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abstract
By using the concept of on-line goal adaptation, we develop a new paradigm of performance shaping in
MRAC. The general idea is to replace the single reference model generated trajectory in classical adaptive
design with a tube reference model. Two alternative adaptive control schemes that lead to tractable design
formulations are developed in which the performance is adapted on-line to satisfy a new specification
in addition to maintaining the usual stability and robustness properties. For this purpose an additional
optimization problem is formulated within the MRAC framework to find a correction control term at
each instant of time. The proposed approach provides a convenient intuitive interpretation of the design
problem, while retaining the fundamental ideas on which model reference adaptive control is based. The
system performance is found to be as desired by simulation.
© 2013 Elsevier Ltd. All rights reserved.

1. Introduction
Model reference adaptive control (MRAC) is one of the
main approaches of adaptive control, see e.g. the popular textbooks (Åström & Wittenmark, 1995; Ioannou & Sun, 1996; Krstić,
Kanellakopoulos, & Kokotović, 1995; Narendra & Annaswamy,
1989; Sastry & Bodson, 1989; Tao, 2003). Most model reference
adaptive control design techniques have paid attention only to
control problem solutions for one particular performance index —
the tracking error which is the difference between the plant output and the reference model output. The reference model is chosen
to generate a single desired trajectory that the plant output has to
follow. Choosing a single reference trajectory is an idealization in
order to obtain a solution based on the relevant mathematics.
In many applications, such as industrial process control or flight
control, it is not necessary to exactly follow a single reference
trajectory; usually some specified deviation is allowed. Several
approaches can be taken when a control specification is given
in the form of an admissible set, and interesting problems can
be posed. Here, we mention only some works in the context
of adaptive control: so called ‘‘funnel control’’ in Ilchman, Ryan,
and Townsend (2007) where approximate tracking and prescribed
transient behaviour of the tracking error are both captured by
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the concept of a performance funnel; a reference model chosen
to be piecewise linear e.g. Sang and Tao (2010); and an on-line
adaptation of the reference model as is demonstrated in Joshi, Tao,
and Patre (2011) when the plant-model matching conditions are
violated whereby the adaptive controller includes tuning of the
controller gain and simultaneous estimation of the plant-model
mismatch.
In the framework of the concept of goal adaptation, and with
the aim to provide additional desirable properties of the closedloop system, see Mirkin (2001) and Mirkin and Mirkin (1999),
a new paradigm of performance shaping in MRAC, called Tube
based Model Reference Adaptive Control (TMRAC) was recently
developed in Mirkin, Gutman, and Shtessel (2012); Mirkin,
Gutman, and Sjöberg (2011). It is advised to design a controller
which not only guarantees closed loop stability, asymptotical
tracking, and robustness to various uncertainties in the plant
model and to external disturbances, but also diminishes the control
cost with respect to some criterion. For this the control signal is
split into two parts – an adaptive component and a component
that corrects the control objective – and an additional optimization
problem is formulated in order to find the value of the newly
defined correction control component in each time instant.
In the context of TMRAC we develop here two alternative adaptive control schemes that lead to tractable design formulations
where the performance is adapted on-line to satisfy additional requirements. The problem is treated from two different viewpoints:
when the correcting component is included in the so-called ‘‘regressor’’ vector, and when it is treated as an external bounded perturbation.
2. Statement of the MRAC problem with performance tube
Before proceeding to the main results, we describe the
principal idea of tube reference model based adaptive control
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with on-line cost adaptation (Mirkin et al., 2012, 2011; Mirkin &
Mirkin, 1999). As in standard adaptive control theory, the desired
performance of the controlled system, the so called goal objective,
is expressed with the help of a reference model which gives the
desired response to a command signal.
However the reference will not be given, as usual, as a unique
trajectory, but as any trajectory from some admissible set, i.e. the
general concept is to replace the classical adaptive goal in the
form of a reference model with a single predetermined trajectory
with a tube reference model. Then, in addition to the usual stability
and robustness requirements, other important specifications may
be considered. For comparison we note that in classical robust
linear time invariant control (Horowitz, 1993), tighter reference
trajectory specifications demand higher bandwidth from the
feedback loop.
Let us make it possible to change, within specified bounds,
the input signal to the reference model, or some parameters
of the reference model operator Wr . Let us call these input
signals and parameters goal correction control uc . By tuning
uc within the allowed bounds, an admissible set of reference
trajectories is generated and is called the performance tube. The
correction control bounds are specified such that the trajectories
defined by the performance tube satisfy the closed loop system
specifications. In addition to influencing the reference model,
the goal correction control uc is added to the feedback control
signal. Based on measurements of the system signals, the adaptive
control algorithm chooses on-line a suitable trajectory from the
performance tube by varying uc .
The main problem is how to determine a formal mechanism to
choose reference trajectories from the performance tube. For that
purpose, we formulate here the goal in the form of two control
objectives — primary and secondary: (i) the primary goal is to make
the system states/outputs asymptotically follow the state/output
of a stable reference model; and (ii) the secondary goal is to satisfy
some additional criterion by varying the goal correction control
uc (t ) within its given specified limits. Finally it is shown that both
of these problems can be solved independently of one another.
Thus the defined problem of model reference adaptive control is
solved in two stages.
2.1. The first stage design problem
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3.1. Plant model
The plant is described by the state equation
ẋ(t ) = Ax(t ) + bu(t )
n×n

