) above and since the integrand of (3.4) is in class D° in ¢, it follows that
V(z, to, & ; u') > O unless w'(t) = ¥’(¢) at every continuity point of #'(t) in
the interval (%, 4). On the other hand, by (a) we see that V°(z, &, 4,) vanishes
identically in z” Q. E. D.

Anticipating the final result (4.14), let V°(z, ¢, &) be an arbitrary scalar func-
tion of class C* in z, ¢, (4; being a fixed number) and subject also to

Vo(x, b ’ tl) = V(Z) (4-3)
Let us replace L by

It is clear that two optimal controls #°(¢) and +w'(¢) can differ only on a set of measure
z€ero.
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L*(z, uy 1) = L(z, u, t) + Vi(z, 4, &) + (Vi(s, t, 1), F()z + G(t)u]
The integral of the last two terms along any motion between the limits & , 4 is

y(d’“(tl 3 Ty to)) - Va(x) to 1} tl) (4'4)

Since the second term in (4.4) does not depend on u(?), it follows that the two
variational problems,

inf [ L*ults 2, ), ult), 1) dt (45)

u(¢) Yig
and (3.3) are equivalent in that they have the same minimizing function u(¢)
(if such exists).

Now we try to find functions V°(x, ¢, i) and k(z, ¢, #) for which the hypothe-
ses of the Lemma are satisfied when L is replaced by L*.

In order that L*(z, u, ¢) have a minimum with respect to u at u = «* =
k(z, t, &), 1t is necessary that all first partial derivatives of L* with respect to u
vanish at «°. This and the condition L*(z, «’, t) = Q give

G'(t)V; = —Lu(z, v, 1) (4.6)
—Vi =Lz, o, t) + [Vs, F(t)z + G(t)u) (4.7)

These equations are called by Carathéodory the fundamental equations of the
variational problem (3.3).

‘From assumaption (3.5) it follows at once (by the strict convexity® of L(z, , £)

in u) that (4.6) can be solved for u°; more precisely, there exists a function ¥
of class C' such that

W=z, FE)Valz, t, 6), 8) = k(z, ¢, &) 4.8)
which is the desired optimal control law.
To check condition (b) of the Lemma, we write, using (4.6-7),
L*(z, u, t) = L(z, u,t) — Lz, v, t) — [u — o', L,(z, ¥, t)] (4.9)
= E(z, u, v, t)

which is the well-known Weierstrass E-funciion. It is clear by inspection that
E is the quadratic remainder in the Taylor series of L at u = 4. Using the well-
known estimate for the remainder, we have

E(E,‘u, uay t) = H U — ué nzLuu(z-u+0(u°—u),¢) (O 6L 1) (410)

which is nonnegative and in view of (3.5) vanishes if and only if u = v’
Hence if there is a function V° satisfying (4.3, 4.6-7) and in addition (3.5)
3 A scalar function a(z) of a vector z is convex in z if and only if for all z, , z3 the fune-

tion B(\) = a(Az: -+ (1 — N)zs) is convex in X\ over the interval 0 <A < 1. This will be the

case if and only if d'8/d\® = [z, — 73, @z (21 — z:)]= 0. Hence «(z) is convex if and only if
ar: = 0; similarly, a(z) is strictly convex if and only if azz > 0.
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holds, we can apply the Lemma and find that V° is just the left-hand side of
(3.4). The optimal control law is (4.8).
We now define the so-called conjugate variable £ by

F=V; (4.11)
and write ¢ = ¥(z, G'(t)§, t). We define the Hamiltonian as
5(x, & t) = L(z, ¢, t) + [§ F()x + G()HY] (4.12)

It is easily shown that if L is of class C*, so is also 4C.

Now if V°(z, t, t1) is any solution of class C* of (4.6-7), it follows by substitu-
tion that V° is a solution of the Hamilton-Jacobi partial differential equation of
the first order:

Ve + 3¢z, Vo, t) =0 (4.13)

Conversely, let V°(z, i, &1) (i = parameter) be any solution of (4.13) of class
C*. Defining %’ by means of (4.8), it follows that V° satisfies the fundamental
equations (4.6-7).

In summary, we have

(4.14) TmrorEM. If there exists a solution V°(x, t, t,) of class C* of the Hamilton-
Jacobt equation (or, equivalently, of (4.6-7)) which satisfies V°(x, 4, &) = »(z)
and if (3.5) holds, then V° is the optimal performance index for the regulator prob-
lem (3.3), and the corresponding optimal control law 1s given by (4.8).

