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Stochastic Barbalat’s Lemma and Its Applications
Zhaojing Wu, Yuanqing Xia, and Xuejun Xie

Abstract—In the deterministic case, a significant improvement on stability analysis of nonlinear systems is caused by introducing Barbalat’s
lemma into control area after Lyapunov’s second method and LaSalle’s
theorem were established. This note considers the extension of Barbalat’s
lemma to the stochastic case. To this end, the uniform continuity and the
absolute integrability are firstly described in stochastic forms. It is nevertheless a small generalization upon the existing references since our result
can be used to adapted processes which are not necessarily Itô diffusions.
When it is applied to Itô diffusion processes, many classical results on stochastic stability are covered as special cases.
Index Terms—Barbalat’s lemma, stochastic stability, stochastic systems.

I. INTRODUCTION
In the end of the 19th century, Lyapunov introduced the concept of
stability of a dynamic system and created a very powerful tool known
as Lyapunov’s second method in [1], where the stability can be proven
without requiring knowledge of the exact solution. The main difficulty
is that the asymptotic stability can not be analyzed when the derivative
of Lyapunov function is negative semidefinite. To resolve this problem,
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LaSalle’s theorem was proposed by [2] for locating limit sets of timeinvariant systems. Barbalat’s lemma in [3] has been a well-known and
powerful tool to deduce asymptotic stability of nonlinear systems (specially time-varying systems) since Popov introduced it into control area
in [4]. For more details, please refer to some standard textbooks such
as [5]–[9].
On the other hand, the stochastic Lyapunov’s second method has
been developed to deal with the stochastic stability by many authors,
and here we only mention [10]–[16]. These classical results typically
state that the solutions of a stochastic differential equation converge in
probability to an invariant set if the initial condition approaches this
invariant set. There appeared some stochastic versions of LaSalle-like
theorem that locate limit sets of a system with linear growth condition
(see,[17]) or without linear growth condition (see,[18]–[20]). To analyze the stochastic integral input-to-state stability, an important corollary of Barbalat’s lemma was extended by [21] to the stochastic case. In
theory, the gap left by stochastic Lyapunov stability theorems and stochastic LaSalle-like theorems should be closed by a general stochastic
Barbalat’s lemma as in the deterministic case.
The purpose of this technical note is to extend some appropriate
forms of Barbalat’s lemma to the stochastic case. Definitions of the
absolute integrability, the (strong) boundedness in probability and the
uniform continuity in probability together with their propositions are
first presented as preliminaries. By the aid of many materials from [18],
[20] and [21], some stochastic versions of Barbalat’s lemma are proposed. The efficiency of our results can be demonstrated by covering
many classical conclusions about stochastic stability as special cases.
The most important advantage is that the application is not limited to
the Itô diffusion process given by a SDE.
The technical note is organized as follows: Some preliminaries are
given in Section II. The stochastic Barbalat’s lemma is proposed in
Section III, and their application are presented in Section IV. Conclusion is drawn in Section V.

t
Since absolute integrability of  implies that limt
0 (s)ds exists and is finite, a special version of Barbalat’s lemma can be easily
obtained.
Corollary 2: If function  : + ! is uniformly continuous and
absolutely integrable, then limt
(t) = 0:
The popularity of Barbalat’s lemma in control area comes from the
fact that it is often used to analyze the convergence of solutions of
closed-loop systems.
Corollary 3: Consider a nonlinear system x_ = f (x; t); x(t0 ) = x0 ;
where f is locally Lipschitz in x and piecewise continuous in t, and
f (0; t) = 0. If x is bounded, (x) is a continuous function and (x(t))
is absolutely integrable, then limt
(x(t)) = 0.
Proof: Locally Lipschitz condition, f (0; t) = 0 and boundedness of x imply the global Lipschitz condition and linear growth condition, then system x_ = f (x; t) has a unique solution in [t0 ; 1). It
comes from the linear growth condition and boundedness of x that
f (x; t) is bounded, which means that the solution x(t) starting from
x0 is uniformly continuous, according to mean value theorem. There
exists an interval [a; b] such that (x) is uniformly continuous on [a; b]
and x(t) 2 [a; b]; 8t 2 [t0 ; 1) because of the continuity of (x) and
boundedness of x. The uniform continuities of (x) and x(t) results
in the uniform continuity of (x(t)) on + . From Corollary 2, it is
concluded that (x(t)) ! 0 as t ! 1.
The purpose of this technical note is to extend Corollaries 2 and 3
instead of Lemma 1 and Corollary 1 to the stochastic case.