(1)
n

with A ∈ R
and b ∈ R being unknown and constant parameter
matrices, and x(t ) ∈ Rn and u(t ) ∈ R1 being the system state and
input signals.
3.2. Control objectives
3.2.1. The primary control specification
The primary control specification is to determine the input
to the plant u(t ) such that all signals in the closed-loop system
become bounded and x(t ) asymptotically exactly tracks the given
reference signal xr (t ) which is generated from the reference model
ẋr (t ) = Ar xr (t ) + br ur (t ),

ur (t ) = r (t ) + uc (t )

(2)

where Ar ∈ R
is a stable matrix, br ∈ R , r (t ) is in the form
of a standard reference signal of adaptive control theory (Ioannou
& Sun, 1996; Tao, 2003), and the goal correction component of the
command signal uc (t ) may vary within specified given limits
n×n

n

+
uc (t ) ∈ [u−
c (t ) uc (t )]

(3)

which determine the performance tube of the reference model (2).
3.2.2. The secondary control objective
The secondary control objective is formalized as the following
optimization task:
minimize(w.r .t . uc ) J uc = u2 (t )

 

subject to

+
u−
c (t ) ≤ uc (t ) ≤ uc (t ).

(4)

3.2.3. Assumptions
As is generally done in traditional MRAC, we assume that there
exist a constant vector θx∗ ∈ Rn and a nonzero constant scalar θr∗
such that the following equations are satisfied,
A + bθx∗T = Ar ,

bθr∗ = br

(5)

The design problem in the first stage is to find a control law
parametrization in order to ensure closed-loop stability for any
input to the reference model, and asymptotical model tracking for
the feasible trajectories. In this design stage only the structure
of the reference model is known, with some variables defined
incompletely which will, in the next stage, be used as design
variables which may vary within assigned limits. The solution of
the first stage design problem is necessary for the second stage.

and the sign of θr is known. Without loss of generality, we will
assume that θr∗ is positive.

2.2. The second stage design problem

u(t ) = ua (t ) + uc (t ),

In this stage we seek a mechanism to adjust the goal correction
control uc in order to receive certain additional beneficial
properties in the closed loop system. The additional performance
index can include decreasing control costs, control amplitude
constraints, etc. In this paper the additional performance index is
a function of the control signals.

as illustrated in the control system block diagram in Fig. 1.

3. TMRAC. State feedback case
To facilitate the introduction of the principal concepts contained in this paper, we start our discussions with a relatively simple adaptive control problem whose solution can be found in any
standard text on adaptive control. In this section, we consider the
adaptive control of a linear time-invariant plant with parametric
uncertainty, when the state variables of the plant are measured.

