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Stability of Switched Linear Hyperbolic
Systems by Lyapunov Techniques

Christophe Prieur, Antoine Girard, and Emmanuel Witrant

Abstract—Switched linear hyperbolic partial differential equations are
considered in this technical note. They model infinite dimensional systems
of conservation laws and balance laws, which are potentially affected by
a distributed source or sink term. The dynamics and the boundary condi-
tions are subject to abrupt changes given by a switching signal, modeled
as a piecewise constant function and possibly a dwell time. By means of
Lyapunov techniques some sufficient conditions are obtained for the expo-
nential stability of the switching system, uniformly for all switching signals.
Different cases are considered with or without a dwell time assumption on
the switching signals, and on the number of positive characteristic veloci-
ties (which may also depend on the switching signal). Some numerical sim-
ulations are also given to illustrate some main results, and to motivate this
study.

Index Terms— Partial differential equations (PDEs).

I. INTRODUCTION

Lyapunov techniques are commonly used for the stability analysis
of dynamical systems, such as those modeled by partial differential
equations (PDEs). The present technical note focuses on a class of one-
dimensional hyperbolic equations that describe, for example, systems
of conservation laws or balance laws (with a source term), see [5].
The exponential stabilizability of such systems is often proved by

means of a Lyapunov function, as illustrated by the contributions from
[9], [13] where different control problems are solved for particular hy-
perbolic equations. For more general nonlinear hyperbolic equations,
the knowledge of Lyapunov functions can be useful for the stability
analysis of a system of conservation laws (see [4]), or even for the
design of exponentially stabilizing boundary controls (see [3]). Other
control techniques may be useful, such as Linear Quadratic regulation
[1] or semigroup theory [12, Ch. 6].
In this technical note, the class of hyperbolic systems of balance

laws is first considered without any switching rule and we state suf-
ficient conditions to derive a Lyapunov function for this class of sys-
tems. It allows us to relax [5] where the Lyapunov stability for hy-
perbolic systems of balance laws has been first tackled (see also [4]).
Then, switched systems are considered and sufficient conditions for
the asymptotic stability of a class of linear hyperbolic systems with
switched dynamics and switched boundary conditions are stated. Some
stability conditions depend on the average dwell time of the switching
signals (if such a positive dwell time does exist). The stability property
depends on the classes of the switching rules applied to the dynamics
(as in [11] for finite dimensional systems). The present technical note
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is also related to [15] where unswitched time-varying hyperbolic sys-
tems are considered.
In [2], the condition of [10] is employed. It allows analyzing the

stability of hyperbolic systems, assuming a stronger hypothesis on the
boundary conditions.More precisely, our approach generalizes the con-
dition of [4], which is known to be strictly weaker than the one of [10].
Therefore our stability conditions are strictly weaker than the ones of
[2]. Moreover the technique in [2] is trajectory-based via the method
of characteristics, while our approach is based on Lyapunov functions,
allowing for numerically tractable conditions. Indeed, the obtained suf-
ficient conditions are written in terms of matrix inequalities, which can
be solved numerically. Furthermore the estimated speed of exponential
convergence is provided and can be optimized. See [14] for the use of
line search algorithms to numerically compute the variables in our sta-
bility conditions, and thus to compute Lyapunov functions. The main
results and the computational aspects are illustrated on two examples
of switched linear hyperbolic systems.
Due to space limitation, some proofs have been omitted and col-

lected in [14].
Notation: The notation is standard. When is invertible, then,

is denoted as . Given some scalar values ,
is the matrix in with zero non-diagonal

entries, and with on the diagonal. Moreover given two
matrices and , is the block diagonal matrix formed
by and (and zero for the other entries). The notation
means that is positive semidefinite. The usual Euclidian norm
in is denoted by and the associated matrix norm is denoted

, whereas the set of all functions such that
is denoted by that is equipped with

the norm . Given a topological set , and an interval
in , the set is the set of continuous functions .

II. LINEAR HYPERBOLIC SYSTEMS

Let us first consider the following linear hyperbolic partial differen-
tial equation:

(1)

where , is a matrix in , is a diagonal
matrix in such that , with for

and for . We use the notation
, where and

. In addition, we consider the following boundary conditions:

(2)

where is a matrix in . Let us introduce the matrices
in , in , in and in

such that .