6. Controllability

The purpose of this section is to impose conditions on the plant (2.1) to assure
that the problem posed by (3.3) is meaningful in the limit & = «. Guided by
physical intuition, we introduce the

(5.1) DermurioN. A state z is said to be controllable at time t if there exists
a control function w'(t), depending on z and # and defined over some finite
closed interval {ty, ¢}, such that ¢.1(# ; z, ) = 0. If this is true for every state
z, we say that the plant is completely controllable af time by ; if this is true for every
to, we say simply that the plant is completely controllable.

The following equivalent characterization of controllability is useful:

(5.2) ProposirioN. 4 plant is completely controllable at time ¢ (i) if and (ii)
only if the symmetric matriz

3}
Wtot) = [ &(to, DG (D (t0,1) (5.3)

0

18 posttive definile for some thy > &y .

Proof. (1) Set
wW(t) = —G'(O) (b, )W (o, k) (5.4)
Substitution into (2.3) shows that ¢.a(f ; x, &) = 0.
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(ii) Suppose there exists some 2 5 0 such that || z ||,y = 0. Define
U(t) = —@OF (b, )z
which implies that

31
I2 Brcon = [ e @IFde =0
0

Since w*(t) is continuous in ¢, it is therefore identically zero in the intervé,l
[to ] tl]

On the other hand, if the plant is completely controllable at # , there exists a
control function u'(¢) as required by (5.1) which satisfies the relation

T = —f‘“ &ty , t)G()u(2) dt

and therefore

|z = —ft l W'(2),w*(8)] dt = 0

contradicting the assumption that z = 0. Q. E. D.
(56.5) CoroLLARY. A constant plant is completely controllable (i) if and (ii)
only if
rank [G, FG, --- ,F"'G]l = n (5.6)

(where the square brackets denote a composite matriz of n rows and mn columns)
in which case one may choose t; — to > 0 as small as desired.

Proof. Because of stationarity, controllability does not depend on ¢, . Hence
take t, = 0.

(i) By (5.2), it suffices to prove that W(0, ¢,) is positive definite no matter

how small 4 > 0. Let ¢, - - - , g™ be the columns of G. If W (0, ¢,) is semidefinite,

then proceeding as in part (ii) of the proof of (5.2) we conclude that there is a
vector z # 0 such that

[:r,e"gi] =0 forall 0<t<tandt=1,---,m
Differentiating 7 times with respect to ¢, and then setting ¢ = 0, we get
[z, Fg1 =0 forall {=1,--- ,mandj=0,---,n—1 (57)

If (5.6) holds, this implies that = is orthogonal to a set of generators of E", con-
tradicting the assumption that z # 0.

(i) Assume the plant is completely controllable but (5.6) is false. Then
there is a vector z % 0 which satisfies (5.7). By the Cayley-Hamilton theorem

[z,e"gl = |::r, (i (Ft)"/j!) q"] = |::u, :2: a;(Ft)")g‘] , t=1,---,m

Jm=0
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It follows that || z 5w,y = O for all #;, contradicting the assumption of com-
plete controllability, Q. E. D.

Condition (5.6) has been used as a technical device in several recent papers in

the theory of control ([12}-{14]), without reference to the ‘‘physical” interpre-
tation (5.1).

(5.8) Remark. Let = be the state of the plant at {; and y the “desired”” state
at t, . It follows easily by a slight extension of the preceding arguments that y is
reachable from z (i.e., there exists a motion ¢.: which meets x at ¢, and y at t) if
and only if the equation

T — &b, )y = W(t, i)y (5.9)
has a solution, in which case

w(@) = — ) (&, )y (5.10)
is the appropriate control function.

Moreover, elementary methods of the calculus of variations show (see also
{15]) that the minimum control energy required to achicve the transfer is

3}
&(x, by, ta) = f‘ () [Pdt = |z — @, )y F-s00up  (511)
0

Clearly, the required “energy” is zero if and only if the free motion going through
z at iy intersects y at &, .

Equation (5.9) may have a solution for some but not all z, y. Then W does
not exist and it is convenient to replace it with the generalized inverse W in the
sense of Penrose ([16}, [17]). (See Appendix). With this convention, (5.11) s
the minimum energy required for transferring x as close to y as possible.