∗

3.3. Control parametrization and the basic error equation
3.3.1. Controller structure
The control u(t ) is proposed to be the sum of two signals — the
adaptive signal ua (t ), and goal correction signal uc (t )
(6)

3.3.2. Error equation and adaptive control design
In view of (1), (2), (5) and (6) the tracking error e(t ) = y(t ) −
yr (t ) for any u(t ) can be expressed as
ė(t ) = Ar e(t ) + b[u(t ) − θx∗T x(t ) − θr∗ ur (t )]

= Ar e(t ) + b[ua (t ) − θx∗T x(t ) − θr∗ r (t ) − θc∗ uc (t )]


= Ar e(t ) + b ua (t ) − θ ∗T ω(t ) − θc∗ uc (t )

(7)

where ω(t ) = [x(t ) r (t )]T ∈ Rn+1 , θ ∗ = [θx∗T , θr∗ ]T ∈ Rn+1 and
θc∗ = θr∗ − 1.
The terms θ ∗T ω(t ) and θc∗ uc (t ) in (7) suggest that one should
look for a control law ua (t ) parametrization such that the
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proportional-integral (PI) or a proportional-integral-time delay
(PITD) type algorithm can also be chosen which may lead to better
transient adaptation performance than the traditional I scheme,
see e.g. Mirkin and Gutman (2010). The sketch of the proof below
is presented for the case of PI adaptation.
A sketch of the proof. Define
V = eT (t )Pe(t ) +

adaptation gains enter as a product in which the factors ω(t ) and
uc (t ) are known signals (‘‘regressor’’), as is usually done in adaptive
control theory,
ua (t ) = θ (t )ω(t ) + θc (t )uc (t ).
T

(8)

The design task then is to choose suitable adaptive laws to update
the vector gain θ (t ) and the scalar gain θc (t ) such that the control
objective is achieved, i.e. e(t ) → 0 when t → ∞. To develop
adaptive laws for θ (t ) and θc (t ) we need, as usual, an error
equation in terms of the tracking error e(t ) and the parameter
errors θ̃(t ) = θ (t ) − θ ∗ and θ̃c (t ) = θc (t ) − θc∗ . So we obtain
from (7) the basic error equation
ė(t ) = Ar e(t ) + bθ̃ T (t )ω(t ) + bθ̃c (t )uc (t ).

(9)

With the model (9) it is possible to apply the well-known Lyapunov
based technique see, e.g. Ioannou and Sun (1996); Tao (2003) to
design updating laws for the gains θ (t ) and θc (t ), and to prove
stability.
The following theorem gives one of the possible choices of
adaptation laws that ensure asymptotic state tracking with signal
boundedness.
Theorem 1. The system given by (1), (2), the adaptive controller
(6), (8), and the gain adaptation laws

η(t ) = S (t )ω(t ), S (t ) = eT (t )Pbr

θ̇c (t ) = −γc S (t )uc (t ) + θcpr (t )

(10)

where
0,


θcpr (t ) =

γc S (t )uc (t ),

if |θc + 1| ≥ ϵ or
if |θc + 1| = ϵ and S (t )uc ≤ 0;
other w ise,

(11)

is the projection function, ΓI = ΓIT > 0, Γp = ΓpT > 0, γc > 0 are
the design parameters, ϵ is a known lower bound for θc∗ + 1 =
|θr∗ | = θr∗ , and P is the solution of the Lyapunov equation



ATr P + PAr + Q = 0,

Q = QT > 0


η̃T (t )ΓI−1 η̃(t ) + γc−1 θ̃c2 (t )

(13)

where η̃(t ) = θ̃ (t ) + Γp η(t ).
To obtain the time derivative V̇ , we at first note that, in view of
(10), the time derivative of η̃(t ) from (13) is

Fig. 1. Control setup.

