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In this paper, a novel method for the design of a robust estimator for a class of switched linear systems
subject to unknown inputs is presented. To consider a more general case compared to the literature, the
switching sequence is assumed to be minimum average-dwell time but not available for measurement.
To deal with this issue, the proposed estimator structure is divided into two blocks: mode-estimator and
continuous-estimator. Based on this structure, a bank of robust estimators is designed for each block
that is able to simultaneously estimate the active mode of the switched system and states. Using a com-
mon Lyapunov function, a sufficient condition in terms of linear matrix inequalities is derived, which
guarantees the exponential stability of the estimation error dynamics. Simulation results illustrate the
performance of the proposed robust estimator.

© 2018 European Control Association. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Estimator design for linear systems subject to unknown inputs
referred to as Unknown Input Observers (UIO) is one of the inter-
esting topics in system theory that has been studied during the last
two decades. Briefly, unknown inputs can contain any modelling
errors, plant variations, and disturbances and thus they have a sig-
nificant impact on the behaviour of the plant and control system.
It should be noted that, in case of unknown inputs, typical estima-
tor designs usually fail and consequently the desired control per-
formance cannot be achieved. Regarding UIO and robust estimators
in general, we recommend our readers to see [2,9-11,17,24,25] and
the references therein, which are some of the recent works in the
literature focusing on robust estimator design for both linear and
nonlinear systems. But to where the current literature takes us in
the field of robust estimator design for switched systems?

The stability and stabilization problems of switched linear sys-
tems, as a special class of hybrid systems, have been studied ex-
tensively and quite comprehensive results are now available in the
literature. See for instance [16,19-22,29]. However, and unlike the
stabilization problems via different control techniques, the estima-
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tor design problem for switched systems has not been fully inves-
tigated. Some of the key references in this area are listed below.

The study of the fundamental properties of switched linear sys-
tems has received a great deal of attention during the last decade.
In particular, the observability of switched linear systems has been
thoroughly analysed depending on whether the switching signal
is known or unknown [6]. A detailed characterization of the ob-
servability and an observer design method for switched linear sys-
tems with state jumps followed by some modifications on relaxing
the constraint of the observers have been reported in [27,28]. Un-
doubtedly, [3] and [4] are two well-known articles in the field of
estimator design for hybrid systems where the authors propose a
general estimator structure for hybrid systems. The proposed esti-
mator in either reference is composed of a mode-estimator and a
continuous-estimator performing together to reconstruct the states
under dwell-time constraint on the switching signal. It should be
noted that none of the aforementioned works consider unknown
inputs in the plant realisation; thus, their design is not robust
with respect to unknown inputs. Particularly, for the switched sys-
tem, the controllability and observability of switched linear sys-
tems without unknown inputs are addressed in [26]. In [1], the
authors proposed a switched Luenberger estimator and a sufficient
condition for stability of the error dynamics. They used a common
Lyapunov function and a Linear Matrix Inequality (LMI) approach
to obtain a sufficient condition for stability.

0947-3580/© 2018 European Control Association. Published by Elsevier Ltd. All rights reserved.
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On the other hand from the robust estimator design point of
view, there are not so many research studies reported for switched
systems in the literature. In [8], a systematic LMI-based procedure
for design of a UIO for switched linear discrete-time systems has
been proposed. The authors have assumed that the switching sig-
nal is available in real time and also there is no jump in the con-
tinuous state once a switch takes place. A similar work has been
reported in [7], where the authors proposed sufficient conditions
in terms of LMIs for the existence of both full-order and reduced-
order UlOs. It is worth noting that they also considered a known
switching signal and the case that the state does not jump at
the switching instants. In [18], robust estimator design for a class
of switched nonlinear discrete-time descriptor systems has been
studied. However, they also assumed a real-time accessible switch-
ing time sequence and no jump in the continuous state. The lat-
ter assumption, i.e. having no jump in state, has been removed in
[5]. Although they considered a jump in the continuous state and
designed an estimator for switched linear systems subject to un-
known inputs, they assumed that switching signal is available for
real-time measurement.