If W, t4) is invertible, then (5.9) always has a solution; we see that a
plant is completely controllable at tme ty if and only if starting from the origin af
ttme ty any stale x can be reached in a finile length of time by applying an appropriate
control function u(t). In other words, there ig a noteworthy “symmetry’’ between
sending z to 0 and sending 0 to z.

(5.12) Remark. Using the generalized inverse, we may replace (5.10) by a
control law defined in &, &]:

w(t) = =G (OWI({, W)z — (1, 4)y)
Even if the plant is stationary, this control law is not. In fact, a stationary con-
trol law can be obtained in this case only by letting u*(¢) be discontinuous ([8]).

The following definition is designed to single out a class of nonstationary
plants which are in a sense “quasi-stationary”. This will play an important role
in the sequel.

(5.13) DerFINITION. A plant is uniformly completely controllable if the following
relations hold for all ¢:
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(1) 0 < aa)l SW(tt+ o) < (o)
(i) 0 < Bu(o)] S 2(t + o, YW (L, t + o)F'(t + 0, 1) < pr(0)]

where ¢ is a fixed constant. In other words, one can always transfer z to 0 and
0 to z in a finite length ¢ of time; moreover, such a transfer can never take place
using an arbitrarily small amount (or requiring an arbitrarily large amount) of
control energy.

Definition (5.13) has surprisingly far-flung consequences. We mention some
of these; the proofs are elementary.

First of all, if (i-ii) bold, then, for all ¢,

VBu(0)/aalo) < 1 8(¢ + o, O)]] £ VBi(0)/ (o) (5.14)
which is equivalent to
Va(a)/B1(0) £ 2t t + o)) < Viewlo)/Bulo) (5.15)

(5.16) From formulas (5.3) and (5.14-15) we see that (i—ii) hold also for
the constant ¢/ = 2¢; this implies further that (i—i) hold for any ¢’ > 0.

(5.17) Using (5.16), we see that (i-ii) actually imply the following stronger
bound on the transition matrix:

I @, ) < (it — r|) forale s (5.18)

(3.19) It is now clear that if any two of the relations (5.18), (i), and (ii)
hold, the remaining relation is also true.

The bound (5.18) obviously restricts the class of dynamical systems (2.1).
Some such restriction appears to be an unavoidable consequence of any “rea-
sonable’” definition of uniform complete controllability. For instance, if only (i)
holds, the following peculiar situation may arise. Consider the scalar system:

dz/dt = —tz + /2t — De Tu(z)

(defined only for £ > 1). We find easily that
¢(t T) — e(rt—:i)l‘z
which does not satisfy (5.18); furthermore,
w(t ¢+ cr) — ez(o—1):+(u—1)* _ e*zt+1

and it is clear that w does not satisfy (i) unless ¢ = 1, while (ii) is never satis-
fied. In other words, to transfer x to 0 over an interval of time shorter than 1
may require an arbitratily large amount of control energy, whereas doing the
same job over an interval of time longer than 1 may require only a vanishingly
small amount of energy as {, — o . Transferring 0 to z will require more and
more energy as tp — «.

Finally, let us note a well-known and readily verifiable condition for (5.18)
(easily proved using the Gronwall-Bellman lemma):

t2
[IF@dr < v — 1) foralls, b (5.20)
t1
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We now seek to characterize a plant according to its “output” properties.
This is most conveniently done as follows. Let t* = —t and F*(t*) = F'(t),
G*(t*) = H'(t), and H*(t*) = @'(¢). Then

dz*/dt* = F*(t*)z* + G*(t*)u*(t*)

yr(t*) = H*(¢*)z*(t*)
where z*, u*, y* are n, p, and m vectors respectively, is the dual plant of (2.1-2).
We shall not discuss the significance of this concept in detail (for which see [8]),

except for pointing out that (i) the duality relations are reflexive if t5* = £ ;
(ii) the transition matrix of (5.21) satisfies the relation -

(¥, ¥) = ¥ (r, 1) for all ¢,7 (5.22)
It is convenijent to introduce the:

(5.23) DerniTioN. A plant (2.1-2) is uniformly completely observable if its
dual is uniformly completely controllable.