θ̇(t ) = −ΓI η(t ) − Γp η̇(t ),

1 

θr∗



(12)

guarantee that all closed-loop signals are bounded, and the
tracking error e(t ) = x(t ) − xr (t ) goes to zero asymptotically for
any uc (t ) from (3).
Remark 1. As will be seen later, when solving the optimization
problem (4), the adaptive gain θc (t ) has a point of singularity.
Therefore in order to prevent θc (t ) from taking the singularity
value, parameter projection is used in the adaptive controller for
updating the gain θc (t ).
Remark 2. For stability and exact asymptotic tracking, only the
integral component −ΓI η(t ) in (10) of the adaptation algorithm
for θ(t ) is needed. However, for the adaptation of θ (t ) a

˙ t ) = θ̃˙ (t ) + Γp η̇(t ) = −ΓI η(t ).
η̃(
Then, using the last expression and (12), we have
V̇ = −eT (t )Qe(t ) +

2

θ∗

θ̃ T (t )η(t ) +

r

−
+

2

θr∗

θ̃c (t )S (t )uc (t )

2 

θr∗

θ̃ (t )η(t ) + ηT (t )Γp η(t ) + θ̃c (t )S (t )uc (t )

2

γc θr∗



θ̃c (t )θcpr (t )

= −eT (t )Qe(t ) − ηT (t )Γp η(t ) +

2

γc θr∗

θ̃c (t )θcpr (t ).

(14)

The choice of the projection function θcpr (t ) from (28) ensures that

θ̃c (t )θcpr (t ) ≤ 0 see e.g. Ioannou and Sun (1996, p. 400), i.e.
V̇ ≤ 0

(15)

which indicates that the desired stability properties of the closedloop system are obtained, following the usual arguments of
adaptive control theory.
3.3.3. General comments
Considering basic error equation (9) one can make the following
observations:
(i) the first fundamental observation here is that the basic
tracking error equation that is generally used for stability
analysis, and for the design of the adaptation algorithm, has
the standard ‘‘classical’’ so-called bilinear parametric model
form, see e.g. Ioannou and Sun (1996); Tao (2003). It does not
explicitly depend on the goal correction component uc (t ) of the
command signal, and, therefore, the latter can be changed;
(ii) using this fact, the problem of ensuring the primary (e(t ) →
0) and the secondary control objectives (4) can be solved
independently of each other, and the control components
ua (t ) and uc (t ) in (6) can be synthesized separately. So, by
proving stability by synthesizing ua (t ) independently of any
uc (t ) from (3), the approach used in this paper decouples the
two problems and permits the optimization to be carried out
independently;
(iii) the regressor vectors have the traditional form except that
they include the additional signal uc (t );
(iv) to assure the stability of the error model, various modifications of existing adaptive laws can be chosen, based on the
available MRAC and robust MRAC techniques.
3.3.4. Correction control component design
As established in Theorem 1, the closed-loop systems stability
with limt →∞ e(t ) = 0 is guaranteed for any choice of feasible uc (t )
from (3). Its variability does not change the stability properties,
and therefore does not affect the achievement of the primary goal.
Both control goals can be achieved independently. Of course, the
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solution of the first problem is the key without which the second
task cannot be solved. Keeping this in mind, it is easy to show that
the optimization problem (4) with the index J = u2 = (ua + uc )2 ,
and with ua (t ) = θ T (t )ω(t ) + θc (t )uc (t ) from (8), (10) and for any
bounded θ T (t ), ω(t ) and θc (t ) has the following solution
uopt
c

=


−ua (t ),


+
arg min J (u−
c ), J (uc ) ,

+
if ua (t ) ∈ [u−
c uc ] ;
+
if ua (t ) ̸∈ [u−
c uc ]

(16)

+
2
where J (u−
c ) and J (uc ) are the values of J = (ua (t ) + uc (t )) for
uc (t ) = u− and uc (t ) = u+ , respectively.
Hence, the controller (6), (8), (16): (i) guarantees that the
tracking errors tend to zero; and (ii) minimizes the control cost.

Remark 3. Note that the solution of the optimization problem
∗
(4), in the case when ua (t ) ∈ [u−
u+
c
c ], has the form uc (t ) =
−1 T
−(1 + θc (t )) θ (t )ω(t ). So the adaptive gain θc (t ) has a point of
singularity. In order to prevent θc (t ) from taking the value −1, we
suggest using e.g. the parameter projection algorithm in Ioannou
and Sun (1996, p. 400) for updating the gain θc (t ).
−
Remark 4. Note, that in some cases the bounds u+
c and uc can also
be chosen. Such an approach is well adapted to computer aided
design. If the design result is not satisfactory, the designer can
iteratively test modifications of the limits to satisfy the desired
specification. This is very attractive, e.g. for reducing the control
effort.

