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a b s t r a c t

This paper addresses the problem of controlling a continuous-time linear system that may switch among
different modes taken from a finite set. The current mode of the system is supposed to be unknown.
Moreover, unknown but bounded disturbances are assumed to affect the dynamics as well as the
measurements. The proposed methodology is based on a minimum-distance mode estimator which
orchestrates controller switching according to a dwell-time switching logic. Provided that the controllers
are designed so as to ensure a certain mode observability condition and that the plant switching signal is
slow on the average, the resulting control system turns out to be exponentially input-to-state stable.

© 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Over the last decade, a lot of attention has been devoted to
switching systems from both research and industrial areas, as
they allow one to represent and investigate the properties of a
large class of plants in numerous applications resulting from the
interactions of continuous dynamics, discrete dynamics, and logic
decisions (see Liberzon, 2003). In a switching system, the system
dynamics as well as the measurement equations may switch, at
each time instant, among different configurations (systemmodes)
taken from a finite set. Under the assumption that an exact
knowledge of the current system configuration is available online
without delay, the stabilization of a switching system is now awell
understood problem. In fact, necessary and sufficient conditions
for the existence of a switching controller that stabilizes the
plant under arbitrary switching have been derived both in the
continuous-time (Blanchini, Miani, & Mesquine, 2009) and in the
discrete-time case (Lee & Dullerud, 2006). Similar methodologies
can also be exploited in order to address the case of delayed
information on the plant configuration (Xie & Wu, 2009).

On the other hand, the case inwhich the knowledge of the plant
configuration is not available, neither in real time nor with delay,
still poses many challenges. In this framework, the approaches
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proposed in the literature are based on the idea of estimating the
current plant mode on the grounds of the plant state (Caravani &
De Santis, 2009; Cheng, Guo, Lin, &Wang, 2005) or output (Li,Wen,
& Soh, 2003; Vale & Miller, 2011). However, such results deal with
particular settings (e.g., accessible state, absence of disturbances,
etc.) and/or consider very specific class of controllers (Vale &
Miller, 2011). Indeed, to the best of our knowledge, the problem of
orchestrating the controller switching so as to ensure exponential
stability for arbitrary initial conditions, arbitrary noise amplitudes,
and generic classes of controllers is still an open issue. Further,
even if in recent years extensive theoretical studies have been
carried out on mode observability and mode estimation (see, for
instance, Babaali & Pappas, 2005; Baglietto, Battistelli, & Scardovi,
2007, 2009; De Santis, Di Benedetto, & Pola, 2009; Di Benedetto,
Di Gennaro, & D’innocenzo, 2009; Vidal, Chiuso, Soatto, & Sastry,
2003, and the references therein), such results have yet to be
fully exploited in the context of adaptive stabilization of switching
linear systems (with the exception of Caravani & De Santis, 2009).
In this regard, a still open problem concerns the possibility of
determining control law ensuring mode observability as well as
stabilization of the considered switching system.

Motivated by this, a method is proposed to estimate the plant
mode that naturally arises frommodeobservability considerations.
Such a technique is based on the idea of evaluating the distance
of the plant input/output data collected over a moving horizon
from the set of behaviors associated to each possible mode. The
minimum-distance mode estimator is then embedded in a super-
visory unit that orchestrates the switching between the candidate
controllers according to a dwell-time switching logic (DTSL) (Morse,
1995). Provided that all the candidate controllers are designed so
as to satisfy a certain closed-loop mode observability condition, it
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is shown that the proposedminimum-distance criterion provides a
reliable estimation of the current plant mode even in the presence
of disturbances. Moreover, the exponential input-to-state stability
of the resulting control system can be proved under the additional
assumption that the plant switching signal is sufficiently slow on
the average. Finally, it is proved that under mild assumptions on
the plant, the set of controllers ensuring mode observability is
generic.

The paper is organized as follows. Section 2 analyzes the
mode observability of feedback control systems and provides
guidelines for designing stabilizing controllers that also satisfy
such a property. In Section 3, the adaptive stabilization scheme
based on minimum-distance mode estimation is described and its
stability properties analyzed in the noise-free case. Section 4 deals
with the effects of persistent disturbances on the stability of the
proposed control scheme. In Section 5, conclusions are drawn. For
the reader’s convenience, all the proofs are given in Appendix A.
Finally, in Appendix B some possible relaxations of the derived
results are discussed.