To the best of authors’ knowledge, none of the aforemen-
tioned works have addressed the problem of estimator design for
switched systems subject to unknown inputs, when the switch-
ing signal is also unknown. In this paper, the assumption on the
switching signal being real-time measurable is relaxed and our ob-
jective is to propose a robust estimator that reconstructs both the
active mode of the switched system and the complete continuous
states via the knowledge of the switched plant inputs and outputs.
Sufficient conditions in terms of LMIs are provided. The feasibility
of the LMI conditions guarantees the exponential convergence of
the estimation error dynamics in the presence of unknown inputs.

The rest of this paper is organized as follows. In Section 2, we
introduce the class of switched systems subject to unknown inputs.
In Section 3, a new method for the design of a robust estimator
for the class of the switched systems under study is proposed. By
using a common Lyapunov function, we propose a sufficient condi-
tion in terms of nonlinear matrix inequalities in order to make the
error dynamics exponentially stable. The obtained inequalities are
then reformulated as a set of LMIs. The effectiveness of the pro-
posed estimator is evaluated through a numerical example. Simu-
lation results are shown in Section 4. Finally, the paper ends with
concluding remarks in Section 5.

2. Preliminaries and problem statement

Consider the following class of switched linear systems:

X(t) = Ay yx(t) + By yu(t) + E; (v (t)
Sys. 1 3¥(£) = G x(t) (1)
X(E) = dx(t ) i=1.2....

where xeR", ueR™, veR" and y e RP are the state vector, known
inputs, unknown inputs, and measured outputs, respectively. The
parameter A(t) is a piecewise-constant discrete state function that
takes values on the discrete set {1,...,N}, where N is the num-
ber of “modes” that composes the overall switched dynamics. q €
{1,...,N} is the “active mode” at time t if A(t) =q, correspond-
ing to the tuple (Aq, Bq, Cq, Eq) with appropriate dimensions. The
sequence {t1,t,,...} denotes the switching times at which the sys-
tem mode changes (i.e., )\(t;f) # A(t7) ). The value of the state
jump is defined by the matrix &, which is assumed to be known
at each switching time. To specify the class of linear systems under
study, it is assumed that for g = {1,2,...,N} the following prop-
erties hold.

Assumption 1. All pairs (Aq, Cg) are observable.

Assumption 2. rank(CyEq) = rank(Eq) =h .

The aim is to design a robust estimator working under an av-
erage dwell-time constraint such that it estimates the state vector
x(t) in presence of unknown inputs v(t).

Definition 1. [15] Let N; (¢, to) be the number of discontinuities
of the switching signal A(t) on the interval (to, t;). We say that A(t)
has an average dwell time 7, if there exists a positive number Ny
such that

to

t —_
Ny (tr.to) = No + =

a

V 0<ty<ty (2)

By definition N, (t) = N, (t,0), that is N,(t) is the number of dis-
continuities of the switching function A(t) from the initial time in-
stant t = 0 until the current time t.

3. Estimator design

The structure of the proposed estimator is illustrated in Fig. 1.
It is composed of two blocks: a mode-estimator and a continuous-
estimator. The mode estimator receives the plant inputs u and out-
puts y and it provides the estimate § of the discrete mode q of
the switched plant at the current time. This information is used by
the continuous-estimator to construct an estimate X of the plant’s
continuous state that exponentially converges to real state x. Now
the question is how to design these estimators? Here the idea is
to design a bank of estimators such that each one corresponds to
a particular mode. These observers are then used to generate the
residuals 5 for §={1,...,N} . The computed residuals are then
compared with a threshold Ry, which is a design parameter. For a
mode estimator, if 7z <Ry, then § =g. The continuous estimator
corresponding to mode q is chosen to obtain the correct estima-
tion of the state x. Here and similar to the case in field of fault
detection, the residual is designed to be either zero or small in a
realistic case where the process is subject to noise and model un-
certainty, in the Ul-free case and deviate significantly from zero
when a Ul occurs [12,13]. But for the remainder of this paper it
is assumed, without loss of generality, that a residual is O in the
active-mode case. Inspired by this discussion, the following esti-
mator structure is constructed:

£4(t) = Hggy(0) + Gau(t) + Loy (t)
Rz () = &4(8) — Jy(0)

g = 1G4 (8) —y(©) ]

)?(tl*) = CD)?(ti’);i: 1,2,...