It follows easily from (5.23) that the explicit expression for W* corresponding
to (5.3) is

(5.21)

WH(t%,t + o*) = W*(to,bo — o*)
t (5.24)
- f & (4, ) H' () H (£)®(t, 1) dt
tg—o*
Using W* defined by (5.24), we can now state (5.23) explicitly. To avoid any
possibility of confusion, the constants «, 8, ¢ occurring in (i~ii) are to be re-
placed by o*, 8*%, o*.

6. Solution of the linear regulator problem

The point of view of the elassical calculus of variations outlined in Section 4
is purely “local.” At present, there are few global results and just about none
in the theory of control. In the “local” (linear) case, however, the ideas of the
preceding section lead to (what is hoped to become) a definitive theory of the
regulator problem. This is the subject of the remainder of the paper.

To get the linear case of the regulator problem, it is not enough to have a linear
model (2.1)-for the plant but we need also the assumption:

(A) Lz, ut) = HIH®z low + lulzel,  »(@) ==zl

where 4 is symmetric, nonnegative definite while Q(t), R(t) are symmetric,
positive definite and of class C” in .
In view of (A;), the Hamiltonian function (4.12) is

3e(z, & t) = HI HNz o + 2F )z, ] — | F(DE llz-10)  (B.1)
With this choice of 3¢, the function
vz, b, t) = 3l 2 Mo (6.2)
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(t, = parameter) is a solution of the Hamilton-Jacobi equation (4.13) if and only

if P(t, &) is a solution of the following ordinary nonlinear differential equation
of the Riccati type:

—(fl—lt) = F'(t)P + PF(t) — PG)R'()GF' ()P +H' ()Q()H(t) (6.3)

It is clear that (6.2) determines P only up to & constant, skew-symmetric
matrix (constancy follows from the fact that dP/dt is symmetric). Henceforth,
to avoid trivia, we always assume that P is symmetric.

Given any symmetric, nonnegative definitive matrix A, (6.3) has a unique
solution II(¢; A, ¢;) which takes on the value A at ¢ = ¢, . This solution is known
to exist only in some neighborhood of ¢ ; without further analysis we cannot
conclude existence for all {. (Because of the phenomenon of finite escape time, for
which see [10], Example 3.)

Nonetheless, II1(¢; A4, &) does exist for all ¢ < &, . We prove this indirectly as
follows:

(6.4) ExisTeENCE THEOREM. (i) For all t, and all symmetric, nonnegative definzte
4, (6.3) has a unique solution YI(t; 4, t,) defined for all t < ¢, . (ii) Under Assump-
tion (A,) the optimal performance index for Problem (3.3) is given by

Vo(z, to, t) = || = Miceasaen

Moreover, the optimal performance index s attained if and only if the control law is
given by

w(t) = RQ)G (DL A, t)z(t) (6.5)
Proof. If we assume (i), then (ii) follows immediately from (4.14). Therefore,
if TI(¢; A, #) exists, it must necessarily satisfy the relation

| 2lficeqanen < f‘:l | H($)®(t, to) 7 oo dt + || 8 (t,te)z |4

< altyb) 1 |

which follows by setting «(¢) = 0 in (3.4). Since a(#, &) is finite for all pairs
t, b, it is clear that II(¢; 4, &) (if it exists) is contained in a compact region
for all £C [ty , &). Including this fact in the standard proof of the existence theorem
for differential equations proves (i). Q. E. D.

In order to study the case t; — =, we first define a particular solution of (6.3)
which is of central significance for the ensuing development.

(6.6) ProrosiTION. If the plant s completely controllable, then
lim II(¢; 0, t,) = P(t)

ty-»0
(i) exists for all t and (ii) s a soluiion of (6.3).
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Proof. (i) Suppose the plant is completely controllable at ¢ = & . Then for
every z there exists a control function %' (1), given by (5.4), which transfers z to
0 at or before ¢ = f(x, t). We set %'(t) = Ofor{ > 1. Then

“ T HH(to;O.h) = Vo(zy b, tl) S V(I: b, t ;ul) = V("l:; lo y 5 ul) S a(t‘))” x “2

which shows that || II(% ; 0, 4,) || is bounded for all ¢, > #, . On the other hand,
(3.4) shows that || Ii(% ; 0, #) || is nondecreasing as & — «. Hence the desired
limit exists for arbitrary { = & . Q. E.D.

