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Model-Free Adaptive Switching Control
of Time-Varying Plants

Giorgio Battistelli, Jodo P. Hespanha, Fellow, IEEE, Edoardo Mosca, Life Fellow, IEEE, and Pietro Tesi

Abstract—This paper addresses the problem of controlling an
uncertain time-varying plant by means of a finite family of candi-
date controllers supervised by an appropriate switching logic. It
is assumed that, at every time, the plant consists of an uncertain
single-input/single output linear system. It is shown that stability
of the switched closed-loop system can be ensured provided that
1) at every time there is at least one candidate controller capable
of potentially stabilizing the current time-invariant “frozen” plant
model, and 2) the plant changes are infrequent or satisfy a slow
drift condition.

Index Terms—Adaptive control, control of uncertain plants,
switching control, time-varying systems.

I. INTRODUCTION

NE of the approaches for controlling uncertain or time-

varying plants relies on the introduction of adaptation in
the feedback loop. In recent years, adaptive switching control
has emerged as an alternative to conventional continuous adap-
tation. In switching control, a so-called supervisor selects a spe-
cific feedback controller among a family of admissible ones,
based on the measured data. The latter are processed so as to
enable the supervisor to determine whether or not the current
controller is adequate, and, in the negative, to replace it by a dif-
ferent candidate controller. For an early overview of the topic,
the reader is referred to [1].

To date, most of the contributions on switching control have
been basically of a two-fold nature. On one side the major
emphasis in [2]-[9] has been on robust adaptive stabilization
of time-invariant systems. Within these contributions, the
Unfalsified Control approach developed by M.G. Safonov and
co-workers [5], [6] provides guarantees of stability for plants
subject to large parametric uncertainties, unmodeled dynamics
and disturbances. Unfortunately, as will be discussed in detail
later, this methodology is tailored to control time-invariant sys-
tems and has no direct generalization to time-varying systems.
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On the other side the main focus in [1], [10]-[15], has been
on switching control schemes capable, at least in principle, of
dealing with plant variations. However, these techniques can
become ineffective if the available knowledge about the plant
is limited so that the family of candidate plant models does
not tightly approximate the process dynamics over the whole
uncertainty set.

The main goal of this paper is to consider a novel supervisory
control scheme by which previous theoretical results on Unfal-
sified Control can be extended to time-varying plants. The pro-
posed scheme embeds a family of pre-designed candidate con-
trollers and a supervisory unit that selects the controller mini-
mizing a certain cost function. Unlike previous works on Un-
falsified Control [4]-[6], [8], the proposed scheme follows a
fading memory paradigm in that the cost functions used for
controller switching are evaluated over a suitable time-window.
The key feature of the scheme is the use of a dynamic window,
viz. a window whose length can vary with time. Specifically,
we propose a resetting logic by which the length of the time-
window is adjusted online, according to the rule that past records
of the cost functions are discarded or retained depending on
whether they contain information relevant to stability. As will
be seen, this supervisory scheme not only retains the desirable
robustness features of Unfalsified Control, but, being based on a
fading memory paradigm, can also provide stability guarantees
for plants whose parameters are either slowly time-varying or
subject to infrequent jumps.

A final point is worth mentioning. Various schemes for
switching adaptive control have been proposed in the literature,
which differ on how they choose when to switch controllers,
and how to select a new controller. A first class of algorithms,
usually referred to as pre-routed [3], [11], [16], essentially try
to determine whether the online controller meets a desired level
of performance that is consistent with a stable closed-loop. In
the negative, the current controller is replaced in the feedback
loop by a different one. In this context, a recent important
contribution is given by [17], where suitable logics are derived
which can ensure stability even for time-varying plants. The
supervisory scheme proposed hereafter belongs to a different
class of algorithms in that controller switching occurs whenever
the inferred virtual performance of an offline controller turns
out to be better than the one achieved by the active controller.
This obviates the need for a pre-routed search and permits the
logic to pick those controllers with the potential of yielding
the highest performance. Specifically, we use a hysteresis
logic which switches to a new controller when a “significant”
difference between performance levels is detected. This type
of supervisor does not directly enforce a dwell-time [10], [17],
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Fig. 1. Adaptive switching control scheme.

[18] between two consecutive switching times. For a discus-
sion on the potential advantages of hysteresis-based switching
algorithms the reader is referred to [13].

Notations

Throughout the paper, the prime denotes transpose, | - |
Euclidean norm, and S the space of all real-valued vector se-
quences on the set Z of nonnegative integers. For any s € S,

i
and tg,t € Z4, 1ty < t, we ctieﬁne sly, = {s(to).....s(t)}.
For simplicity, if g = 0, s/, = s". Given A,0 < A < 1,
we denote the A-exponentially weighted #5-norm of s|§0 by
Isliy [y = /S00oy, A7) [s(r)]2 whenever ¢ > fo, or

the zero number otherwise. If A = 1, we let || .,<;|1f;(J || de-

note the ¢s-norm of s|:0. The £..-norm of s|:0 is defined as
[ s|§n lloo = max;eqs,,.. +3 Max; |s;(7)] where s; denotes
the ¢—th component of s. The sequence s € S is said to be
bounded if its ¢ .,-norm is finite.

II. PROBLEM FORMULATION AND PAPER OVERVIEW

A. Plant and Control System

We consider the switched system depicted in Fig. 1. The plant
P consists of a discrete-time strictly causal SISO linear time-
varying dynamic system described by

A(d)y(t) = Bald) (u(t) + nu()) + Ald)m, (8) . te Ly,

1)
In (1), w is the input, y is the output, n,, is the input distur-
bance and n,, is the output disturbance. A:(d) and B:(d) denote
time-varying polynomials in the unit backward shift operator d.
It is assumed that at any time ¢ the time-invariant system ob-
tained by freezing the parameters of (1) at their values at time ¢
belongs to a set P, which represents the set of all possible plant
configurations. Further, let P, denote a generic member of .7
and B, (d)/A.(d) its corresponding transfer function. The set
P will also account for both the range of parametric uncertainty
and the unmodelled dynamics. Indeed, as we will see later, no
assumption on P will be required other than it is a compact set,
i.e., for any P, the polynomials A, and B, have (possibly un-
known) bounded degrees and their coefficients belong to a (pos-
sibly unknown) compact set.

The switching controller C, is assumed to have the one-de-
gree-of-freedom form u(t) = Co(r(t) — y(t)), where r is
the output reference, while the subscript o(¢) identifies the spe-
cific candidate controller connected in feedback with the plant
at time £. We shall assume that o takes values in the (finite) set
N :={1,...,N}.Then, v:= {C;, i € N} will denote the fi-
nite family of candidate controllers. In particular, each member
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of C is taken as a linear time-invariant (LTI) controller with
transfer function S;(d)/ R;(d). Accordingly, the plant input u is
given by

Ro(y(d) u(t) = Saq(d) (r(t) — y(t)) @

so that the switching controller reduces to a single controller
with switched parameters. Given a finite family “ of candidate
controllers, “(Px) will denote the subset of ~ composed by
all controllers which (internally) stabilize Pi.