Est.: (3)

where vector § eR" and & is the estimation of x. The matrices Hg,
Gy Lg and J; for §={1....,N} must be determined such that
the error dynamics egz = Xg —&; exponentially converge to zero.

q— %
By defining the state estimation error as,

eqq = Xq — Xg =Xq — &+ Jay
= (I +J4Co)xq — & (4)
the error dynamics satisfy,
€qq = Hzeqq + (—Ha (I +J4C) + (I +J4C)Aq — LiCq)Xq
+ (U +JgCq)Bg — Gg)u+ (I +J4Co)Eqv (5)

In order to identify the “active mode”, each estimator “g” primarily
needs to be designed such that it is sensitive to one real mode
“q” and insensitive to others [12-14]. Considering (5) and assuming
estimator sensitive to mode “q”, i.e. §=¢q, and defining My =1+
JiG; i,

then the error dynamics (5) satisfy,

g = Hgegg (7)
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Fig. 1. Overview of estimator structure.

By using the equation M; =1+ J;C; and substitution in (6),
Hs = MgA; — KiGs
Ly= Ki(I+Cyy) — MgAgls (8)

where K; = L; + HgJ;. More discussions on how to find the estima-
tor gains will be provided in the sequel. The following theorem
gives sufficient conditions for stability of the error dynamics e (t).

Theorem 1. Consider the system given in (1) fulfilling Assumptions
1 and 2. For any given scalars o >0 and B > 1, if there exist matri-
ces Hi,Hy, ..., Hy and a positive-definite matrixP > 0 such that the
following inequalities hold

HJP+PHg +2aP <0
dPO - P <0 9)

VGe{1,...,N}, then the state estimation error (7) is exponen-
tially stable. Moreover, X(t) tends exponentially to x(t) with an o-
decaying rate in the presence of the unknown input v(t) provided
that the switching sequence fulfils the average dwell-time constraint
in (2) with Ny being an arbitrary positive number and t, sufficiently
large according to

In(B)

o (10)

Tq >

Proof. Consider a Lyapunov function as V(t) =e'Pe with P> 0.
By taking the derivative of V(t) along the trajectory of (7),

V =é"Pe +eTPé
= eTHgPe + e’ PHze
= eT(HqTP+PHq)e (11)

Therefore, to achieve the globally exponential stability of the error
dynamics, the following inequality guaranties V < —2aV:

HIP + PHy + 20P < 0 (12)

where « is the decay rate of V. It should be noted that in each
interval [t;, t;.1) the time derivative of V along the trajectories of
the switched system (1) fulfils the following chain of inequalities:
V(t) < -2aV(t) = V() <e 0y () (13)

On the other hand, we assume that there exists a positive constant
B >1 such that:

V() < V()

which is equivalent to

V() - BV(E) <0

el (t)Pe(t;") — Be’ (t7)Pe" (t7) <0

el (t7)PPPe(t;) — Be’ (t7)Pe’ (t7) <0
e’ (t7)(PPP — BP)e’ (t7) <0

which would be implied by

dPO - BP <0 (16)

Therefore, the feasibility of (16) implies that V(tl.+) < ,BV(ti‘)
holds. Combining (13) and (16), we conclude that

V(titl) < lge(ftx(tmfn))v(t?)