(ii) Using the continuity of solutions of (6.3) with respect to initial econdi-
tions, we have

Pt =‘lim (45 0, &) = lim U(¢; (4 0, &), &)
2w tyww
= II(¢; lim 0(t ; 0, &), &) = I(¢; P(h), t)
g0

which shows that P(¢t) is a solution of (6.3) which is defined for all . Q. E. D.
(6.7) ExisTeNcE THEOREM. Assuming (4,), »(z) = 0,and l; = o, the optimal
performance index for Problem (3.3) is || 2 |3y and the optimal control law 73
w(t) = RO @)P)x(t) (6.8)
Proof. Assume throughout the »(z) = 0. First we show: If u(t) ¢s determined
by the conirol law (6.7), the corresponding performance index is

V(Z, lo, ©; uo) = lim V(xr lo, b ;uo) = H T ”}’(‘o)

t1»m

We see from (6.4) and (6.6) that

V(zy tﬁ, b 3 uo) = " z ”%’ﬂo) - ” ¢u°(t1 ) to) “i"(h) -<- ” z “%(lo)
On the other hand,
Viz,to, ts;u) 2 V(z, o, ) = || 2 lncesonen = 12 3o — ¢

where ¢ — 0 as {; — «, which proves (6.9). Hence
V"(a:,to, °°) -<_. V(z, to, w;uo)

The inequality sign cannot arise. For if V(z,4, =;u’) — V'(z, b, ©) 27> 0,
there is some control function u' such that V(z, &, ©;%°) — V(z, &, =, u') >
7/2. For t; sufficiently large, we then have

Viz, to, 0;4) = V(2 to, &) + n/4 2> V(z, b, b3 u') + 0/2
which is a contradiction and everything is proved. Q. E. D.
In the engineering literature it is often assumed (tacitly and incorrectly) that
a system with optimal control law (6.8) is necessarily stable. We now give rigor-
ous sufficient conditions insuring uniform asymptotic stability and point out in

the process of proof some trivial but interesting parallels between the calculus of
variations and the second method of Lyapunov.
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The following definition is standard [10], [18]: The system (2.1) is uniformly
asymptotically stable if (i) || ®(t, o) | < o and (i) | ®(t, k) || = 0 witht —
uniformly in ¢ . It can be shown ([10}, Theorem 3] that uniform asymptotic sta-
bility in the linear case is equivalent to exponential asymptotic stability, which is
defined by the condition (o, 8 > 0)

| @t &) || < aexp[— B(t — ta)] forall tbandallt > 4.

(6.10) StapiiTy TuEOREM. Consider a plant with control law (6.8) which is
uniformly completely controllable and uniformly completely observable. In addition
to (4,), assume also

(A2) Q) = aul > 0, R > ol >0
(As) Q) < al, R() < al

Then the controlled plant is uniformly asympiotically stable and V°(z, i, ) is one
of its Lyapunov functions.

Proof. As is well known, it suffices to prove that (a) V° is bounded from above
and (b) below by increasing functions of || || independent of ¢, (¢) the deriva-
tive V° of V° along optimal motions of the plant is negative definite {10, 18},
and (d) V° — o with [z ]| — .

(a) By uniform complete controllability, let u'(¢) be the control function,
depending on z, f and defined in [k, o + o] (¢ = positive constant), which
transfers z to 0 at or before { = 4 + o. In accordance with the remarks following
(5.13), there is no loss of generality in taking the constants ¢ and o* (ocecurring
in the definition of uniform complete controllability and uniform complete
observability) to be the same. Having set o = o*, we let &, = t + o. If w'(t)
is defined explicitly by means of (5.4), then

du(tyz, o) = @4, ) — W, OW ' (4, )]z
= &(t, t;)2(t)

From the definition of W (see (5.3)), it follows easily® that the norm of the
bracketed term above is less than or equal to 1. Using (5.18) then gives

2@l < osl =l

where a3 depends only on ¢ and it is therefore constant. By (6.11) and (4,)
we get

(6.11)

Vo(z, ta, ©) < f i {os | H()®(t, t)2(t) | + ax || ') P} @t (6.12)