Definition 1: The switched system (1)—(2) is said to be
stable if, for all initial conditions, any bounded exogenous
input (r,n.,,n,) produces a bounded output (u,y). The
problem is said to be feasible if “s(P.) Z O, VP. € .2 A

B. Supervisory Control Architecture

The supervisor processes the recorded plant I/O data to gen-
erate the sequence o that specifies the switching controller C,.
In particular, to decide when and how to change the controller,
the supervisor embodies a family II := {Il;; i € N} of test
functionals which quantify the suitability of each candidate con-
troller to control P. Given 11, the hysteresis switching logic con-
sidered hereafter is as follows: At each step, one computes the
least index i.(¢) in IV such that II; (4(¢) < ILi(), Vi € N.
Then, the switching index sequence ¢ is given by

a(t+1) = l(a(t),11(1)), o(0)=ig e N
) (4 i 11 (#) < 0 iy (£) + h ©)
1 T(E)) = { i (%), i)therwise “

where h > 0 is the hysteresis constant.

Many adaptive control schemes based on hysteresis
switching have been considered for time-invariant plants,
and shown to provide robustness against large uncertainties,
unmodeled dynamics and disturbances. However, no similar
results are available for plants subject to time variations.

To handle time variations in the plant dynamics, one needs
to select 11 with a finite or fading memory. Unfortunately, this
involves the potential risk that the switched system become un-
stable due to persistent switching. To the best of the authors’
knowledge, efforts to ensure stability without relying on a fi-
nite switching stopping time are restricted to [1], [10]-[15].
However, these techniques can become ineffective if the plant
models do not tightly approximate the admissible plants. To pre-
vent the type of instability induced by persistent switching and
to provide robustness of the control scheme several techniques
have been proposed [2], [S]-[8], [19]. These techniques com-
bine (3) with test functionals of the form

IL;(8) = || 7} lloe “

where 7 := {m;; ¢ € N} is an underlying family of test func-
tionals. This type of supervisory schemes, including unfalsified
control, provides a simple means for preventing the risk of in-
stability caused by persistent switching. Indeed, the maximum
norm in (4) ensures that all the test functionals admit a limit as
¢ tends to infinity. Then, by the presence of the hysteresis in the
logic (3), the switching stops whenever at least one of the 7;’s
is bounded ([20, Lemma 1]). However, such a maximum norm
may yield unbounded II;’s in a time-varying plant case.
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This paper aims at overcoming such limitations by consid-
ering novel hysteresis switching algorithms in which the test
functionals have an adaptive memory. In particular, the scheme
here proposed embeds in (3) a resetting logic, viz. a mechanism
according to which the supervisor resets all the II;’s to zero
whenever suitable events (resetting conditions) occur. Specif-
ically, we consider test functionals of the form

() o= | mily, loos t€ Thi={tn, .ty — 1} (5)

where {tk}kez+ denotes a sequence of resetting instants to
be specified. For clarity, we shall denote by HSL-oc the hys-
teresis switching logic defined by (3) and (4), and by hysteresis
switching logic with resetting (HSL-R) the new switching logic
defined by (3) and (5).

The remainder of the paper is as follows. In Section III, we
recall basic concepts underlying unfalsified control, and derive
certain key properties of HSL-R. The adaptive mechanism used
by the supervisor to generate the resetting instants is analyzed in
Sections IV and V. It is shown that, for time-invariant systems,
the proposed supervisory scheme can ensure stability without
relying on a finite switching stopping time, thus extending
the theoretical properties of unfalsified control to logics other
than HSL-oc. In Section VI, we show that without any further
modification, the same supervisory scheme can also ensure sta-
bility in the presence of time variations of the plant parameters.
Section VII ends the paper with some concluding remarks.

III. MODEL-FREE ADAPTIVE CONTROL

Inunfalsified control, the feedback adaptation task is replaced
by the so-called controller falsification. The basic concept of this
approach is as follows. At each time and for each ¢ € N one
computes in real-time the solution v; to the difference equation
(cf. Remark 1)

Si(d) (vi(t) — (1)) = Ri(d)u(t). (©)

As shown in Fig. 2, v; equals the virtual reference sequence
[4] which would reproduce the recorded I/O sequence (u, )
should the plant P be fed-back by the controller C;, irrespec-
tive of the way the plant input u is generated. This makes it
possible to evaluate what would have been achieved by the
feedback connection of the controller (U; with the process
(denoted by (P/C};)) if the reference have been equal to v;.
In this respect, consider the time-varying feedback system
(P/C;) mapping the “input” w; := [v; n, ny,] to the
“output” ¢; := [u (v; —y)]’. Accordingly, a possible related
performance measure can be constructed as follows:

aiy s I

= el ey 7
PER T ¥ 2

where p is a positive constant. In case of noise-free LTI plant,
m; provides an estimate from below of the A-weighted H.,
mixed-sensitivity norm [21] of the loop (P/C;) with virtual
reference input v; and output ¢; containing the control input «
and the virtual tracking error »; — ¥, which we would like to
minimize. The test functional (7) can be viewed as a variant

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 58, NO. 5, MAY 2013

Vi u )

C; %?—» Plant —»?7—»
o n

Y

Fig. 2. The ith virtual candidate loop.

of the (unweighted) H ., mixed-sensitivity performance crite-
rion often considered in unfalsified control [5]. The performance
measure given by (7) is obtained with no plant model iden-
tification effort, and this motivates the adoption of the term
“model-free.”

Remark 1: Online computation of (6) requires that all the can-
didate controllers be stably causally invertible (SCI), but suit-
able arrangements which remove this design constraint have
been reported in the literature [22]. v

Assumptions

We now introduce the assumptions needed to provide stability
of the switched system. For ease of reference, some shorthand
notations are defined.

Definition 2: A polynomial p(d) is said to be a A-Hurwitz
polynomial (in the indeterminate ) if it has no root in the closed
disk of radius A ! of the complex plane. A

Definition 3: The feedback loop (P./C;) composed by the
time-invariant plant P, and the controller C; is said to be A-
stable ifits characteristic polynomial . /;(d) := A.(d) R;(d)+
B.(d) S;(d) is a \-Hurwitz polynomial. A

We make the following assumptions.

A1) The plant uncertainty set . ~is compact, in the sense that
there exists an integer n* (possibly unknown) such that
for every P, € .7 the polynomials A, and B, have
order smaller than n* and their coefficients belong to a
compact subset of R +1. °
For any P, € .7, there exists a candidate controller
C; € 7 such that (P, /C;) is A-stable, A asin (7). e
For each candidate controller C; € 7, S; is a A-Hurwitz
polynomial, A as in (7). .

A4) The exogenous inputs r, 7, and n,, are bounded. °

Remark 2: A2 implies feasibility, viz. “s(Pyx) # 0,V P, €
.. Specifically, it guarantees that for any P, € .~there exists
a controller C; €  such that the closed-loop eigenvalues of
(P,/C;) are strictly less than A. A2 is related to the choice of the
cost function 7; in (7). As will be seen in next Lemma 3, in fact,
A-stability of a feedback loop (P, /C;) implies boundedness of
the corresponding cost function ;. From a practical point of
view, however, A2 is no stronger than feasibility in the sense
that under feasibility we can always satisfy A2 by selecting A
close enough to one in (7). A similar remark applies to A3. In
fact, one can always increase A in (7) so that A3 is no stronger
than requiring all controllers to be SCI (see Remark 1 above). ¥

A2)

A3)

A. Key Lemmas

In this subsection, we introduce certain key properties upon
which the stability analysis depends. To this end, some prelim-
inary observations are needed.