By iterating (17) from i = 0 to i = N, (t) -1,
equality is obtained:

(14)

(15)

(17)

the following in-

V(™) < V(ty, ) < BMPe vV (0) (18)
or equivalently,
V(t-) < e (0) (19)

Therefore, we conclude that if 7, satisfies the bound (10), then
(19) exponentially converges to zero as t tends to infinity, which
in turns implies that e(t) exponentially converges to zero. O

To design the estimator, it is necessary to find matrices J;, Kj,
and P> 0 such that the inequalities given in (9) are satisfied. To
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Fig. 2. Estimation errors e(t), switching signal A(t), and its estimate.

tackle this problem, (9) is converted to a standard LMI problem
and get a feasible solution through. From (6), MgE; = 0 leads to

a general solution of J; is as follows,
Jg = —E4(GEg)" + Yz(I — (GiE4) (GE;) 1) (21)

where Y; is an arbitrary matrix of appropriate dimensions and [.]*
represents generalized inverse operator satisfying [.][.]T[.]=[.].
For notational convenience, (21) is rewritten as

Jo=U; +Y5V; (22)
where

Us = —E;(GEy)*, Vi=1- (GEy) (GEp™* (23)
The following theorem is a consequence of the above discussion.

Theorem 2. Consider system (1) fulfilling Assumptions 1 and 2. For

any given scalars o > 0 and B > 1, if there exist real matrices I?@, Y,
and P with appropriate dimensions such that the following LMIs hold

T T T v TyTyT
PA@ + A@P -+ PU@A@ +AqUﬁ P+ Y@VQA@ +AqVq Y@
7 T T
— PKG; — CqKﬁ +2aP <0,
®PP - BP <0 (24)
Vge{l,..., N} where K; =P~'K; and Y; =P~'Y;, then the state
estimation error (7) is exponentially stable for the correct mode and

X(t) tends exponentially to x(t) with an «-decaying rate in the pres-
ence of unknown input v(t) provided that the switching sequence ful-
fils the average dwell-time constraint in (2) with Ny being an arbi-
trary positive number and t sufficiently large according to

7o > "B (25)
o
Furthermore, the observer gains in (3) are obtained from
Ja=U; +Y3Vg
Mq =] +]qu
Hz =MgA; — K;G;

Proof. By substituting (22) in (9), we obtain
H] P+PH; + 2aP = (Ag + UgAq + YaVahAq — KiGp)'
+P(Aq + Uqu + YQV@AQ — KaC@) + 2P
= A[P+AJUIP+ALV,Y]P—CIKIP
+ PAq + PUqu + PYqVqu — PKqu + 2P (27)

Since the matrices K; Y,

and P in the inequality above are
unknown, it is not yet an LMI with respect to K;, Y, and P.
Schur complement and the new variable definitions K; = P*lkq

and Yz = P*lYg help us to sort this out; thus, (24) is obtained. O

Remark 3.1. In order to improve the performance of the designed
estimator, it is suggested to have two parallel and similar estima-
tors but with different e-decaying rate; one fast (mode-estimator)
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Fig. 3. Estimation errors e(t), switching signal A(t), and its estimate.

and the other one smooth (continuous-estimator). High value of «-
decaying rate in mode-estimator makes it capable to identify the
correct active mode quickly. As a result, the designed estimator is
able to deal with switched systems with small average-dwell time.
However, reconstructing the continuous states using this estima-
tor lead to a peaking phenomenon. To tackle this issue, a similar
structure with a smaller value of « is used to reconstruct the con-
tinuous states using the identified mode obtained from the mode-
estimator. In the next section, the peaking phenomenon is shown
to emphasize why a smooth continuous-estimator is required. In
summary, the estimator design algorithm is itemized as follows:

» Check Assumptions 1 and 2.

+ Compute U and V by (23) for §=1,......N.
+ Solve a set of LMIs defined in (24) for Y;, Kq, and P.
- Compute Y; = P~1Y; and K; = P71K;

+ Using Y; and K;, compute the observer gains as (26).