4+ We need to show only thatif B>0and B = A = 0,then || AB* | < 1. Now | AB! || =
Mmax (B 1A™B1) = Apmex(4%B~2). By the well-known theorem about simultaneous diagonali-
zation of a positive definite and a symmetric matrix, we have the representation A® = TAT,
Bt = T'T, where T is nonsingular and Ais diasgonal. B = 4 = Qimplies 1 2 2(A) = 0. Hence
Amax (A ’B—-’) = Amax (A) =1.
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Making use of the foregoing and of the elementary inequality
Iz [P < A 2l = ha(A’ D] = | < (tr A4 2 |

(valid for any matrix A and any vector z), (6.12) becomes

Ve(z, to, ©) < asos(tr W*(h, &)} 2 ° + o || 2 ||%~20t0.00
and by uniform complete controllability and observability we have finally

V(z, 10, ) < [nasasar (¢) + araa(e)}l| z | = e ||  |I".

(b) In view of (6.7), we can define
inf V¥(z, 40, ) = au(b)ll z I

We show that aie(t) = on > 0. In fact, in the contrary case we can make ¢,
defined by

lo et = [ Iw@ Far< e [ 100 o < Vi, ©)
0 to
as small as desired by suitable choice of x, &4 . We introduce the abbreviation

2(t) = f‘“ @ty , 1)G(t)u°(t) dt

and note that, by the Schwarz inequality,

13 Y
o1 < ([ e, 060 ) ([ 11 a)
to to
and by uniform complete controllability,

2O < naua) € (x, )] 2 II%.
Utilizing this estimate, we find with the aid of (A4,):

Vo(z, b, ©) > f | HO®(, )z + 2(0)] I dt

> f " adll HO#( )z [ — | HOS (@, 0)2(t) [} dt

> auffl (b1, o)z e — nenlo) € (z, t)ltr W*(b, )] || z "}
By (5.18) and uniform complete observability, this reduces to
V(g to, ©) > alos™(o)as (o) — ner(e)ai (o) € (3, )i I
> fous — au € (z, Wil z |’
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which contradicts the assumption that e, (and hence ¢) can be made arbitrarily
small by suitable choice of z, &, .
(e) Since G and H are allowed to be singular, we cannot prove of course

that V isnegative definite. However, inspection of the last step of (b) yields the
further inequality,

Viduolts 52, 00), 6, @) — V(2,b, @) < —[ans — au € (z, b)ljl = |I°
and we have simultaneously also the further inequality
Vipuo(ti; 2, to), tr, ©) — V(2 80, ©) < a5 € (2, 0)] 2 |*
which follows immediately by (A:) and the definition of V°. Setting
as = agna/ (a5 + o) > 0
we have finally that
V(duolts + 052, ), bo + 0, ©) — V(z,t0, ®) £ o]z’

which shows that V° is strictly decreasing along any interval of time of length
oz , unless z = 0. Taking account of this fact, the proof of Lyapunov’s theorem
on uniform asymptotic stability ([10]) goes through as usual.

(d) This is trivial in view of V° > an [z ||>. Q. E. D.

It is of some interest to observe that if we have merely-complete controllabil-
ity, part (a) does not go through but we have nevertheless proved (nonuniform)
asymptotic stability.

7. Stability of the Riccati equation

We now turn again to (6.3) and examine briefly its stability properties. Let
5P(t) = P(t) — P(i) denote the deviation of a given motion P(t) of (6.3) from
P(t). Substituting into (6.3) shows that

d(sP)/dt = —F'(t)6P — sPF(t) — sPG(t)R™'(t)G'(t)sP (7.1)
where
F(t) = F(t) — GORT (DG (1)P(t)
For simplicity, we temporarily drop the argument ¢ in G, H, P, Q, R.
(7.2) Stasiry TaEorEM. Let
V(SP, t) = & tr (PP7)% (7.3)
Then (i) the derivative of U along motions of (7.1) 1s
D(sP, t)
= tr {(P’GR'G’'PY) - (P'P7'P* — 1) + (PHH'QHP ) (PPP — 1)
provided P > 0,
(ii) If A > 0, then under the hypotheses of (6.10), all solutions II(t; 4, t;) of

(6.3) are uniformly asymptotically stable relative to P(t) ast — — =, and U is an
appropriate Lyapunov function.