To avoid needless complications, we assume that the
switching controller (2) as well as (6) are both ini-
tialized at time zero from =zero initial conditions: Let
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m = max {dcg S;, deg R;; ¢ € N} and assume o(t) = i.
The control input is then given by

u(t) = Z sik (r(t — kY —ylt — k)) — / ricu(t — k)
k=0 k=1
r(k) =ulk)=ylk)=0, k=-1,...,—m )

where s;; and r; denote the coefficients of the polynomials
S;(d) and R;(d), respectively. An analogous initialization is
made for (6). Regarding (1), consider that in the difference
equation

y(t) = n,(¢) + Z b, (w(t — k) +n,(t— k)

=D an (Yt — k) —my(t = k), teZy
k=1

where by, and a, denote the coefficients of the polynomials
Bi(d) and A(d), the values taken on by u(k) and y(k) for
k = —1,..., —n" need not be consistent with those specified
in (8). In fact, the plant is supposed to be controlled with
the architecture of Fig. 1 only from time ¢ = 0, whereas
no assumption is made on how the plant inputs were gen-
erated for + < 0. For notational simplicity we set wu(k)
and y(k) equal to zero for negative times and denote by
tp = [nu(=1) .o ny(=n*) ny(—1) ... ny(—n*)] the
vector composed by the plant initial conditions. This entails
no loss of generality in that any nonzero plant initial state {p
can be thought of as generated by a suitable plant input/output
disturbance sequence.
Let now

I .= ?euwf {1161%55 Wz(t)} + h, kel.. Q)
The following lemmas are the main results of this section and
fundamental for the developments of the paper.

Lemma 1: Consider the HSL-R. Let 91;, denote the number
of switchings over the interval T}, and [«] denote the smallest
positive integer greater than or equal to & € R, Then,

Toqrny () <IIF, Vte Ty (10)
Hk‘,
m’“SN[TW’ VkeZ, )
hold for any resetting sequence {tk}k€Z+ ) u

The proof of Lemma 1 can be omitted since (10) follows di-
rectly from the hysteresis logic and (11) is a straightforward
consequence of the fact the test functionals 1I; are monotone
nondecreasing over each time interval Ty.

Let 3, denote the switched system (1)—(2) mapping the
“input” w := [r n, n,]| tothe “output” ¢ := [u (r —y)]’
under a given switching sequence o.

Lemma 2: Consider a HSL-R switched system X, based on
the test functionals (7). Let A1, A3, and A4 hold. Then, there
exists a finite-valued function g such that

€My < (1) (i + [€RI AT 4 [l [ln + [IC7 HIaAT ),
Vie T, (12)

1211

holds for any resetting sequence {x}, ez, -
Proof: See the Appendix. ]
Before concluding this section it is important to observe that
in Lemma 2 the time variations of the plant parameters can be
arbitrary and, at this time, we do not yet need assumption A2.

IV. STABILITY UNDER ADMISSIBLE RESETTING

As seen from Lemma 2, the bound in (12) depends on both
the sequences {II*};c7z_ and {¢*~'},cz_ . In unfalsified con-
trol based on HSL-oc, the term ||¢** ~1|| is absent since there
is only one reset time, ¢y := 0 at startup, and Ty = Z4. In
this case, stability depends only on boundedness of II°, and,
hence, it can be guaranteed simply by ensuring boundedness of
at least one of the test functionals (this nice property is precisely
the motivation which led [5] to introduce the notion of cost de-
tectability of the test functionals). Under resetting, the analysis
becomes more complicated. Indeed, even if the plant is time-in-
variant but there are infinitely many resets, ¢ — {3, does not grow
unbounded as ¢ — oc, and, hence, the term ||¢¢~1 ||\ AF~ T+
need not vanish. This is consistent with the intuition that reset-
ting destroys the monotonicity of the test functionals and there-
fore that boundedness of {II*},cz. alone may not prevent in-
stability due to persistent switching.

The remainder of this section is devoted to show that,
nonetheless, adaptive resetting mechanisms do exist which
preserve stability of the switched system.

A. Admissible Resetting Times

The notation for this subsection is as in Section III-C. Con-
sider the switched system >J, and define the following perfor-
mance measure for the closed-loop:

RSN

Te(t) i = ————
AN TS

teZy. (13)
Consider now the following definition.

Definition 4. (Admissible Resetting Times). A sequence of
reset times {4}, ., is called admissible if, for every k € Z,,

we have that

W*(tk — 1) < ﬂ'a(tk)(tk —1)+e €>0. (14)

A

In essence, (14) only allows the kth reset to occur at the time
ty if (14) holds.

To understand the rationale for (14), observe that 7, acts as
an estimate of the actual reference-to-data induced gain. In par-
ticular, to obtain stability it is required that 7, remains bounded.
The test functional #,, related to the switched-on controller,
however, does only provide an estimate of the virtual refer-
ence-to-data induced gain. Depending on the values taken on by
the virtual reference v,, 7, can be greater or smaller than =.
The inequality (14) imposes that a reset can occur only if 7 is
not much larger than 7, . As shown hereafter, for time-invariant
plants, the selection of o through the switching logic makes sure
that 7, remains bounded. Condition (14) therefore ensures that
at the times of resetting 7, satisfies a boundedness constraint.
We will also see that this is sufficient for closed-loop stability
to hold.
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Consider an admissible resetting sequence. Combining (13)
with (14) and (10) we obtain ||C** 1|y < (I* 1 + €)(p +
|7t~ 1]1). Notice that the above inequality is well-defined for
k = 0 since ||[¢1|[» = 0, which leads to 1" = 0. Further,
|7t AT B < |rf|[s < ||w?||x. Then, under an admis-

sible resetting sequence, Lemma 2 implies that

I¢¥lx < @) €p AT+ (I e+ (g + lu'ln ),
Vite Tg. (15)

From (15) one sees that a sufficient condition for stability is that
{II*} kez. is bounded. This is formalized in next theorem.

Theorem 1: Consider the same assumptions as in Lemma 2
and further assume that IT¥ < TI*, Vk € Z., for some finite
constant IT*. Then, the HSL-R switched system X, is stable for
any admissible resetting sequence {¢; } rez, and

ISP < g (I°) [ € | AT+ (I1%) (i + [lw'ln)
VteZ, (16)

where b (IT*) := g (TT*) (TI* + € + 1). ]
In essence, Theorem 1 indicates that, under the admissibility
condition (14), stability of the switched system depends only on
boundedness of {IT*};c7, . This is precisely the point where
assumption A2 becomes important. In particular, as discussed
in next subsection, for time-invariant plants, A2 is sufficient to
prove that, like HSL-oo, HSL-R leads to stability, as long as the
resetting sequence is admissible in the sense of Definition 4.

B. Stability in the Time-Invariant Case

To prove boundedness of {II*},cz_ for time-invariant
plants, we use the following result.