!1

!1

!1

B. Integrability and Boundedness of Stochastic Processes
In the rest of this technical note, the underlying complete probability
space is taken to be the quartet ( ; F ; Ft ; P ) with a filtration Ft satisfying the usual conditions (i.e., it is increasing and right continuous
while F0 contains all P -null sets).
Definition 1: The stochastic process (t) : + 2 ! n is absolutely integrable on + 2 if

Notations
The following notations are used throughout the technical note: For
a vector x, jxj denotes its usual Euclidean norm and xT denotes its
transpose; jX j denotes the Frobenius norm of a matrix X defined by
T 1=2 , where Tr(1) denotes the matrix trace; n dejX j = (TrfXX g)
notes the real n-dimensional space; + denotes the set of all nonnegative real numbers; C i denotes the set of all functions with continuous
i-th partial derivative; K denotes the set of all functions: + ! + ,
which are continuous, strictly increasing and vanish at zero; K denotes the set of all functions which are of class K and unbounded.

1

II. PRELIMINARIES
A. Barbalat’s Lemma in the Deterministic Case
In many textbooks about adaptive control, one can find the following
standard Barbalat’s lemma and one of its useful corollaries.
Lemma 1 ([7, Lemma A.6]): If function  : + ! is uniformly
t
continuous, and the limit limt
0 (s)ds exists and is finite, then
limt (t) = 0:
Corollary 1 ([7, Corollary A.7]): If ; _ are bounded and  is ab(t) = 0:
solutely integrable, then limt
It will be shown that the extension of Lemma 1 to the stochastic
case is difficult. There is no means to extend Corollary 1 directly to
the stochastic case, because _ has no meaning for stochastic process
. It is essential to rewrite Lemma 1 and Corollary 1 in suitable forms
convenient for the extensions to the stochastic case.

!1

!1

0

(s)jds < 1

(1)

j

and we denote  2 M( + 2 ).
When (t) 2 M( + 2 ) is continuous, according to Fubini’s
theorem [22, Theorem 2.36], (1) is equivalent to 0 E j(s)jds < 1:
According to Chebyshev’s inequality, we can obtain a natural conclusion.
Proposition 1: If the stochastic process (t) 2 M( + 2 ), then
for any  2 (0; 1] there exists a  > 0 such that

1

1

P

!1

1

E

0

(s)jds >  < :

j

Definition 2: The stochastic process (t) : + 2 ! n is called
(strongly) bounded in probability if for any  > 0 there exists an r > 0
such that

P

sup (t)
t0
j

j

>r



:

Remark 1: The boundedness in probability here is stronger than the
(weak) boundedness in probability proposed in [12, P.15] considering
the following facts P fsupt 0 j(t)j > rg  supt 0 P fj(t)j >

rg:





C. Stochastic Uniform Continuity
The stochastic version of uniform continuity is recited.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 57, NO. 6, JUNE 2012

Definition 3 ([23, Definition 3.2.4]): Stochastic process x(t) : + 2
! n is uniformly continuous in probability (or, stochastic uniformly continuous), if for any ";  > 0, there exists a  ("; ) > 0 such
that for all s; t 2 + satisfying jt 0 sj   the following condition
holds:

P fjx(t) 0 x(s)j  "g  1 0 :

(2)