Fig. 2. Simulation of the adaptive control system for plant (17) and controller (6).
The upper graphs show how the adaptive controller finds a reference trajectory
+
within the admissible range y−
r ≤ yr (t ) ≤ yr . The lower graphs show the time
history of the absolute value of the control signals |u(t )| for the cases of adaptive
control with (blue lines) and without (green lines) optimization, respectively.

3.4. Example 1
We conclude this section by considering a simulated example
of TMRAC control of a simple scalar plant. The unstable plant to be
controlled is
ẏ(t ) = ay(t ) + bu(t ),

y(0) = y0 ,

(17)

and the reference model is
ẏr (t ) = ar yr (t ) + br ur (t ),

ur (t ) = r (t ) + uc (t ).

(18)

The adaptive controller from (6), (8), (10) and (28), with the goal
correction control signal uc (t ) from (16), and the secondary control
objective J = u2 = (ua + uc )2 from (4) is

θ̇(t ) = −ΓI η(t ) − Γp η̇(t ),

η(t ) = ω(t )e(t )

θ̇c (t ) = −γc e(t )uc (t ) + θcpr (t )

(19)

where ω (t ) = [y(t ), r (t )], θ (t ) = [θy (t )θr (t )] ∈ R and θcpr (t )
is from (28) with S (t ) = e(t ). The parameter values are chosen as
−
a = 1, b = 0.5, ar = −5, br = 2, u+
c = 1, uc = −1, ΓI = 9, Γp =
0.6. In this example all the plant parameters are unknown to the
controller. The input signal to the reference model r (t ) is a step
signal with amplitude ±3. Some simulation results are shown in
Figs. 2–4. For comparison of performance with the conventional
scheme (i.e. uc = 0 and θc = 0 in (18), (19)), the input signal to
the reference model r was adjusted to reach the same steady state
reference trajectory, and therefore the same steady state control
signal. All other controller parameters remained the same. As can
be seen from the lower graphs in Figs. 2 and 3, control based on the
tube reference model results in improved performance compared
to conventional control.
T

T

2

4. TMRAC. Output feedback case
Also for adaptive control by output feedback, it is possible to get
the form of the basic error equation explicitly independent of the
goal correction signal uc (t ).

Fig. 3. Simulation of the adaptive control system for plant (17) and controller (6).
The upper graphs show how the adaptive controller finds a reference trajectory
+
within the admissible range y−
r ≤ yr (t ) ≤ yr . The lower graphs show the time
history of the absolute value of the control signals |u(t )| for the cases of adaptive
control with (blue lines) and without (green lines) optimization, respectively.

4.1. Plant model
Let us consider the SISO plant given by Ioannou and Sun (1996,
Section 6.4.1)
y = Wo (s)u,

Wo (s) = kp

N (s)

(20)

D(s)

where u(t ) and y(t ) are plant inputs and output respectively.
4.2. Control objectives
4.2.1. The primary control specification
The primary control specification is to design an output
feedback control signal u(t ) such that all signals of the closedloop system are bounded, and the output signal y(t ) asymptotically
exactly tracks the output of the reference model yr (t ) given by
yr (t ) = Wr (s)ur = kr

Nr (s)
Dr (s)

ur ,

ur (t ) = r (t ) + uc (t )

(21)
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adaptive ua (t ) and a goal correction component uc (t ),
u(t ) = ua (t ) + uc (t ).