Lemma 3: Let the HSL-R switched system 3, be based on
the test functionals (7). Let A1-A4 hold and further assume that
ona given interval {7, 7+1, ..., T} the coefficients of the poly-

nomials A; and B; in (1) remain constant. Then, there exist pos-
itive constants gg, g1, g2 and g3 such that, for any P, € .~/

T (1) < go+ 911 €p [N+ gallw' [Ix + gall N
Vie{r,7+1,....T}y (17)

holds true for some s € N.
Proof: See the Appendix. ]
From Lemma 3 one sees that when the plant is a time-in-
variant system (7 = 0 and 7' = o0), A2 is sufficient to ensure
boundedness of {II*} .z . Indeed, by letting o := go, k1 =
g1 and o := (1 — A2)~Y/2 g5 and recalling that ||C~]|x = 0,
we have from (17) that

() +h <ko+r1|ép|+r2l|w]| +h=:1};,
VieZ, (18)

holds true for some s € N. Hence, from definition of IT* in (9),
we obtain that IT¥ < TT%.; for all k € Z . From boundedness of
{*} ez . » next result follows directly from Theorem 1.
Theorem 2: Let the HSL-R switched system 3, be based
on the test functionals (7). Then, if the plant is time-invariant,
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under A1-A3, >, is stable for any admissible resetting se-
quence {fi} ez, - u

Remark 3: For time-invariant systems, stability of switched
systems based on unfalsified control can be proven using anal-
ysis tools quite simple compared to the ones given here (cf.
[5]-[7]). On the other hand, the present analysis tools do not
rely on switching stopping, a property that is crucial for the re-
sults in [5], [6] and [7]. v

V. FINITE-TIME RESETTING

As described in the previous subsection, for time-invariant
plants, HSL-R allows one to prove stability results similar to
those available for HSL-co. In this subsection, we show that
the reset admissibility condition (14) is always attained in fi-
nite time, which ensures that past data records are periodically
discarded whenever the plant dynamics remain constant over a
large enough horizon, and it will become crucial in the presence
of plant variations.

Taking (14) and Theorem 1 into account, consider the fol-
lowing resetting rule (1o := 0):

bepr=14min{t: 4 > 41 (1) < oy (t) + e}, k€ Zy

(19)
which, by construction, always generates an admissible reset-
ting sequence satisfying (14). Notice now that, under the same
assumptions as in Theorem 1, the following upper bound on the
plant data can be derived

ey I1€F]1x < g (1) [€p| + (1 =A%) ™/2H (I17) (4t + [Jw]| )
= Z (II") (20)

where ||w]| o is finite in view of assumption A4. Then, by letting

H*
M, =N | —
7]

A(IT) i= (M, + 1) lrlog/\ LW 1)

(1)
the following result states that when {II*},<7_ is bounded, the
HSL-R based on (19) always experiences at least one resetting.

Lemma 4: Consider the HSL-R based on (19). Then, under
the same assumptions as in Theorem 1, one has
thyr — te < A(ITF), Vkel,. (22)
Proof: See the Appendix. [ |
From Lemma 4 it is also immediate to conclude that, when the
plant is time-invariant, under A1-A4, a reset always occurs after
at most A (II%.;) time steps, where II%.; is as in (18). Lemma
4, along with Theorem 2, completes the analysis for LTI plants.
It is important to emphasize that the complexity of the control
scheme proposed here does not depend on the “complexity” of
the set .~ of frozen plant models, which could contain plants
with very high order or be very non-convex. In fact, the com-
plexity of the proposed control scheme is comparable to that of
standard Unfalsified Control. The only additional requirements
are the computation of the actual reference-to-data induced gain
7. and the application of the rest rule (19).
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A. Example 1

Although the introduction of HSL-R is mainly motivated by
the goal of handling possible plant variations, there are good
reasons to use it also in the time-invariant case. In fact, when
the plant is time-invariant, (17) implies that

mo(t) < go + g1 1€ [N+ gl wly, Iy + gallw™ M1
Vie Ty, k€Zy (23)

holds for some s € V. This equation indicates that the effect of
plant initial conditions and past disturbances on IT* and, hence,
on the controller selection, vanishes as & increases. In view of
Lemma 4, this property, which cannot be exploited in HSL-0o
because of infinite memory, can provide definite improvements
in performance for HSL-R.

As a simple illustration, consider the continuous-time LTI
unstable plant with transfer function P(s) = K/(s — 0.4),
K € [0.1,1], controlled by feeding its input via a zero-order
holder and sampling its output every 0.2s. Two proportional-in-
tegral (PI) controllers, Cy (s) = (3.485 — 3.265d) /(1 — d) and
Cy(s) = (27.36 — 25.634d)/(1 — d), have been designed so
as to provide good performance over the uncertainty set. We
compare HSL-oc and HSL-R both with hysteresis # = 1 and
with A := 0.99 and ;£ = 1 in the test functionals (7). In par-
ticular, A has been selected so as to satisfy A2 and A3 for the
uncertain discrete-time plant and the candidate controllers. For
HSL-R, we have adopted the reset rule (19) with e := 0.01. Let
K = 0.16 so that both the controllers stabilize the plant but only
O performs satisfactorily and further assume that n,, and ,, are
zero everywhere except on the interval [400, 800] where a burst
in noise is modeled by taking 7, to be uniformly distributed on
[—0.5,0.5]. Figs. 3-4 show the plant output response for zero
plant initial conditions and a square-wave reference of period
500 s and amplitude 2.5. In both HSL-o0 and HSL-R, the output
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Fig. 4. Supervision based on HSL-R. (a) Plant Output. (b) Switching sequence.
(c) Resetting sequence (1 stands for resetting).

noise causes C' to be switched-off. However, due to its memory
feature, the HSL-0o does not allow C'5 to be switched-on again.
On the contrary, with HSL-R, C5 is promptly re-selected right
after resetting, as shown in Fig. 5.

Remark 4: In contrast with HSL-oo, HSL-R need not
ensure finite-time convergence for switching even when the
plant is time-invariant. This is the price paid for considering
time-windowed test functionals. Hence, for time-invariant
plants, HSL-oo still maintains an advantage in this respect. To
prevent possible spurious switching caused by resetting (we
discuss qualitatively the situation), the basic scheme of HSL-R
can be suitably modified in many ways, e.g., one can replace II
in the logic (5) with

T
() := H 7r’i|tk7T+1HDQ )

where T', T > 1, indicates the minimum memory-length of the
II;’s, i.e., the number of past performance records which are not
discarded upon resetting. Clearly, T" has to be chosen by trading
off readiness of the algorithm in discarding past information
versus false-alarm rate. v

te Ty, (24)

VI. STABILITY UNDER TIME VARIATIONS
OF THE PLANT PARAMETERS

This section shows how, even in the presence of plant vari-
ations, HSL-R makes it possible to achieve stability properties
similar to those derived for LTI plants. Recall from Theorem 1
that a sufficient condition for stability is the existence of a finite
constant IT* such that IT* < II* for every k& € Z .. In the pres-
ence of plant variations, it is not immediate to conclude that such
a property still holds. This is because a single controller able to
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Fig. 5. Test functionals (II; gray line, IT, black line). (a) Supervision based
on HSL-oc. (b) Supervision based on HSL-R.

ensure stability over the whole uncertainty set need not exist, the
set of stabilizing controllers changing with the plant. As shown
hereafter, nonetheless, such a property holds whenever the plant
variations are infrequent or satisfy a slow drift condition.