This definition can be further weakened.
Definition 4: Stochastic process x(t) is locally uniformly continuous in probability, if for any parameters "; ; r > 0, there exists a constant  ("; ; r) > 0 such that for each s; t 2 + satisfying jt 0 sj   ,
the following inequality holds:

P fjx(t ^ r ) 0 x(s ^ r )j  "g  1 0 

(3)

where r = inf ft  0 : jx(t)j  rg (with special case inf _ = 1).
By adding boundedness condition to the local definition, one can
obtain the global result.
Proposition 2: A process is uniformly continuous in probability if
it is locally uniformly continuous in probability and bounded in probability.
Proof: For any ";  > 0, let us prove that there exists a  ("; ) > 0
such that, for all s; t 2 + with jt 0 sj   , inequality (2) holds.
Since x(t) is bounded in probability, then for any  > 0 there exists
an r() > 0 such that

P

sup

t0

jx(t)j > r  12 :

From the local uniform continuity of x, for r given above and any
" > 0, there exists a  ("; ) > 0 such that, for all s; t satisfying jt0sj 
 , we have

P (jx(t ^ r ) 0 x(s ^ r )j > "g)  
1

2

where r = inf ft  0 : jx(t)j  rg (with special case inf _ =
Therefore, for all s; t with jt 0 sj   , we obtain

P (jx(t) 0 x(s)j > ")

 P jx(t) 0 x(s)j > " and
+P

sup

sts+

sup

sts+

1).

jx(t)j  r

jx(t)j > r

 P (jx(t ^ r ) 0 x(s ^ r )j > "g)+ P

sup

t0

 K jt 0 sj1+

Proof: Suppose that there exist constants ; ; K > 0 such that
(4) holds for all s; t 2 [0; 1). For any ";  > 0, by Chebyshev’s
inequality, it follows that:

P fjx(t) 0 x(s)j > "g 

1+

E jx (t) 0 x (s)j
"

There exists a  = (" =K )1=(1+
jt 0 sj   , inequality

 K jt 0" sj

P fjx(t) 0 x(s)j > "g  
holds, which means that x(t) is uniformly continuous in probability.
D. Stochastic Differential Equations
The preliminary on stochastic differential equation is presented for
self-contained.
Consider nonlinear stochastic system

dx(t) = f (x; t) dt + g (x; t) dW (t); x(t0 ) = x0

2

r

= inf

ft : t  t0 ; jx(t)j  rg

(5)

(6)

where inf _ = 1. This means that r is increasing and has its limit

1 :=

lim 
r!1 r

(7)

almost surely, named as the escape (or explosion) time of the solution.
It was pointed out in [16] that system (5) has a unique solution x(t) =
x(t0 ; x0 ; t) on the maximal interval [t0 ; 1 ). To prove the existence
and boundedness of solution on [t0 ; 1), we need the following result.
Lemma 2: For system (5), if there exist a nonnegative continuous
function V (x) and parameters c and d such that

R!1 jxj>R

for all s; t 2 [0; 1). This is used to analyze the sample continuity of
stochastic process, and can also be borrowed to analyze the uniform
continuity in probability.
Proposition 3: Stochastic process satisfying Kolmogorov’s continuity condition is uniformly continuous in probability.

n

where x(t) 2 n is the state of system, W (t) is an m- dimensional
independent standard Wiener process, the underlying complete probability space is taken to be the quartet ( ; F ; Ft ; P ) with a filtration Ft
satisfying the usual conditions (i.e., it is increasing and right continuous while F0 contains all P -null sets), functions f : n 2 + ! n
and g : n 2 + ! n2m are locally Lipschitz in x and piecewise
continuous in t, and f (0; t) = 0 and g (0; t) = 0 are also assumed.
For system (5), for any r > 0, define the first exit time as

jx(t)j >r  

(4)

:

) such that, for each s; t satisfying

EV (x(r ^ t))  dec(t0t ) ;
lim inf V (x) = 1

that is, x(t) is uniformly continuous in probability.
Remark 2: Under the condition of boundedness in probability, uniform continuity in probability and local uniform continuity in probability are equivalent to each other.
Based on the above preliminaries, the conditions in Corollary 2: the
uniform continuity and the absolute integrability are extended to the
stochastic case.
Now, consider Kolmogorov’s continuity condition [11, P.7]. For an
n -valued stochastic process x(t), there exist constants ; ; K > 0
such that

E jx(t) 0 x(s)j

1539

(8)
(9)

then there exists a strong solution x(t) in [t0 ; 1) to system (5) for every
2 n . If c  0, the unique solution is bounded in probability.
Proof: The existence and uniqueness of strong solution in [t0 ; 1)
come from [24, Lemma 1], then 1 = 1. From Remark 1, the boundedness here is different from the weak one. The detailed proof is given
as follows. When c  0, letting r ! 1 in (8) gives

x0

EV (x(t))  d
thus, we have

d  EV (x(t)) 

P

sup

0s

fsup

jx(s)j>Rg

V (x(t))dP

jx(s)j > R fjxinf
V (x):
j>Rg

Combining this with (9) concludes the boundedness in probability of
the solution.
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III. STOCHASTIC BARBALAT’S LEMMA
It is expected to find some easily-checked conditions to guarantee
the convergence of stochastic processes. Originated but distinguished
from [18, Theorem 2.1] and [21, Lemma 3], a general form of stochastic
Barbalat’s lemma is presented, which is the main result in this technical
note.
Theorem 1 (Stochastic Barbalat’s Lemma): If a continuous
and adapted process (t) : + 2
! is uniformly continuous in probability and absolutely integrable on + 2 , then

!1 (t) = 0; a:s:
Proof: Since the uniform continuity of  implies the uniform continuity of jj and the convergence-to-zero of jj means that of , then,
without loss of generality, (t)  0 is assumed.
limt

The sample space can be decomposed into the following three mutually exclusive events:

A1

=

w : lim sup (t) = 0 ;

!1
ii. A2 = w : lim inf (t) > 0 ;
!1
iii. A3 = w : lim inf (t) = 0 and lim sup (t) > 0 :
!1
!1
Let us prove P fA1 g = 1 by showing P fA2 g = P fA3 g = 0.
(1) To show P (A2 ) = 0. Suppose P fA2 g > 0, then there exist
i.

Noting  being continuous and adapted to Ft , according to [22,
Theorem 2.32], we can define stopping times as follows:

T"1
T21"
T"i

ft  0 : (t) 2 B g ;
t > T 1 : (t) 2= B2 ;
01 : (t) 2 B ;
= inf t > T2
T2 = inf t > T : (t) 2= B2 ; i = 2; 3; . . .
where B
=
fx 2 : (t)  "1 g, B2
=
fx 2 : (t)  2"1 g : Obviously
T 1 < T21 < T 2 < T22 < 1 1 1 < T < T2 < 1 1 1:
On G, T ; T2 ! 1 as i ! 1, therefore, from definitions

P fDg  0

(10)

D := f! : lim inf t!1 (t) > "0 g. Since (t) 2
M( + 2 ), then according to Proposition 1, for 0 in (10),
there exists a constant r0 > 0 such that
where

1

P

0

(s)ds > r0 < 0 :

On the other hand, for !

(11)

2 D, there exists a 0 such that

(s)  "0 ; 8s > 0
2
1

"

which indicates that for
following result holds:

0



(s)ds 

+2t



r0 in (11) and any t0 > r0 ="0 the

(s)ds  t0 "0 > r0 ;

i
"

(13)

1

0

(s)ds > r0

 0

P fGg  1

(14)

where

G := f(1) crosses from below "1

to above 2"1

g:

and back in ntely many times

Since (t) 2 M( + 2 ), then according to Proposition 1,
for this 1 , there exists a constant r1 > 0 such that

1

0

(s)ds > r1 < 1 :

(15)

i
"

"

i
"

i
"

1

0

(s)ds 

1

i

T

=1

1

 "1

(s)ds

T

=1

(T"