We shall consider an initial condition given by

(3)

where . Then, it can be shown (see e.g. [5]) that
there exists a unique solution to the ini-
tial value problem (1)–(3). As these solutions may not be differentiable
everywhere, the concept of weak solutions of partial differential equa-
tions has to be used (see again [5] for more details). The linear hyper-
bolic system (1), (2) is said to be globally exponentially stable (GES) if
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there exist and such that, for every ;
the solution to the initial value problem (1)–(3) satisfies

(4)

Sufficient conditions for exponential stability of (1)–(3) have been ob-
tained in [5] using a Lyapunov function. In this section, we present an
extension of this result. This extension will be also useful for subse-
quent work on switched linear hyperbolic systems.
Let .
Proposition: Let us assume that there exist ,

and symmetric positive definite matrices in and
in such that, defining for each in [0,1],

, , the following
matrix inequalities hold:

(5)

(6)

Then there exists such that (4) holds and the linear hyperbolic system
(1), (2) is GES.
The complete proof of this proposition is detailed in [14] and is based

on the inequality along the solutions of
(1) with the boundary conditions (2), where the Lyapunov function
is defined by .
If all the diagonal elements of are different, the assumption that

is equivalent to being diagonal positive definite.1

The main contributions of the previous proposition with respect to the
result presented in [5] is double: first, we do not restrict the values of
parameter to be positive, this allows us to consider non-contractive
boundary conditions (it will be the case for the numerical illustration
considered in Example V-B); second, we provide an estimate of the
exponential convergence rate (see [14] for more details).

III. SWITCHED LINEAR HYPERBOLIC SYSTEMS

We now consider the case of switched linear hyperbolic partial dif-
ferential equation of the form (see [2]) for all and

(7)

where , , is a finite set (of
modes), and are matrices in , for . The partial dif-
ferential equation associated with each mode is hyperbolic, meaning
that for all , there exists an invertible matrix in such
that where is a diagonal matrix in satisfying

, with for and
for . The matrices can be written as

(8)

where and are matrices in and . We define
the matrices and for

. The boundary conditions are given by

(9)

1This equivalence follows from the computation of matrices and
, and from a comparison between each of their entries.

where, for all , and , and being
matrices in that satisfy

For , let us define the matrices in ,

. We shall consider an initial condition given by

(10)

where .
A switching signal is a piecewise constant function ,

right-continuous, and with a finite number of discontinuities on every
bounded interval of . This allows us to avoid the Zeno behavior, as
described in [11]. The set of switching signals is denoted by .
The discontinuities of are called switching times. The number of
discontinuities of on the interval is denoted by . Fol-
lowing [8], for , , we denote by the set
of switching signals verifying, for all ,

. The constant is called the average dwell time and the
chatter bound.
We first provide an existence and uniqueness result for the solutions

of (7)–(10):
Proposition 3.1: For all , , there

exists a unique (weak) solution to the
initial value problem (7)–(10).

Proof: We build iteratively the solution between successive
switching times. Let denote the increasing switching times
of , with and be a (finite or infinite) subset of . Let
us assume that we have been able to build a unique (weak) solution

for some . Then, let be
the value of for . Let us introduce the following
notation, for all in and for all in [0,1],

(11)

Note that closed time intervals are used on both sides due to technical
reasons in this proof. Then, (7) gives that, for all in , satisfies
the following partial differential equation, for all , and

(12)

Also, we use the notations , where

and . The boundary conditions (9)
give, for all in

(13)

The initial condition ensuring the continuity of at time is the
following:

(14)

It follows from [5] that, for all in , there exists a unique (weak) so-
lution to the initial value problem
(12)–(14). Then, we can extend the (weak) solution to the initial value
problem (7)–(10), from the initial time , up to the switching time

; (14) ensures that , and the
uniqueness of ensures that is the unique solution. Finally, since
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there are only a finite number of switching times on every bounded in-
tervals of , the solution can be defined for all times, resulting on a
unique solution .

IV. STABILITY OF SWITCHED LINEAR HYPERBOLIC SYSTEMS

Let . The switched linear hyperbolic system (7)–(9) is
said to be globally uniformly exponentially stable (GUES) with respect
to the set of switching signals if there exist and such
that, for every , for every , the solution
to the initial value problem (7)–(10) satisfies

, . In this section, we provide suffi-
cient conditions for the stability of switched linear hyperbolic systems.