A. Infrequent Plant Changes

Let {£.}.c7, denote the sequence of time instants at which
a plant variation occurs, with #; := 0 by convention. Accord-
ingly, L. := {l.,....ley1 — 1}, ¢ € Z4, will denote the cth
time interval over which the plant is constant. Although we can
no longer use II;.; in (18) to deduce that the switched system
is stable, Lemma 3 ensures that for every ¢ € Z there exists a
candidate index s € N such that

7o(t) + h < Ty + gsl|CE AT %F, Viel. (25)

where g3 is as in (18). Thus, for any given accuracy v and pro-
vided that L. be large enough, the right hand side of (25) will
eventually become smaller than 13, 4+ ». In this respect, let

LY = {tele gal¢ AT <w}.

Then, if at least two resets occur over LY, i.e., there is at least
one & such that T C LY one can use (15) to conclude that at
time £.1 we have

[¢f Iy € Z (I + v) (26)

where Z(-) is as in (20). Notice that one single reset would
not be sufficient since the bound in (15) depends on both II%
and I1¥~!. Although Theorem 1 cannot be invoked to conclude
closed-loop stability (since the existence of a finite upper
bound for {IT¥};cz , is not apparent from boundedness of
{¢**~ 1} ez, ), this implication actually holds.
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Lemma 5: Let the HSL-R switched system 3., be based on
the test functionals (7) and reset rule (19). Let A1-A4 hold.
Further assume that

VeeZy dkeZy suchthat Ty CLY. 27
Then, IT¥ < TI%. for every k € Z, with
gy =17 + 97 (g, +v) (28)

where g := max{gs, 2~ 1}. Hence, X, is stable.
Proof: See the Appendix. ]
In the light of Lemma 5, a sufficient condition for stability
of the switched system is that the minimum interval between
two consecutive plant variations (or plant dwell-time) be large
enough to allow the fulfillment of the condition (27). This hap-
pens when the plant dwell-time is such that: 1) the transient term
in (25) becomes smaller than 1/; 2) at least two resets occur af-
terwards. To see this, recall that items 1); and 3) above imply
(26). Let now £7 denote the first time instant of L”, i.e., % :=
min{t : £ € LY}. Accordingly, condition (27) amounts to re-
quiring that, for any ¢ € Z., €., is always greater or equal
to £~ plus the time needed for two resetting to occur. In this re-
spect, using (26) in the definition of L one has

cot oy

£ —10. < [logk 5 Z (T, +7)

Moreover, by simple induction argument, if condition (27) is

satisfied up to a certain £, then, by (28), L%, is an upper bound

on the smallest test functional over L. In turns, in agreement

with Lemma 4, this implies that after at most 2A(II%) steps

subsequent to /% the two required reset times occur. Summing

the bound on ¢ — ¢. with 2A(II%,), we have next result.
Theorem 3: Let the HSL-R switched system X, be based on

the test functionals (7) and the resetting rule (19). Let A1-A4

hold. Then, >, is stable provided that

£c+l - [t Z ’Vlog)\ -‘ + 2A (H;V) (29)

v
g3 Z (1%, + 1)
holds for every ¢ € Z . [ |

Notice that the dwell-time L. depends, through II;,, on the
disturbance amplitude. In words, the larger the level of the dis-
turbances, the larger (at least conceptually) the time required
to select an appropriate controller, hence the larger the interval
required between two successive plant variations. Hence, L.
cannot be known a priori unless knowledge on a disturbance
upper bound is assumed. Nonetheless, Theorem 3 guarantees
that for any disturbance level there exists a sufficiently large
plant dwell-time such that stability is not destroyed.

B. Slow Parameter Drift

Let #(t) € R® |t € Z, denote the vector of time-varying
parameters composed by the coefficients of A;(d) and B;(d).
Consistent with this notation, we can rewrite Al as requiring
that 8(1) € ©, Vi € Z, for some compact set ©. Assume
now that the parameter vector 6(¢) takes values inside © with
bounded variation rate, i.e.,

()€ O, |Bt+1)-6(1) <6 VieZ, (30)

where 6 > 0 defines the variation rate.
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In order to extend the results of the previous section to
this setting, it is convenient to define a collection of sets
{01....,0x}, one for each controller index 4, with the fol-
lowing properties:

1) all the sets ©;,7 € [V are compact;

2) for all § € ©,, the frozen-time feedback loop (P(8)/C;)

is A-stable;

3) the collection of sets {©1, ..., 0y} covers the set © with

overlap 5 > 0 in the sense that, for any § € O, there exists
at least one index 7 € NN such that§ € ©; and

dist (8, 00;) > B,

where 90; denotes the boundary of &; and dist(-, ) the
Euclidean point-to-set distance.

Thanks to the compactness of the set @, by resorting to stan-
dard topology arguments, it can be shown that a collection of
sets satisfying such properties always exists under the stated as-
sumptions (the existence of a strictly positive J being connected
to the existence of a strictly positive Lebesgue number for any
open cover of the compact set ©). More specifically, the fol-
lowing result holds.

Proposition 1: Under assumptions Al and A2, there always

exist an overlap 8 > 0 and a collection of sets {©1,...,On}
for which properties 1)-3) hold.
Proof: See the Appendix. ]

Notice that the overlap 4 can be increased by augmenting
the set ~ with additional controllers. We proceed now to de-
rive a bound on cost 7;(#) that is valid on those time intervals
for which the parameter vector §(t) belongs to ;. To this end,
we exploit the well-known fact that, although stability of all the
frozen-time loops (P(#)/C;), # € ©; need not imply stability
of the time-varying loop (P(6(t))/C;), 8(t) € ©;, such a prop-
erty holds provided that the variation rate 6 be small enough.
More specifically, the following result can be stated.

Lemma 6: Let the HSL-R switched system 3., be based on
the test functionals (7). Let A1-A4 hold and further assume that
on a given interval {7, 7 + 1,..., T’} the parameter vector 6(¢)
always remains inside one of the sets ©;,7 € V. Then, there
exist positive constants dmax, Co, €1, ¢2 and ¢3 such that, when
the variation rate does not exceed the threshold é 0y, i.€., § <
Smax, cost 7;(#) can be upper bounded as

mi(t) < co+e1 [€p | N+ col [ wh |[x + el ¢7 AT T
vie{r,7+1,...,T}.

Proof: See the Appendix. [ |
Comparing Lemma 6 with its time-invariant counterpart
Lemma 3, it must be noted that the constants ¢y, ¢1, ¢2, and ¢3
will now depend on é and hence, in general, will be greater
than the constants gg, g1, g2, and g in (17) pertaining to the
frozen-time analysis.