+1 0 T i ); 8! 2 G:
2"

i

i

(16)

From the uniform continuity in probability of (t), for any
";  > 0, there exists a  > 0 such that for each i and any
s satisfying js 0 T2i" j   , we have

3

j(s) 0 

3

j  "  1 0 :
If take " = "1 =2 here, the selected  3 must satisfy
 3 < T +1 0 T2 ; a:s:
P

T2i"

i
"

i
"

(17)

(18)

for each i. Otherwise, there exist an i0 and an s0 2
i
; T2i" +  ] such that j(s0 ) 0 (T2i" )j  "1 > " is a
certain event, contradicting to (17). By submitting (18) in (16),
for r1 given in (15), we have

3

1

(s)ds 

1 3
 "1 > r1 ; 8! 2 G
=1

i

which, together with (14), gives

P

a contradiction to (11). Therefore, P fA2 g = 0.
(2) Next to show P fA3 g = 0 by contradiction. Suppose
P fA3 g > 0, then there exist "1 > 0 and 1 > 0 such that

P

"

"

of G, "i and 2i" , we have

hence, from (10), we have

P

n

"

0

8! 2 D

"

"

n

(T2"

(12)

"

i
"

t

"0 > 0 and 0 > 0 such that

"

"

i
"

t

t

"

= inf

i
"

t

1

= inf

1

0

(s)ds > r1

 1

a contradiction to (15). Therefore, P fA3 g = 0. Summarizing
all the above results, we have P fA1 g = 1 which implies
P flimt
(t) = 0g = 1.

!1

To understand the necessary of integrable condition of stochastic
Barbalat’s lemma, an example is presented here.
Example 1: Consider a standard Wiener process W (t). By Proposition 3, we can verify that it is uniformly continuous in probability from
Kolmogorov’s continuity condition

E jW (t) 0 W (s)j2  jt 0 sj:
It is also continuous and adapted to F . We can verify W (t) ! 0(t !
1) does not hold and E 01 W (s)ds does not exist.
t

Compared with the standard results on stochastic stability in many
references such as [12], [14], [15], [19], [23] and [25] and the recent
work of [21] and [26], stochastic Barbalat’s lemma does not require the
researched process being an Itô diffusion process generated by a SDE.
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^

t 

2E

^

s 

A. Stochastic Barbalat’s Lemma About Diffusion Processes
Stochastic version of Barbalat’s lemma is presented in the above
section, while how to apply it into dynamic systems is a challenging
task. Consider stochastic nonlinear system (5) where locally Lipschitz
condition is given. The unique strong solution x(t) if there exists is an
Itô diffusion process. The aim of this section is to extend Corollary 3
to the stochastic case to obtain a criterion on the convergence of the
composed function—function of diffusion process.
The following proposition casts light on the uniform continuity of
composed functions, which can be regarded as an extension of Proposition 2.
Proposition 4: If x(t) is locally uniformly continuous in probability
and bounded in probability, and (x) is a continuous function, then
(x(t)) is uniformly continuous in probability.
Proof: Since x(t) is bounded in probability, then for any  > 0
there exists an r() > 0 such that

P

sup jx(t)j
t0

>r



1
2

:

Because (x) is continuous, (x) is uniformly continuous in the
ball Br = fjx(t)j  r g. That is, for any " > 0, there exists an
 > 0 such that j (x(t)) 0 (x(s))j < " for any jx(t) 0 x(s)j < 
(x(t); x(s) 2 Br ).
From the local uniform continuity of x, for r and  given above,
there exists a  ("; ) > 0 such that, for all s; t with jt 0 sj   , we
have
1