4. Illustrative example

In this section, the proposed robust estimator design is illus-
trated via a simulation example. Consider the following two-mode
switched system:

-1 2 2 0 0
x(t) = |: 0 -2 1 :|x(t) + |:0j|u(t) + |:1j|v(t)
1st Mode : -1 0 -3 1 0

¥y = [(1, (1) 8]X(t)

-2 1 0 1 -1
x(t) = [_3 1 :|x(t) + |:O:|u(t) + [ 0 i|v(t)
2nd Mode : -2 -1 0 0

yo=[1 ¢ T}

where,

2 0 O
®=|0 2 O
0 0 2

It can be easily shown that both Assumptions 1 and 2 are satis-
fied. The provided LMIs in Theorem 2 have been solved using the
YALMIP toolbox [23] (SDPT3 solver) resulting in a feasible solution;
therefore, the following estimators are constructed:

(28)

+ Mode-estimator 1: (¢ = 1000, 8 = 5)

_ 5381  0.57 459
Emi1(t)=| 24  —-5406 —88.9 |&nq(t)
-50.1 985  —5352
0 24540 50
wlolu@) +| —47720  —90 |y
1 ~136610 —530

—-266.1 0
Tma = CiRm1 (6) — y(©)]]

219 0
X1 (t) = Ema (t) — [ —44.5 1]y(t)
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Fig. 4. Peaking phenomenon due to high gain mode-estimator.

(= 1000,8=5)

-21.7
153 |&n2()
—537.6

~34063
42424 |y(t)

355 =229
—537.8

-13.9

0 —46316 46642

~70.6
78.5 } y(t)

81.3

69.6

-81.3

T2 = |GRm2(6) —y (@Ol

« Continuous-estimator 1: (¢ = 2,8=15)

_ -2.
éJ-c,l (t) = |:_O~
-1.

ic,] (t) = gc,l (t

5 06 1.7 0
6 25 —09|&(0)+]|0]|u@®)
7 09 -25 1

11 17
+|:0.1 —0.9:|y(t)

1.2 05

01 0
y—|-04 —1|y@®
03 0

« Continuous-estimator 2: (¢ = 1000,8 =5 )

) -25 06 1.7 0
sc_z(t):|:—0.6 -2.5 —0.9:|§Cv2(t)+|:0:|u(t)

17 09 -25 1
11 17

+lo1 09|y
12 05

-0.1 0
Rea(t) = &ca(t) - [—0.4 —1}’(0
0.3 0

In order to simulate the designed robust estimator, initial val-
ues of x(0) =[1,1,1]T and z(0) =[3, 3, 3]" are assumed. For u(t)
being a step signal with amplitude 0.5 and v(t) = sin(t), simula-
tion results are depicted in Figs. 2-4. Fig. 2 shows the real and es-
timated switching sequence together with the states for the given
initial conditions. Based on the figures, one can see that the esti-
mator performs as expected.

Analysis 1: For a different switching sequence which does not
fulfil the average dwell time constraint 7, > 0.8, the estimator does
not perform well as shown in Fig. 3 that clearly shows the diver-
gence of the error dynamics. It is worth to note that even in this
case, the mode-estimator shows a satisfactory result.

Analysis 2: As was discussed in Remark 3.1, reconstructing the
continuous states using a single high speed estimator results in
peaking phenomenon. Fig. 4 shows the peaking phenomenon due
to high gain of the designed estimator.



64 LS. Delshad et al./European Journal of Control 44 (2018) 58-64

5. Conclusions and future works

We considered a novel method to design a robust estimator for
a class of switched linear systems subject to unknown inputs. In
the class of systems under study, the switching time is unknown
and the proposed estimator is able to identify the active mode of
the switched system together with the state variables, simultane-
ously. By assuming an average dwell-time for every switching se-
quence and using a common Lyapunov function, a sufficient condi-
tion is derived which guarantees exponential stability for the error
dynamics. This sufficient condition is based on the feasibility of a
certain set of LMIs. Simulation results illustrate the performance of
the proposed estimator. An interesting direction for future research
is extending the method to a reduced-order observer design. More-
over, relaxing Assumption 2, which is a typical constraint in UIO
design, would be another potential future path to be considered.
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