As shown hereafter, in view of Proposition 1 and Lemma 6,
conclusions similar to those derived in Section VI-A hold true in
case the plant variations satisfy a slow drift conditions. The idea
is to derive an inequality of the type given in (25). To this end,
we recursively construct a sequence of time instants {£, },cz,
as follows: [20 is set equal to 0; given éq, £q+l is defined as the
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largest time instant such that there exists at least one index ¢ €
N for which 8(t) € ©; forany t € {£,,0, +1,..., 0541 —1}.
In words, if 9(1?(1) belongs to ©; then /2(1+1 denotes the first time
instant at which a variation in the plant parameter vector can
cause ¢ to leave O);. In view of property 3) above, we have that
lyp1 — 4y > |B/6] for any ¢ € Z,. Hence, we have from
Lemma 6 that if & < 4,4, then there exists a candidate index
s € N such that

mo(t) < co + ex [€p [ AT col| w|x + eal| ¢ AT
Vie{ly, ..., 0,41 — 1}

Define
Wy =co+er|ép |+ 1 =A) V2w, +h @)

We therefore obtain 7, (£) 4 h < %, +cs]|¢fo M|\ AP Lot for
allt € {/2(1., ceey I?Q+1 —1}. This formula clearly parallels the one
in (25) for the case of infrequent plant changes. Accordingly, let
My, = 1%, +¢ Z(II%, +v), where ¢ := max{cs, 211} and
further assume that

O s og, — 2
6 e (Mg, +v)
= 2(IT}y).

Since (32) implies that £, — £, > E(II%,) forallq € 7,
we have from Theorem 3 that condition (32) is sufficient for
stability to hold. Recall now that in order to derive (32) we used
the assumption that 6 < 8,,,x. Combining this latter inequality
with the fact that 3/6 > E(II%,) implies |3/6] > E(IL)
because Z(I1%,-) is a positive integer, we have the following
stability result in terms of allowed parameter variation rate.

Theorem 4. Let the HSL-R switched system X, be based on
the test functionals (7) and the resetting rule (19). Let A1-A4
hold. Then, X, is stable provided that

(1)

+ 2A(TT5)

(32)

6 < min { Ormax, (33)

C. Example 2

We consider a simple model of a robot arm [23]. The transfer
function from the control input (motor current) to measurement
output (motor angular velocity) is

_ ko (Jo8% +ds + k)
C Jud s Fd( Ty J)s? A+ k(T T)s

P(s)

with .J, € [0.0001,0.02], .J,, = 0.002, d = 0.0001, k& = 100,
and k,, = 0.5. The purpose of the control system is to con-
trol the angular velocity responses for all admissible values of
the moment of inertia .J,,. Two controllers Cy(d) = (0.0146 —
0.0120 d—0.0025 d?)/(1—d) and C(d) = (0.01554+0.0113 d —
0.0044 d*> — 0.0016 d®)/(1 — d) have been designed. To illus-
trate the advantages of HSL-R over HSL-oo in the presence
of persistent plant variations, we consider the case where .J,
switches between 0.0001 (only C7 is stabilizing) to 0.02 (only
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Fig. 7. Detail of HSL-R on the time interval [0, 2000] s. (a) Test functionals
(II; gray line, LI black line). (b) Resetting sequence (1 stands for resetting).

Cs is stabilizing) every 500 s. The parameters h, A, & and €
are the same as in Example 1. Fig. 6 depicts the plant output
response to a sinusodal reference command and disturbances
modeled by taking n, and n, to be uniformly distributed in
[-0.01,0.01]. In accordance with Fig. 7, the resetting mech-
anism prevents the test functionals from growing unbounded,
thus preserving control reconfiguration. This is not the case for
HSL-o0. In fact, the ever-growing memory of HSL-oc, which
is reflected in the monotonicity of the test functionals, implies
that upon each plant variation the cost level necessary for falsi-
fying controllers increases. This unavoidably leads to ever-in-
creasing transients, as is apparent from Fig. 8. We finally point
out that, although the spikes observed in Fig. 7 are mostly due
to the suddenly unstable dynamics, better transients are likely to
be achieved via bumpless transfer techniques. This constitutes
an important area for future investigation.
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VII. CONCLUSION

Consideration has been given to the control of uncertain time-
varying plants by means of adaptive switching control tech-
niques. We have introduced a novel class of algorithms based
on hysteresis switching, which, when combined with appro-
priate test functionals, makes it possible to achieve stability
for time-varying systems under large plant modeling errors, un-
modeled dynamics and persistent disturbances. The character-
izing feature of this novel scheme is that the supervisor orches-
trates the switching by means of a specially devised mecha-
nism which, from time to time, determines whether past data
are still relevant to achieve closed-loop stability. In particular,
this mechanism consists of a logic according to which the test
functionals are reset to zero whenever the recorded data indicate
that the information contained in the test functionals is no longer
needed to achieve stability. Although the major emphasis has
been on the stabilization of time-varying systems, simulation
results indicate that this supervisory scheme compares favor-
ably with HSL-o0 even when applied to time-invariant systems,
since it does not rely on a finite switching stopping-time. These
results lend themselves to be extended in various directions.
First, the idea of selecting online the memory of the test func-
tionals can be extended to more elaborated rules than a simple
resetting logic. As a second point, notice that the motivation for
considering supervisory schemes based on unfalsified control
was mainly dictated by the goal of achieving robustness against
large modeling uncertainties. Nonetheless, the approach here in-
troduced could be used within supervisory schemes alternative
to model-free switching control. In this respect, it is known that
the adoption of model-based test functionals can significantly
improve the transients performance [7], [22]. Hence, a natural
question arises on whether resetting logics can be adapted to su-
pervisory schemes based on multiple models.
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APPENDIX

Throughout the appendix, we shall make use of the following
properties:

D alg <02l At

2wl xS 1wl [+ 11l A"

) ™ a1 aly  IaA*9, 2 < h.

To prove Lemma 2 we use the following result.

Proposition 2: Under Al, there exist finite nonnegative

constants g, 71 and g such that

161 < g 1€p A+ gl 'l + g2l

VieZy. (34)

Proof of Proposition 2: For any LTI feedback loop
(P,/C;) we have

R, -S; cf[0 o o]
B, A.|° " |A. -B. —A.|"

By Al,wealso get|((#)] < o[ CJ; 7, [l+er || wl, .Vt € Zy
for some positive constants ¢y and ¢q, with ¢ = max{n”,m}.
By 1), letting ¢ := co A 42 and ¢3 1= ¢; A9 we get

1t lx < IS+ 11¢ "l
<(ea I+ esll wli_ylln, VEeZy

(35)

where the second inequality follows since ((k) = 0,

k = —1,-2,.... The proof follows using 2) and recalling

that n,, (k) = 71p(k) ng(k) =yp(k) k=-1,..., ,—n*. ]
Proof of Lemma 2: Consider an arb1trary k e Z, and let

—ﬂ—k[J = {tk[]] ..... Sk k[j+1] — 1} lLk [0] : = 1, represent the jth

subinterval of T over which the switching signal is constant.
Basic Recursive Equation: First, notice that

<A <Ny lIa + 1 ey — 7)1
<y () (170 ]a)
+ (1 + moy(D) | (vagey — 1)° |

Ao Vt S Z_;’_

Consider now an arbitrary T(;). Accordingly, for some ¢ € N,

one has o(t) = i, Vt € Typ;. Let 6; := v; — r. By exploiting
2) with respect to ¢;, with o = 0 and h = ;) — 1, we get
) - i) -1 .