(23)

Applying this control to (22), the error model (22) can now be
rewritten as
e = Wr (s)ρ ∗ ua − θy∗T y − θ1∗T x1 − θ2∗T x2 − θr∗ r − θc∗ uc







= Wr (s)ρ ∗ ua − Θ ∗T Ω (t )

(24)

where θc = θr − 1 and
∗

∗

Ω (t ) = [y(t ), x1 (t ), x2 (t ), r (t ), uc (t )]T = [ωT (t ), uc (t )]T
Θ ∗ = [θy∗ , θ1∗T , θ2∗T , θr∗ , θc∗ ]T = [θ ∗T , θc∗ ]T .
Then the following parametrization for the adaptive component
of (23)
ua (t ) = θ T (t )ω(t ) + θc (t )uc (t )

(25)

with the adaptation gains
Fig. 4. Simulation of the adaptive control system for the plant (17) and the
controller (6), for the case when r (t ) = 3. The upper and lower graphs show the
time history of the regressor ω(t ) and the adaptive gain θ(t ) vectors, respectively.

where r (t ) is a standard reference signal of adaptive control
theory (Ioannou & Sun, 1996; Tao, 2003), and the goal correction
component uc (t ) of the command signal may vary within its
specified given limits (3).
4.2.2. The secondary control objective
The secondary control objective is formalized as the optimization task from (4).

θ (t ) = [θy (t ), θ1T (t ), θ2T (t ), θr (t )]T ,

θc (t )

defines the basic error equation for the output feedback case

 T (t )Ω (t )
e = Wr (s)ρ ∗ Θ


= Wr (s)ρ ∗ θ̃ T (t )ω(t ) + θ̃c (t )uc (t )

(26)

 (t ) is the parameter error vector.
where Θ
Remark 6. We note that all the observations we made in Section 3.3.3 hold also in this output feedback case, and the unified
form of the basic tracking error equations makes it possible to synthesize the adaptive control laws by all methods.
4.6. Design of the adaptation laws

4.3. Assumptions
The following standard assumptions Ioannou and Sun (1996);
Tao (2003) are made for the plant and reference model: (A1) D(s)
is a monic polynomial of known degree n, (A2) Wo (s) is minimum
phase, i.e. N (s) is Hurwitz, (A3) the relative degree is one and
(A4) the sign of the high frequency gain kp is known.
Remark 5. The minimum phase assumption (A2) is fundamental
in MRAC schemes. Assumption (A3) focuses on the simplest case
amenable to Lyapunov designs to demonstrate the main idea in this
contribution.

For output tracking the following theorem gives one of the
possible choices of adaptation laws that ensures asymptotic output
tracking with signal boundedness.
Theorem 2. Consider system (20) and the reference model (21). Suppose that assumptions of Section 4.3 hold. Then the control (25) with
update laws

θ̇ (t ) = −ΓI η(t ) − Γp η̇(t ),

η(t ) = e(t )ω(t )

θ̇c (t ) = −γc e(t )uc (t ) + θcpr (t )

(27)

where
4.4. Error equation parametrization
By using the conventional technique of model reference
adaptive control (Ioannou & Sun, 1996; Tao, 2003) the tracking
error e(t ) = y(t ) − yr (t ) for any u(t ) can be expressed as



e = Wr (s)ρ ∗ u − θy∗ y − θ1∗T x1 − θ2∗T x2 − θr∗ ur

0,





(22)

θcpr (t ) =

γc e(t )uc (t ),

if |θc + 1| ≥ ϵ or
if |θc + 1| = ϵ and S (t )uc ≤ 0;
other w ise.

(28)

guarantees that (i) all signals of the closed-loop system are bounded
and (ii) limt →∞ e(t ) = 0 for any the goal correction signal uc (t )
from (3).

so-called matching parameters.

The proof of this theorem, i.e. proving the attainment of the
primary objective, follows along the same lines as e.g. in the
textbooks (Ioannou & Sun, 1996; Tao, 2003) and Section 3.
As established in Theorem 2, the closed-loop system stability
with limt →∞ e(t ) = 0 is guaranteed for any uc (t ) from (3).
Then it is easy to show that the optimization problem (4) with u
from (23), (27) has the solution described in Section 3.3.4, i.e. the
adaptive controller (23), (25) and (27) guarantees the primary and
secondary design objectives.