A. Mode Independent Sign Structure of Characteristics

Assume first that the number of negative and positive characteristics
of the linear partial differential equations associated with each mode is
constant, that is for all , .
We provide a first result giving sufficient conditions such that sta-

bility holds for all switching signals. See [14] for a proof where a
common Lyapunov function equivalent to the -norm is used. An
alternative proof can be obtained by checking some semigroup prop-
erties and by using [7] (where the equivalence is shown between the
existence of a common Lyapunov function commensurable with the
squared norm and the global uniform exponential stability).
Theorem 1: Let us assume that, for all , and that

there exist , and diagonal positive definite matrices
in , such that the following matrix inequalities hold, for all

and for all in

(15)

(16)

where , ,

and are diagonal positive matrices in and
, together with the following matrix equalities,

for all :

(17)

Then, the switched linear hyperbolic system (7)–(9) is GUES with re-
spect to the set of switching signals .
The numerical computation of the unknown variables, satisfying the

sufficient conditions of Theorem 1, is explained in [14].
For systems that do not satisfy the assumptions of the previous

theorem, but whose dynamics in each mode satisfy independently the
assumptions of Proposition 2.1 (i.e. the dynamics in each mode is
stable), it is possible to show that the system is stable provided that
the switching is slow enough:
Theorem 2: Let us assume that, for all , and that

there exist , , , diagonal positive definite matrices
in , such that the following matrix inequalities hold, for all

in [0,1]:

(18)

(19)

where , ,

and are diagonal positive matrices in and
, together with the following matrix inequali-

ties, for all :

(20)

(21)

Let , then, for all
, for all , the switched linear hyperbolic

system (7)–(9) is GUES with respect to the set of switching signals
.

Proof: Let denote the increasing switching times of ,
with and is a (finite or infinite) subset of . For , let
be the value of for , and let be given by (11). It

satisfies the boundary conditions (13). Given the diagonal matrices
satisfying the assumptions of Theorem 2, let and

. The proof is based on the use of multiple Lya-
punov functions. More precisely, denoting

, let us define, for all in ,
for all in

(22)

if is such that , which may be rewritten as
.

Note that commute with since these matrices are diag-
onal. Using (18) and (19), and following the proof of Proposition 1, we
get that, along the solutions of (7)–(9), for all and

(23)

The function may be not continuous at the switching times anymore.
Nevertheless, by (20) and (21), we have that, for all in
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Fig. 1. Time evolution of , solution of (28), (29) for periodic
switching signals of period 1 (up) and 2.4 (down).

where the continuity of is used in the last inequality (it follows
from Proposition 3.1). Then, it follows from (23) that, for all
in , , and it
allows us to prove recursively that, for all ,

.
Let , the assumption on the
average dwell time gives that and the previous inequality yields

which allows us
to conclude that the switched linear hyperbolic system is GUES with
respect to the set of switching signals . This concludes
the proof of Theorem 2.
Remark 4.1: Setting and for all , we recover

the assumptions of Theorem 1. In that case we have : there is
no positive lower bound imposed on the average dwell time, which is
consistent with Theorem 1.

Fig. 2. Time evolution of , solution of (29)–(31) for a periodic
switching signal of period 1.

Remark 4.2: Note that the existence of such that (20) holds
is equivalent to , for all . Therefore the
existence of such that (20) and (21) are satisfied is equivalent
to and , for all
(and also, by recalling , the subspace associated with
all positive (resp. negative) eigenvalues of does not depend on ). If
this condition does not hold, stability can still be analyzed using other
stability results presented in the following section.

B. Mode Dependent Sign Structure of Characteristics

We now relax the assumption on the number of negative and posi-
tive characteristics. As in the previous section, we provide a first result
giving sufficient conditions such that stability holds for all switching
signals (see [14] for the proof):
Theorem 3: Let us assume that there exist and diagonal

positive definite matrices in , such that, for all

(24)

(25)

and such that, for all

(26)

Then, the switched linear hyperbolic system (7)–(9) is GUES with re-
spect to the set of switching signals .
The assumptions of the previous theorem are quite strong. To assure

the asymptotic stability for switching signals with a sufficiently large
dwell time, weaker assumptions are needed. More precisely, consid-
ering the assumptions of Theorem 2, the last main result of this tech-
nical note can be stated:
Theorem 4: Let us assume that there exist , , ,

and diagonal positive definite matrices in , such that the
matrix inequalities (18), (19) hold (where the same notation for
is used) together with the following matrix inequalities, for all :

(27)
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Fig. 3. Time evolution of , solution of (32), (33) with and , for periodic switching signals of period 1.2 (left) and 4.6 (right).

Let if is a singleton and
else. Then, for all , for all , the
switched linear hyperbolic system (7)–(9) is GUES with respect to the
set of switching signals .