(7.4)
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Proof. (1) This is established by lengthy, elementary calculations: The square
root of P exists by assumption and that of P by part (b) of (6.10).
(ii) Clearly, U vanishes if and only if 6P = 0. We recall the fact that for
any symmetric, n X n matrices 4, B,
Amin(B)A:(AY) < M(ABA) < Amax(B)A:(4?) (f=1,---,n) (7.5)

where the \; are eigenvalues. This is a consequence of the Fischer-Courant varia-
tional description of eigenvalues (for which see [20], p. 115 Theorem 3 and p. 120,
Exercise 9). Using (7.5) and the results of (6.10) it follows easily that

0 < atr (8P)* < V(3P, t) < Btr (5P), 8P # 0

Moreover, (7.4) being the trace of a nonnegative definite matrix, O is clearly
nopnegative. By arguments analogous to part (¢) of the proof of (6.10)}, it fol-
lows then also that U is uniformly decreasing along any motion of (6.3) as
asi—» — o,

(7.6) CoroLLARY. The motion P(t) is unstable (ast — o).
Proof. Immediate consequence of part (ii) of the proof of (7.2).

(7.7) Remark. If the problem is stationary, i.e., F, G, H, Q, R are constants
P(, ) = P(t + h, i + k) which shows that dP(¢, 4)/dty = —dP(¢, 4,)/dt:
Hence in this case one can compute P(t) = const. from (6.3) by replacing ¢t by
—t; for any initial 4 > 0, this computation is asymptotically stable in the large.

(7.8) Remark. Because of the Corollary, in the nonstationary case (at least one
of F, G, H, @, R not constant), one cannot compute P(f) as ¢t — = from the
knowledge of P(i).

8. General solution of the Riccati equation

Consider the canonic (Hamiltonian) differential equations associated with
(6.1):

de/dt = 3C(z, £ t) = F(t)x — G(OR ()G (1)t (8.1)
dt/dt = —3.(x, & t) = —H(OHQOH () — F'(1) (8.2)

Let P(t) be a solution of (6.3), defined in some interval U = (~ =, ). In
view of (4.11) and (6.2), we assume that the initial conditions of (8.1-2) at
time f; are related by (4 < 1)

E(t) = Vi(z(t), ) = P(t)z(h)

Then the same relation will hold between solutions of (8.1-2) corresponding to
these initial conditions, for all ¢ that P(¢) exists:

§(t) = Va(z(0), 1) = P()z(d), te U (83)

We can also verify (8.3) directly by substituting (6.3) into (8.1-2).
Now let X(¢), E(t) be a pair of matrix solutions of (8.1-2) satisfying the initial
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conditions X (#,) = I, E() = P(#). By (8.3) we have obviously

E(t) = P(H)HX(), te U (84)
which shows that X (t) is a solution of the matrix differential equation
dX/di = [F(t) — G(O)RT'(H)F (H)P(1))X, te U

Setting »(z) = || z |3y in (3.4), we see from (6.4-5) that X (¢) is the transi-
tion matrix ®°(2, &) of the optimally controlled plant corresponding to this choice
of ». Since ®°(¢, 1) exists for all ¢ € U, we have

P(1) = E()2 (4, ¢), te U (85)
To obtain an explicit expression for P(t), let

_ (@Bult,t)) On(tt)
0, 4) = Ouli, t1) ®2z(tytl))

be the transition matrix of the system (8.1-2). We get the following formula
valid for ¢t € U:

P(t) = [Bult, t1) + Onlty, )P(8))[Ou(?, &) + Ownlt, 4)P(4)]™

This procedure is very well known in the caleulus of variations ([21; 11, Ch.
15)) and is being periodically rediscovered ([22], [23]).

RIAS, BALTIMORE, MARYLAND
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Appendix: The generalized inverse of a matrix

Following Penrose ([16)), the generalized inverse of an arbitrary square matrix
4 is 2 matrix A7 satisfying the relations:

(i) AAtA = A, (i) AtAA4t = A1,
(iii) (At4) = A4,  (iv) (44%) = AA+t

It can be shown that A always exists and is uniquely determined by these rela-
tions. Examples: (1) If D is diagonal, then the elements of its generalized inverse
are

dli = di) ifda=0
= 0 otherwise

(2) If A is symmetric, there is an orthogonal transformation T such that
A = T"DT. Then At = T'DiT.
Consider now the linear equation Az = #. Penrose proves ([17}) that the
“best approximate solution” z° = Aty of this equation has the properties:

() |4z — y ]| > | 42 — y || forallx
(i) I Az —yl = | 4 — yl, then ]zl > 2"
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