4.5. Controller structure and basic error model

4.7. Example 2

As follows from the TMRAC concept, see Section 2–3, the control
signal u(t ) is decomposed as the sum of two components — an

The following problem was simulated to illustrate the output
feedback TMRAC. The second order plant with parametric uncer-

where
x1 ∈ Rn−1 = Hf (s)[u],
H f ( s) =

[s

n−2

x2 ∈ Rn−1 = Hf (s)[y],

. . . s 1]
,
λ(s)
T

Hf (s) ∈ Rn−1

λ(s) = sn−1 + · · · + λ1 s + λ0 is a monic Hurwitz polynomial;
1
ρ ∗ = θr∗−1 = kp k−
and θ1∗ , θ2∗ ∈ Rn−1 , θy∗ ∈ R , θr∗ ∈ R are
r
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The primary control specification is now to design an output
feedback control signal u(t ) such that all signals of the closedloop system are bounded, and the output signal y(t ) tracks, as
closely as possible, the output of the reference model yr (t ) given
by (21). As before the secondary control objective is formalized as
the optimization task from (4).
In addition to assumptions in 4.3 the following assumptions
are made for the un-modelled part of the plant (Ioannou & Sun,
1996, p. 673): (A5) ∆m (s) is analytic in Re[s] ≥ −δ0 /2 for some
known δ0 > 0. (A6) There exists a strictly proper transfer function
P (s) analytic in Re[s] ≥ −δ0 /2, and such that P (s)∆m (s) is strictly
proper.
By using the conventional technique of robust model reference
adaptive control (Ioannou & Sun, 1996, Section 9.3) the tracking
error e(t ) = y(t ) − yr (t ) for any u(t ) = ua (t ) + uc (t ) can be
expressed as
e = Wr (s)ρ ∗ ua − θy∗T y − θ1∗T x1 − θ2∗T x2 − θr∗ r − θc∗ uc + η0 (32)



Fig. 5. Simulation of the adaptive control system for plant (29) and controller (23).
The upper graphs show how the adaptive controller finds a reference trajectory
+
within the admissible range y−
r ≤ yr (t ) ≤ yr . The lower graphs show the time
history of the absolute value of the control signals |u(t )| for the cases of adaptive
control with (blue lines) and without (green lines) optimization, respectively.

tainties and the suitable reference model are chosen from Ioannou
and Sun (1996, Example 6.4.1)
y=

kp (s + b0 )
s 2 + a1 s + a0

u,

yr =

1
s+1

ur

(29)

where kp > 0, b0 > 0 and kp , b0 , a1 , a0 are unknown constants.
The simulation results for the plant (29) and the adaptive
controller (23), (25)

ua (t ) = θ (t )ω(t ) + θc (t )uc (t )

θ(t ) = [θy (t ) θ (t ) θ (t ) θr (t )]

T

(30)

with adaptive laws from (27) and uc (t ) from (16) are shown in
Fig. 5. The parameter values in our simulation were chosen as
b0 = 3, a1 = 3, a0 = −10, kp = 1, ΓI = 5, Γp = 0.5, u+
c = 1,
u−
=
−
1
and
r
=
−
2.
c
As in Example 1 the picture shows how the adaptive controller
finds a desirable reference trajectory within the admissible
range and improves performance compared to the traditional
control scheme. Note also that simulation examples with external
disturbances and nonlinear perturbations can be found in Mirkin
et al. (2012, 2011).
4.8. Robustness issues
In the previous sections we studied adaptive control for plants
with parametric uncertainties, only. Now we briefly show that
the use of the new performance shaping makes it possible to
also achieve a robust design for plants with external disturbances
and un-modelled dynamics. We propose two possible control
parametrizations.
Let us consider the SISO plant given by Ioannou and Sun (1996,
Section 9.3)
y = Wo (s) 1 + ∆m (s) (u + d),





(i) : e = Wr (s)ρ ∗ ua − θ1∗T ω1 + η1



T

(31)

where the transfer function of the modelled part of the plant
Wo (s) is the same as in (20), d is an external bounded disturbance,
i.e. |d(t )| ≤ do and ∆m (s) is the multiplicative un-modelled dynamics.