Proof: We use the same notations as in Theorem 2, and we con-
sider the candidate Lyapunov function (22). Using (18) and (19), Equa-
tion (23) still holds along the solutions of (7)–(9). Moreover, for all
in

The end of the proof follows the same lines as that of Theorem 2.
Let us note that Theorem 3 can be deduced from Theorem 4 by se-

lecting and for all .

V. EXAMPLES

A. Mode Independent Sign Structure of Characteristics

Consider the wave equation: , where
, , and . The solutions of

the previous equations can be written as
with verifying

(28)

where . We consider for this hyperbolic system the
following switching boundary conditions:

if
if ,

if
if .

(29)

This is a switched linear hyperbolic system of the form (7)–(9) with

, , ,

and . With the notations defined in the previous

sections, we also have and . In this
case (15) becomes

(30)

We were not able to apply Theorem 1 as we could not find ,
, and diagonal positive definite matrices and such that

the set of matrix inequalities (16), (17) and (30) hold.
Actually, this could be explained by the fact that it is possible to find

a switching signal that destabilizes the system as shown on the top part
of Fig. 1 (where a periodic switching signal is used with a period equal
to 1).
We can prove the exponential stability for a set of switching signals

with an assumption on the average dwell time using Theorem 2. Let
us remark that since , (18) is equivalent to
for . One can verify that (19), (20) and (21) hold as well

for the choices , and .

Then, Theorem 2 guarantees the stability of the switched linear hyper-
bolic system for switching signals with average dwell time greater than

. The bottom part of Fig. 1 shows the stable be-
havior of the switched linear hyperbolic system for a periodic switching
signal with a period equal to 2.4. To illustrate Theorem 1, we add a di-
agonal damping term to (28) defined by, for all and

(31)
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Fig. 4. Time evolution of , solution of (32), (33) with and , for periodic switching signals of period 0.9 (left) and 2.4 (right).

where . The boundary conditions are given by
(29). Now, and the other matrices of the
system remain unchanged. In the present case (30) is equivalent to

. One can verify that Theorem 1 applies with ,

and . Then, Theorem 1 guarantees the stability

of the switched linear hyperbolic system for all switching signals. Fig. 2
shows the stable behavior of the switched linear hyperbolic system for
a periodic switching signal of period 1.

B. Mode Dependent Sign Structure of Characteristics

To illustrate the results of Section IV-B, we consider the following
switched linear hyperbolic system, for all and :

(32)

where , , and
and . The boundary conditions are given by

(33)

and . This is a switched linear hyperbolic system of the form
(7)–(9) with , , and .
With the notation defined in the previous sections, we also have

and .
We assume that ; if this does not hold, then it can be

shown that the linear hyperbolic systems in each mode are both not
asymptotically stable. If and , then Theorem 3 applies
with and . Hence, in that case Theorem 3
guarantees the stability of the switched linear hyperbolic system for all
switching signals. If (resp. ) then the condition (25)
[resp. (24)] of Theorem 3 does not hold and thus Theorem 3 does not
apply.
If , let , then Theorem 4 holds with

, , and . Then,
Theorem 4 guarantees the stability of the switched linear hyperbolic
system for switching signals with average dwell time greater than

for any . The minimal value
of in this interval is ; therefore
the stability of the switched linear hyperbolic system is guaranteed for

switching signals with greater than . For
and , in that case the minimal required is 4.5178. Fig. 3

shows unstable and stable behaviors for these values of and and
for periods equal to 1.2 and 4.6.
If , let and such that , then The-

orem 4 holds with , , and
. Then, Theorem 4 guarantees the stability of the switched

linear hyperbolic system for switching signals with greater than
for any . The minimal value of

in this interval is ; therefore stability
of the switched linear hyperbolic system is guaranteed for switching
signals with . For and ,
the minimal required is 2.3372. Fig. 4 shows unstable and stable
behaviors for these values of and and for periods equal 0.9 and
2.4.

VI. CONCLUSION

In this technical note, some sufficient conditions have been derived
for the exponential stability of hyperbolic PDE with switching signals
defining the dynamics and the boundary conditions. This stability anal-
ysis has been done with Lyapunov functions and exploiting the dwell
time assumption, if it holds, of the switching signals. The sufficient sta-
bility conditions are written in terms of matrix inequalities which lead
to numerically tractable problems.
This work lets many questions open. In particular, exploiting the suf-

ficient conditions for the derivation of switching stabilizing boundary
controls (as for the physical application considered in [6]) seems to be
a natural extension. The generalization of the results to linear hyper-
bolic systems with space-varying entries may also be studied.
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