185 1x < I 8al, ) a4 118 ettt

<ol s ;1 i P I P

trls -1
—(gfn i Tl ) At
t/» H At te 7]+1

trg]— 1

In (36), we made use of the following facts: The second in-
equality follows, for some finite positive constant g;, because
Si(d)6;(t) = 0 for every t € Ty[;) and S;(d) is a A-Hurwitz
polynomial; the third inequality is obtained using 1) and letting
gi := ¢; A9, the last inequality follows with §; := 14 g; since,
for all candidate indices, (6) is initialized at time zero from zero
initial conditions, viz. é;(k) = 0,k = —1,—2,.... By A3 one
sees that the map from ¢ to 6,

Si(d) 6;(¢) = Si(d) (vi(t) — r(2)) = [Ri(d) —

Si(d)]¢(#)
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has bounded A—weighted £>-norm. In particular, since (6) is ini-
tialized at time zero from zero initial conditions, it readily fol-
lows that [|67]], < g,||¢"|l,, Vi € Z+, Vi € N, and some

finite nonnegative constant g;. Letting § := max;en {§;} and
g := max;en {7;}, we finally get

1< I < 7o @) (n+ 117" 1)
+g (L+ 70 (1) [
Vte Tk;[j];

—1 ||>\/\t71¢7\.[j]+1

(37

where g := g3.
Upper-Bound on Data Between Switching: From Lemma
1, we have 7, ;4 1)(t) < II* for every t € Tj. Then,

1Sty <TI% (it 17" 1)

+g (1+11F) || ¢t
vt € T\ {tagien =1}, 7 =0,

-1 ”A)\tftk[j]Jrl

MN,. (38)

In words, the performance signal related to the switched-on con-
troller cannot exceed I1*, apart from the time instants right be-
fore switching. Notice that by Lemma 1 this may happen at most
N, -times, since, after 9Ty, switching, no more switching occurs
over Ty.

Proof of (12): In order to prove (12) we use (38) and
exploit the results of Proposition 2 at the time instants
{tk[j+1] — 1}. Without loss of generality, let g2, g > 1, g2 and
g as in (34) and, respectively, (38). It is also convenient to let
g3 := max {go, g1} with gp and g; as in (34), and write in more
compact form L (£, &p, p,w) = p + [Ep | AT + |0,
Then, combining (34) and (38), we get

¢ Ix < gall ¢ In + g3 L (4 Epy o)
<(g2lI* + g3) L (¢, Ep, 1, w)
+gag (1+1%) [[¢h0 =t Aot
<Gy (|| R N L L (4 Ep, pw))
VieTuy, 7=0,...,M (39)

In the second inequality we used the fact that ||rt||y < [|w?||x,
while Gy, := g3 + g2 g(1 + II¥).
By induction, it is easy to show that

41
I¢ I < (Z GZ") (¢ AN H 4+ L (1, Ep oty w))

m=1

J
Vit e U —l]—k'[m,]v

m=0

F=0,.... M. (40)

Hence, (40) holds true for 7 + 1, and the proof follows by letting
g (I1%) == 0t g, |
Proof of Lemma 3: Let §(1) € R?""  t € Z, denote the
vector of time-varying parameters composed by the coefficients
of A; and B;. Consistently, we can rewrite A1 as requiring that
8(t) € ©,Vt € Z, for some compact set O.
By assumption, §(¢) = @ forallt € {r,7+1,...,T} and
some § € ©,ie., P = P(#) = B(#)/A(f) forallt € {7, 7 +

1,...,T}. Consider now that, under assumption A3, the virtual
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references in (6) are well-defined. Thus, combining (6) and (1)
we can write ®y/; (; = Wy w;, where

Do e R; S; S 0 0 0
TBO) A(B) ] T LA(B) —B(A) —A(8)
(41)
Consider next that, for any candidate controller C; such that
(P(0)/C;) is A-stable there exists a polynomial matrix Iy /;(d)
such that

G(t) = g (d) Iosi(d) | &7

where & = [{] w!]', ¢ = max{n*,m}, and ®y/; is such
that det ®4,; is a A-Hurwitz polynomial. Consider now that, by
assumption A2, for any #; € © there exist a candidate controller
C' and an open ball ©; around ¢, such that (P(#)/C) is A-stable
foralld € © ;- Thus, an infinite open cover for © exists. In turn,
in view of assumptions A1 and A2, this implies the existence of
a finite (closed) cover @1, ..., 0 for © such that, for each 7,
all the plants P(6), 6 € ©,, are stabilized by controller C; (see
the proof of Proposition 1 below).

As a consequence, from (42), it is therefore immediate to con-
clude that there exist positive reals 71¢; and 71, such that, for
any § € ©;

2|+ g (d) T(d) wi(t) (42)

11 Nn < gl €517 1A 4 ) g [ L

Vie{r,7+1,...,T} (43)
holds true where myg; = supgeq, ||<I>;/1j Ig/illooxs My =
SUPgeo, ||<I>g/lj Volloo,n and ||H||co,n denotes the A-weighted
‘Ho norm of H. Hence, (43) holds true over © with finite pos-
itive constants g := maX;en mo; and my 1= maxjen mMi;.
By ii) witha = 0 and h = 7 — 1 we have ||¢?||x < || &I% |la +
1¢T7H|aA" 7L, By i), we also have

T—1 T—1 —(g—-
TN T A
<(HGITzy I+ a7l ) A0, @4y
Consider next that || Cs|:; la = |I¢71||» because of the zero

initial condition constraint, while

g lIx S llwl s+ 1wl

<JlwHIx + [€p|AT

LA

[ w_s\

the first inequality being obtained from 2) with &« = 7 — ¢ and
h = —1. Overall, we get

1 ¢ Ia < ma || wh ||x + ma || T aATH

+mg [Ep | A+ mg [[w] AT (45)
where ms = 1 4+ moA @D and my = moA (@D,
Noting that [|¢7*{lx < [I€7 s + [lo] s + lw™ *[|x and
[l H|x < [lo7 s 4 [Jw™ |, and using 3) with respect to
vs and w, withaw =0, h =¢t—7+ 1 and £ = 0, we get

1CEIA < ma ||l llx +ma ][ ¢7 A TH

+mgy |Ep] A4y, lw" |[x  (46)
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where m4 := mqy + mso +ms. Hence, (17) immediately follows
from the definition of the =;’s. [ |

Proof of Lemma 4: Consider the same notation as in the
proof of Lemma 2. Since by assumption II¥ < II* for every
k € Z, the number of switching on every interval T, is upper
bounded by ... Now, using (37) and (38) we obtain

1
71'()_71' (t+1)() Fk[J]( )M"‘HT'tHA

Vi€ Tup\ {tayjn — 1} (47)
for every j < My, where

exj] (1) =g (1 + Toeqny (1)) [| (T ATt
<Gy || CPrla AT T

V€ T\ {tagjrn) — 1}
We first derive an upper bound for ¢;[;). By (40)