=

The key observation. From this equation the following key
observation can be made. Depending on how the bounded term
θc∗ uc is handled in the error equation (32), two alternative schemes
of controller parametrization may be proposed: (i) uc (t ) is a
component of the ‘‘regressor’’ vector, similarly to (24); (ii) uc (t ) is
treated as a bounded external disturbance, and therefore it can be
handled the same way as e.g. the real bounded disturbance d(t ).
This means that uc (t ) can be absorbed in the bounded signal ηo
during the control law synthesis.
Then two different error equations can be obtained from (32) in
unified form,



(ii) : e = Wr (s)ρ ∗ ua − θ2∗T ω2 + η2

ẋ2 (t ) = −2x2 (t ) + y(t )
T
2

where all the notations are the same as in (22) and ηo
H (s)∆m (s)(u + d) + H (s)d, with H (s) = 1 − θ1∗T Hf (s).



ẋ1 (t ) = −2x1 (t ) + u(t )

T
1





(33)

and, as a consequence, two adaptive control schemes. In case (i),
the regressor ω and the unknown vector θ ∗ have to be chosen as

ω(t ) = [y(t ) xT1 (t ) xT2 (t ) r (t ) uc (t )]T ∈ R2n
θ ∗ = [θy∗ θ1∗T θ2∗T θr∗ θc∗ ]T ∈ R2n
and for case (ii)

ω(t ) = [y(t ) xT1 (t ) xT2 (t ) r (t )]T ∈ R2n−1
θ ∗ = [θy∗ θ1∗T θ2∗T θr∗ ]T ∈ R2n−1 .
The expression for η1 has the standard form i.e. η1 = η0 from
(22), and the expression for η2 is slightly modified to be η1 =
H (s)∆m (s)(u + d) + H (s)d − θc∗ uc .
Remark 7. We note that all the observations we made in Section 3.3.3 hold also in this general case, and the unified form of the
basic tracking error equations makes it possible to synthesize the
adaptive control laws by all methods. Note, however, that in the
case of the error models in (33), the adaptive laws, in contrast to
Theorem 2, will give tracking error convergence to some bounded
residual set, only. But for a certain class of problems, design procedures described in Mirkin and Gutman (2010); Mirkin et al. (2012,
2011) make it possible to achieve asymptotical exact tracking by
treating uc (t ) as external disturbance.
It is well known that based on the error equation (33) a wide
class of robust MRAC schemes was developed involving e.g. the
use of small feedback around the ‘‘pure’’ integrator in the adaptive
law, referred to as the σ -modification. The principal results are
found in Ioannou and Sun (1996). Such robust MRAC schemes
ensure closed-loop stability, and robustness with respect to the
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plant uncertainties ∆m (s), and an external disturbance d by using
various standard robust adaptive laws, see Ioannou and Sun (1996,
Theorem 9.3.2). So, in view that in the tube MRAC case both
stability and optimization can be resolved independently, the
proposed reference model forming procedure can be an useful
addition also and to an existing robust MRAC theory.
Remark 8. Note that in case (ii) singularity cannot occur in (4),
and hence it is not required to use projection to update the scalar
component θc (t ) of the vector gain θ (t ).
5. Concluding remarks
By using the concept of on-line goal adaptation, we present
a new approach to MRAC of uncertain linear plants. The
developed controllers not only guarantee closed loop stability,
asymptotically tracking and robustness properties but enables the
alleviation of the control cost with respect to some criterion. For
this we formulate an additional optimization problem into the
MRAC framework to find the newly defined correction control
component at each instant of time. The technical viewpoint taken
in our approach is that the regressor vector and basic error
equation can be suitably modified into a form amenable for design
and analysis using all earlier methods from which adaptive control
laws can be directly obtained. A nice feature of the design approach
is that the additional requirements are explicitly specified in
the problem formulation. This is significant in order to succeed
in designing practical controllers for applications with stringent
requirements. The proposed approach provides a convenient
intuitive interpretation of the design problem, while retaining the
fundamental ideas on which model reference adaptive control
is based. Hence this contribution is a significant complement to
conventional MRAC in the contexts of control effort attenuation
by on-line adaptation of the control goal. Applying the introduced
concept to adaptive control problems leads to a new perspective
and a host of new questions, only some of which are investigated
in this paper. It is possible to extend the ideas presented here in
several directions. These include the use of adaptive laws with and
without normalization, combined direct and indirect approaches,
Monopoli’s augmented error, multiple models, backstepping, etc.
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