P (jx(t ^ r ) 0 x(s ^ r )j > g)  :
2

Therefore for all s; t with jt 0 sj

P fj (x(t)) 0


P

j

+P


P

(x(t)) 0

(x(s))j

(x(t)) 0

j

sup

ts+

sup

ts+

s

sup

ts+

s

(x(s))j >" and

sup

x(t)j  r

j

ts+

s

x(t)j >r

j

x(t)j  r

j

x(t)j > r

j

sup jx(t)j >r
t0





which means that (x(t)) is uniformly continuous in probability.
For an Itô diffusion, the locally Lipschitz condition of vector fields
implies the locally uniform continuity of solution.
Proposition 5: The unique solution of system (5) (if there exists) is
locally uniformly continuous in probability.
Proof: Since system (5) satisfies locally Lipschitz condition with
f (0; t) = g(0; t) = 0, there exist two functions 1 and 2 given by

2 (r)

max sup jg (x; t)j
jxjr t0

where jg (x; t)j denotes Frobenius norm of g (x; t). Thus, for all s; t 2
[0; 1) with 0  t 0 s   , we have
2

E jx (t ^ r ) 0 x (s ^ r ) j
=E

^

t 

^

s 

f (x; t)dt +

^

t 

+ 2E

^

s 

2

g (x; t) dw :

E

and

^

s 

f (x; t) dt
g (x; t) dw

2


21 (r) 2 ;



22 (r)

2

we can obtain that

E jx (t ^ r ) 0 x (s ^ r )j2  221 (r)  2 + 222 (r) :
According to Chebyshev’s inequality, x(t) is locally uniformly continuous in probability.
Indeed, the uniform continuity is a necessary condition for the
boundedness of solutions to stochastic systems satisfying locally
Lipschitz condition.
Proposition 6: If the unique solution of system (5) is bounded in
probability, then it is uniformly continuous in probability.
Proof: From Proposition 5, it is known that x(t) is locally uniformly continuous in probability. Noting x being bounded in probability, then from Proposition 2, we can conclude that x(t) is uniformly
continuous in probability.
It is ready to give a stochastic Barbalat’s lemma about diffusion
process, which is the natural extension of Corollary 3, a differential
form of Barbalat’s lemma.
Theorem 2: If a diffusion process x(t) given by (5) is bounded
n
!
:
in probability and the continuous function
+ satisfies
(x(t)) 2 M([t0 ; 1) 2 ), then

!1 (x(t)) = 0; a:s:

lim

> " and

max sup jf (x; t)j;
jxjr t0

^
t^

s 

 , we obtain

P fjx(t ^ r ) 0 x(s ^ r )j >g + P

1 (r)

^

t 

E

t

x(t) 0 x(s)j >  and
s

2

Because

> "g

j

+P


(x(s))j



f (x; t) dt

^

t 

^

s 

g(x; t ^ r )dw

Proof: Since system (5) satisfies locally Lipschitz condition
and its unique solution x(t) exists, then (x(t)) is continuous and
adapted to Ft . From Proposition 5, it is known that x(t) is locally
uniformly continuous in probability, noting x being bounded in
probability and
being continuous, then from Proposition 4, it is
known that (x(t)) is uniformly continuous in probability. By the
aid of (x(t)) 2 M([t0 ; 1) 2 ), from Theorems 1, we can obtain
limt!1 (x(t)) = 0; a.s.
The following interesting result was first presented in [21], which is
an extension of a corollary of the deterministic Barbalat’s lemma. We
will verify it by the above results.
Theorem 3: For system (5), suppose there exist a nonnegative continuous function V (x) and a parameter d such that (8) and (9) hold. If
there exists a continuous nonnegative function W : n ! such that

E

1
0

W (x(t))dt < 1

(19)

then

P

!1 W (x(t)) = 0

lim

t

= 1;

x0 2

n

8

:

(20)

Furthermore, if W is continuous and positive definite then the following result holds

2

P

!1 jx(t)j = 0

lim

t

= 1;

x0 2

8

n

:

(21)
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Proof: According to Lemma 2, from (8) and (9), one can find that
there exists a solution x(t) in [t0 ; ) to system (5) and the unique solution is bounded in probability. Therefore, the conditions of Theorem
2 are satisfied, which means (20). From (20) and W being continuous
and positive definite, we can obtain (21).
It had been shown by the recent work of [21] and [26] that Theorem
3 is a powerful tool to analyze the stability of stochastic systems satisfying locally lipschitz condition. For stochastic systems with state-dependent switch, locally Lipschitz condition is often destroyed by switch
behaviors, then the standard results in the existing work can not be used
directly. By the aid of stochastic Barbalat’s lemma (Theorem 1), a criterion on stability of this type of stochastic systems has been established
in [27].
B. Lyapunov Function Method
The power and the popularity of stochastic Barbalat’s lemma can be
demonstrated by covering some standard results as special cases.
Consider the stochastic nonlinear system with external stochastic
disturbance

dx(t) = f (x; v(t); t) dt + g (x; v(t); t) dW (t);
n
x(t0 ) = x0

2

(22)

where v is a piecewise continuous and adapted process, functions
f and g are locally Lipschitz in x; v and piecewise continuous in
t, f (0; 0; t) = 0 and g(0; 0; t) = 0, and the other explanations are

C

similar with those to system (5).
A general result on stochastic stability analysis via 2 Lyapunov
function is presented as a theorem.
Theorem 4: For system (22), if there exist a 2 function V : n
n and t 0
functions 1 and 2 such that for any x
+ , class

!
C
K1

2
jxj  V x  jxj ;
(23)
@ V
LV x @V
g x
T r gT x
f x
@x
@x
0 x vt
(24)
n !
is continuous and nonnegative and v t 2
where
M t ; 1 2 . Then for each x 2 n , system (22) has a unique
1(

)

( )

( )=

2(

( )+

)

2

1

( )

2

( )

2

( ) + ( ( ))

([ 0

:
)

( ( ))

)

0

strong solution, which is stochastic bounded and

P

t!1
lim

(x (t)) = 0

8x 2

= 1;

n:

0

(25)

2

Proof: The boundedness of v comes from (v (t))
)
). For system (22), given any r > 0, define the
first exit time r as (6). From (24), there exists a constant d such that

M t ;1 2
([ 0

^

EV (x(t r ))

V

(x0 ) + E

1

0

j

jds < d:

(v (s))

Combining this with V being radially unbounded results in the existence and uniqueness of solution in [t0 ; ) as well as its boundedness
in probability, according to Lemma 2. Since x(t) is the unique solu([t0 ; )
), then
tion of the system, if we can obtain (x(s))
it follows from Theorem 2 that (25) holds. The proof of (x(s))
) can be referred to [19, Theorem 3.2].
([t0 ; )
Remark 3: Compared with [17, Theorem 2.1] or [28, Lemma 1], the
same result is obtained although linear growth condition is removed
and requirement on (v (t)) is milder in this technical note. When

1

M 12

2M 1 2

2



(v (t))
0, Theorem 4 reduces to [19, Theorem 3.2]. As corollaries
of our stochastic Barbalat’s lemma, these standard results were wildly
applied into controller designs for stochastic nonlinear systems, and
here we only mention [29]–[34] and the references therein.