M.
M%HMS<ZG@0¢kWWM”

m=1

+ L (teg) — 1 €po pyw))

and, hence,

exps (1) < g (ITF) (I1¢™ At =™
+L (’Lk[/’] - L.&p, p, w)) A tep L

< g (1) {(IF ) ([t ) A =
+ L (tk[j] — 1,§p.,u,w)}/\t tei 1
where the second inequality follows from the defini-
tion of admissible resetting times [see (15)]. Consider

further that |7t~y < (1 — A?)"Y2|lw||s, and that
L(t.ép,pw) < p+ [€p| + (1 = X*)72||w]| for every ¢,
from which we finally obtain

{o (1) p|
(1= X)) (L4 I+ ) (e + [|w ) |
=\t 7 (1)

eu (1) <At

where Z (-) is as in (20). Consider now that because of (47),
we have e;;)(#) > ep forevery t € Ty; \ {#4;:1) — 1}, and,
hence,

brfj+1) S tepj) + [logx 7 (H*)W : (48)
Indeed, if the latter condition were not satisfied we would then
have a reset before ¢[;1 1], contradicting the fact that tz;,1) <
teor,+1] = tek+1. Applying (48) recursively, we get tx[; <
tr + 7 [logy eit/Z (IT*)]. The claim follows by recalling that
the number of switching is upper bounded by N... ]

Proof of Lemma 5: Consider the subsequence {qc}CEZ+ of
resets q. := maxXgez, {fr; tx < £.}. Notice that, under (27),
{qc},3€Z+ exists well-defined since gg = 0 and ¢; < g, if 4 < j.
Let Q. := {¢c,...,gc+1 — 1} and note that Uccz, @ = 7.
Thus, in order to prove that the switched system is stable, it is



BATTISTELLI et al.: MODEL-FREE ADAPTIVE SWITCHING CONTROL OF TIME-VARYING PLANTS

sufficient to prove that the upper bound 117, holds over each
interval Q. since this implies that the same upper bound will
hold over each T,..

Decompose @, as Q. = (Q.NL._1)U(Q.NL,) and first
assume that the interval Q. N L._; is nonempty. By definition
g. necessarily belongs to L”_;, Then, from (25) it follows that
on this interval one has the upper bound II%.; + ». Thus, (12)
implies

¢ Ix < g (7 +v) (n+ [ Ep [ AT

FHllwt x + ¢ ATE) VieQonLer. (49)
Indeed, (49) follows immediately by extending the conclusions
of Lemma 2 to any truncation of a resetting interval (Q. in this
case). In addition, by (27) there exists a resetting interval, say
Tg_1, right before Q,., which is contained into L”_; and there-
fore such that I1*~1 < II}; + v. Since by virtue of (19) the se-
quence of reset times is admissible, the sequence {¢% "1} .cz N
is such that ||¢% Y[y < (1%, + v + e)(u + |79 ")
Combining this inequality with (49), it follows immediately
that ||¢*||, < Z(I%; 4+ v) for every t € Q. N L._1. From
definition of m; we have 7;(#) < 14 g~ 1||Ct[x + g~ wt||a
for every t € Z. From definition of Z(-) we therefore obtain
mi(t) < 2p7'Z (Ilk; +v) for every t € Q. N L._;. Finally,
substituting (26) into (25) it follows that for some index s we
have that 7(t) + h < II%; 4+ g3 Z (Il%; 4+ ) holds on the
interval Q. N L. from which the upper bound (28) follows. If
instead Q. NL._; = ¥, then Q. C L.and ¢. = £.. Insuch a
case (28) follows immediately by (25) and (26). ]

Proof of Proposition 1: Consider first that, by assump-
tion A2, for any ¢; € O there exist a candidate controller
Cos,y; p(0;) € N and an open ballNQj around #; such that
(P(0)/Cp,y) is A-stable for all € ©;. Thus, an infinite open
cover for © exists. Recall now that, by the Heine-Borel the-
orem, under assumption Al any infinite open cover of © has
a finite open subcover. Then, this implies the existence of a fi-
nite collection of open sets {O1, ..., O} that covers © and
such that, for each j, all the plants P(f), 6 € ©,, are stabi-
lized by a common controller C,(;y, p(j) € N. Further, as well
known, the Lebesgue’s number lemma ensures that there ex-
ists a number 1 > 0 such that every subset of ©® having diam-
eter less than 7 is contained at least in one of the sets ©;, j €
{1,...,N} := N. This implies that the cover ©1,... ,@A—, is
overlapping in the sense that for any f € © there exists at least
one index j € N such that § € ©; and dist(4,00;) > 5. In
order to conclude the proof, it is now sufficient to pick a positive
real 77 < % and define, for each ¢ € N, the closed set

0, = U

JEN:p(j)=i

In fact, it is immediate to verify that, with such a definition, the
collection of sets {®1,...,Ox} satisfies properties 1)-2) by
construction. As for 3), let 3 := 5 — 7. From the overlapping
property of the cover O, .. ., 6A—,, we have that for any given
there exists j € N such that the open ball B(6,7) := {z; ||z —
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8|| < n} is contained in © . This, in turn, implies that the open
ball 5(6, 3) is contained in the closed set

{6 € ©; dist(6,00;) <77}

which is obtained by shrinking the original open set © ;. Then,
by definition of ©;, B(#, () is also contained in the set ©; with
i = p(4), which implies that dist(6, 09;) > 5. |
Proofof Lemma 6: Following the same lines as in the proof
of Lemma 3, it can be seen that the signal (; satisfies the recur-
sion
Do(r)yi(d) Gi(t) = Wy (d) wilt) . (50)
Let (;(#) := ¢;(£)A " and () := w;(#)A~*. Then (50) can be
rewritten as
Po(1)/i(d) Ci(t) = Wo(py(d) wi(t) (1)
where Pgpy/i(d) = @g(t)/i()\’ld) and Wyq/(d) =
Wo(sy/i(A"'d). Suppose now that, in a given interval
T := {r,7+1,...,T}, one has #(¢t) € ©O,. Then, for any
t € 7, the frozen-time characteristic polynomial det ®g;) /Z-(d)
of (50) is A-Hurwitz. This, in turn, implies that, for any ¢ € 7,
the frozen-time characteristic polynomial det (i)g(t) /i(d) of
(51) is Hurwitz. More specifically, since the set ©; is compact,
we have that when 6(¢) € ©; all the roots of det tfg(t)/i(d)
always lie outside a disk of radius 1 + &; with &; strictly
positive. As a consequence, we can invoke classical results on
slowly time-varying systems [24] and conclude that, when the
variation rate 6 does not exceed a given threshold &, ;, then
the system (51) is exponentially stable in the interval Z. Thus,
it is immediate to conclude that, in this case, there exist positive
reals 7g; and 7n1; such that, forany £ € 7
G 1511 < il € 17 2g 1 4 sl [ ] (52)
where & = [(:’ w;]". Again, the finiteness of Synax > M0i,
and 7n1; stems from the compactness of ©;. Note now that, by
construction

IGi 140 = A~ G 21,

s [21] =A™ Jews 21 -

1€ 723l = A7 g 172

A
(53)

Hence, inequality (52) can be rewritten as || [L||x <

|| & ::éH)\)\t‘T“ + myi||wi |L])x-. The rest of the proof
follows along the same lines of the proof of Lemma 3. [ |
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