Before concluding this section, let us introduce some notations
and basic definitions. Given a vector v ∈ Rn, |v| denotes its Eu-
clidean norm. Given a symmetric, positive semi-definite matrix
P , we denote by λmin(P) and λmax(P) the minimum and maxi-
mum eigenvalues of P , respectively. Given a matrix M , M⊤ is its
transpose and |M| =


λmax(M⊤M)

1/2 its spectral norm. Given
a measurable time function v : R+

→ Rn and a time inter-
val I ⊆ R+, we denote the L2 and L∞ norms of v(·) on I as

∥v∥2,I =


I
|v(t)|2dt and ∥v∥∞,I = ess supt∈I|v(t)| respec-

tively. When I = R+, we simply write ∥v∥2 and ∥v∥∞. Further,
L2(I) andL∞(I) denote the sets of square integrable and, respec-
tively, (essentially) bounded time functions on I.

2. Mode-observability of feedback linear switching systems

Consider a plant Pσ(t) described by a continuous-time switch-
ing linear system of the form

Pσ(t) :


ẋ(t) = Aσ(t) x(t)+ Bσ(t) u(t)
y(t) = Cσ(t) x(t)

(1)

where t ∈ ℜ+ is the time instant, x(t) ∈ ℜ
nx is the plant state vec-

tor, σ(t) ∈ N , {1, 2, . . . ,N} is the plant mode, u(t) ∈ ℜ
nu is the

control input, y(t) ∈ ℜ
ny is the vector of the measurements. Ai, Bi,

and Ci, i ∈ N , are constant matrices of appropriate dimensions. In
order to ensurewell-posedness of the solution of (1), It is supposed
that the unknown and unobserved switching signal σ : ℜ

+
→ N

belongs to the class Σ of all the functions that are piecewise con-
stant, right continuous, and admit no Zeno behavior (i.e., the num-
ber of switching instants is finite on every finite interval).

For the plant Pσ(t), we consider a linear switching controller
Cσ̂ (t) of the form

Cσ̂ (t) :


q̇(t) = Fσ̂ (t) q(t)+ Gσ̂ (t) y(t)
u(t) = Hσ̂ (t) q(t)+ Kσ̂ (t) y(t)

(2)

where q(t) ∈ ℜ
nq is the controller state vector and σ̂ (t) ∈ N is

the controller mode. Fi, Gi, Hi, and Ki, i ∈ N , are constant matrices
of appropriate dimensions. The switching signal σ̂ : ℜ

+
→ N is

supposed to be known and belonging toΣ .
In this section, attention will be devoted to the problem of

inferring the plant mode σ(t) from observation of the plant in-
put/output data. To this end, it is convenient to consider the follow-
ing state space realization for the closed loop system (Pσ(t)/Cσ̂ (t))
resulting from the feedback interconnection of (1) with (2)

(Pσ(t)/Cσ̂ (t)) :


ẇ(t) = Acl

σ(t)/σ̂ (t)w(t)
z(t) = C cl

σ(t)/σ̂ (t)w(t)
(3)
where

w(t) ,


x(t)
q(t)


, z(t) ,


u(t)
y(t)


,

Acl
i/j ,


Ai + Bi Kj Ci Bi Hj

Gj Ci Fj


, C cl

i/j ,


Kj Ci Hj
Ci 0


,

for each i, j ∈ N .
Further, let us denote by

zi/j(t, t0, w0) , C cl
i/je

Acli/j(t−t0)w0

the output of (3) at time t > t0 when the initial state at time t0 is
w0, the controller switching signal is σ̂ (τ ) = j for any τ ∈ [t0, t],
and the plant switching signal is σ(τ) = i for any τ ∈ [t0, t]. The
following notion of distinguishability between two plantmodes can
now be introduced.

Definition 1. For system (3), two plant modes i, i′ ∈ N with i ≠ i′
are said to be distinguishable if

zi/j(·, t0, w0) ≠ zi′/j(·, t0, w′

0) a.e. on [t0, t]

for any t0, t with t > t0, j ∈ N , and w0, w
′

0 ∈ ℜ
nx+nq with w0 ≠ 0

orw′

0 ≠ 0. �

The rationale behind Definition 1 is as follows. At a given
time t0, supposing that a certain controller mode Cj, j ∈ N
is inserted in the feedback loop, the active plant mode can be
any Pi, i ∈ N . Our aim is therefore to address the problem of
discerning which plant modes could have produced the collected
input/output data z. Thus, roughly speaking, we say that two plant
modes are distinguishable when, over any finite interval, they
always lead to different input/output data provided that their state
trajectories are not jointly null. To elaborate more on this issue,
consider the two feedback loops (Pi/Cj) and (Pi′/Cj) with initial
states w0 and w′

0, respectively. In order to have distinguishability,
we require that the only case in which the two feedback loops
exhibit the same input/output behavior is when their initial states
are zero, i.e., w0 = w′

0 = 0. This amounts to requiring that
the behavioral data associated with such two feedback loops,
i.e., zi/j(·, t0, w0) and zi′/j(·, t0, w′

0), are different whenever at
least one between w0 and w′

0 is different from zero. Further, we
require that such a condition holds irrespective of which controller
mode is active. Notice that the adopted distinguishably notion
is instrumental to the developments of the following sections,
however other distinguishability notions are possible based on
different perspectives (see De Santis, 2011, for an overview of the
topic).