V. CONCLUSION
The idea to construct general stochastic versions of Barbalat’s
lemma should be devoted to the authors of [21], who pointed it out
as an open problem. The original innovation should be devoted to
the excellent work [18] and [20], from which we have found lots of
materials to develop our main result. After the uniform continuity
and the absolute integrability are extended to the stochastic case,
the stochastic version of stochastic Barbalat’s lemma is presented.
The power of stochastic Barbalat’s lemma is verified by covering
the standard results as special cases. There are many new directions
deserving considerations. The obtained results will further improve the
theory of stochastic dissipative systems [26]. By the aid of stochastic
Barbalat’s lemma and the stochastic dissipativity, several natural
definitions of input-to-state stability in the survey and expository
paper [35] will be extended to the stochastic case. The relations with
some tools in stochastic analysis such as Boerel-Cantelli lemma and
martingale convergence theorem (see,[36]) should be casted light on,
which seems to be a great challenge.
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[30] H. Deng and M. Krstić, “Output-feedback stochastic nonlinear stabilization,” IEEE Trans. Autom. Control, vol. 44, no. 2, pp. 328–333, Feb.
1999.
[31] Y. G. Liu and J. F. Zhang, “Practical output-feedback risk-sensitive
control for stochastic nonlinear systems with stable zero-dynamics,”
SIAM J. Control Optim., vol. 45, no. 3, pp. 885–926, Mar. 2006.
[32] S. J. Liu, J. F. Zhang, and Z. P. Jiang, “Decentralized adaptive
output-feedback stabilization for large-scale stochastic nonlinear
systems,” Automatica, vol. 43, no. 2, pp. 238–251, 2007.
[33] S. J. Liu, Z. P. Jiang, and J. F. Zhang, “Global output-feedback stabilization for a class of stochastic non-minimum phase nonlinear systems,” Automatica, vol. 44, no. 8, pp. 1944–1957, 2008.
[34] W. H. Zhang and B. S. Chen, “State feedback H control for a class
of nonlinear stochastic systems,” SIAM J. Control Optim., vol. 44, no.
6, pp. 1973–1991, 2006.
[35] E. D. Sontag, “On the input-to-state stability property,” Eur. J. Control,
vol. 1, pp. 24–36, 1995.
[36] A. F. Karr, Probability. New York: Springer-Verlag, 1993.

1543

Discrete-Time Observer Error Linearizability
via Restricted Dynamic Systems
Hong-Gi Lee and Jin-Man Hong

Abstract—In this technical note, we define the observer error linearization problem of a discrete-time autonomous nonlinear system via a
restricted dynamic system. This is the dual to restricted dynamic feedback
linearization in a loose sense. Necessary and sufficient conditions for this
problem are obtained in terms of the index.
Index Terms—Dynamic observer error linearizable, nonlinear discretetime systems, nonlinear observer canonical form (NOCF), restricted dynamic system.

I. INTRODUCTION
Several methods are available to design an observer for a nonlinear
system. One is to find a new state coordinate that transforms the given
system into a nonlinear observer canonical form (NOCF), as first
suggested in [1], [2]. A simple Luenberger-like observer design is
feasible for a NOCF, as in Remark 1. We call this problem observer
error linearization or the state equivalence of a system to a NOCF.
Many researchers have studied this problem for a single output (SO)
autonomous system in [3]–[5], for a multi-output (MO) autonomous
system in [4], [6]–[9], for a SO non-autonomous system in [10],
[11], and for a MO non-autonomous system in [12], [15]. The state
equivalence to an extended observer canonical form (OCF) and the
state equivalence to a generalized OCF can also be found in [5] and
[13]–[15], respectively. Other methods of nonlinear observer design
without using state equivalence can be found in [16]–[25].
Consider a discrete-time autonomous system of the form

x(t + 1) = f x(t)

;

y(t) = h(x(t))

(1)

with f (0) = 0, h(0) = 0, state x 2 n , output y 2 p , and
rank (@h=@x)(0) = p.
Definition 1: System (1) is said to be state equivalent to a nonlinear
observer canonical form, if there exists a smooth diffeomorphism T :
V0 ! n , defined on some neighborhood of the origin V0  n ,
which transforms (1), in the variable  = T (x), to

 (t + 1) = A (t) +
p

!
blockdiagfA1 ; . . . ; Ap g, C

where

Ci

:

= [ O12(

01)

f1 ; . . . ; p g

1 ],

(y (t)) ;

y(t) = C (t)

(2)

n is a smooth function, A

and Ai =

=

blockdiag
O12( 01)

=

fC1 ; . . . ; Cp g,
0

I( 01)2( 01) O( 01)21

.

are the observability indices of system (1). By
Lemma2 in [4], the necessary and sufficient conditions for the state
equivalence of system (1) to a NOCF are

yi (t + i ) =
'i` y(t + ` 0 1) ; i = 1; . . . ; p
(3)
`=1
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