Definition 2. The feedback system (3) is said to be mode-
observable if any two different plant modes i, i′ ∈ N are distin-
guishable. �

Mode observability corresponds to the invertibility of the
mapping from plant input/output data z(·) to the plant switching
signal σ(·). In fact, it is an easy matter to see that, under mode
observability, it is possible, at least in principles, to reconstruct the
unknown switching signal σ(·) from observation of z(·), provided
that the initial statew(0) is not null. Inwhat follows, necessary and
sufficient conditions for mode observability of (3) will be derived.

To this end, some preliminary definitions are needed. LetO(k)i/j be
the observability matrix of order k of the feedback system (Pi/Cj)

O(k)i/j ,


C cl
i/j

C cl
i/j A

cl
i/j

...

C cl
i/j


Acl
i/j

k−1

 .
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Further, let

Φcl
i/j(t) = C cl

i/je
Acli/jt

be the state-to-output transition matrix of the feedback system
(Pi/Cj) and

Wi/j(t) ,

 t

0


Φcl

i/j(ξ)
⊤
Φcl

i/j(ξ) dξ

its observability Gramian.
The next lemma unveils that the joint observability matrix

O(2nx+2nq)
i/j O(2nx+2nq)

i′/j


plays a key role in determining the distinguishability of two plant
modes i and i′.

Lemma 1. Two plant modes i, i′ ∈ N with i ≠ i′ are distinguishable
if and only if their joint observability matrix is full-rank, i.e.,

rank

O(2nx+2nq)
i/j O(2nx+2nq)

i′/j


= 2nx + 2nq, ∀j ∈ N . (4)

As a consequence, the feedback system (3) is mode observable if
and only if condition (4) holds for any pair of different plant modes
i, i′ ∈ N . �

The proof of Lemma 1 is omitted since it is just an adaptation of
well-known results about observability of switching linear systems
(Babaali & Pappas, 2005; Vidal et al., 2003). Notice that, in view of
Lemma 1, a necessary condition for mode observability is that all
the pairs (Acl

i/j, C
cl
i/j) be observable so that each O(2nx+2nq)

i/j have rank
nx + nq. This, in turn, amounts to requiring that both the plant Pi
and the controller Cj be observable for any fixed indices i and j. It
is worth noting that such a requirement depends on the adopted
distinguishability notion (see Definition 1). In fact, the presence
of unobservable dynamics would entail the existence of non-zero
trajectories of the statew corresponding to zero trajectories of the
input/output data z and, hence, forwhich it would be impossible to
infer the plant mode. The possibility of relaxing the observability
requirement will be discussed later on.

Consider now a left polynomial matrix fraction description
(LPMFD) of the plant

Pσ(t) : Pσ(t)(D) y(t) = Qσ(t)(D) u(t) (5)

where for each i ∈ N , Pi(D) and Qi(D) are matrices of appropriate
dimensions whose entries are polynomials in the differential
operator D , d/dt and such that det Pi(s) = det (sI − Ai). Here,
Eq. (5) is intended as a shorthand notation to mean that over each
interval of time where σ(t) = i is constant, y(t) is the output of
a LTI system described by the input/output relation Pi(D)y(t) =

Qi(D)u(t) with the state at the beginning of this interval being
initialized according to (1).

Similarly, consider a LPMFD of the controller

Cσ̂ (t) : Rσ̂ (t)(D) u(t) = Sσ̂ (t)(D) y(t) (6)

where, for each j ∈ N , Rj(D) and Sj(D) are polynomial matrices of
appropriate dimensions with

det Rj(s) = det

sI − Fj


.

Notice that such LPMFDs always exist when the pairs (Ai, Ci) and
(Fj,Hj) are observable (Antsaklis &Michel, 2006). Then, the follow-
ing lemma can be stated which provides an alternative condition
for studying mode observability of the feedback system (3).

Lemma 2. Let the pairs (Ai, Ci) and (Fj,Hj) be observable for any
i, j ∈ N . Then, two plant modes i, i′ ∈ N with i ≠ i′ are distin-
guishable if and only if, for any j ∈ N ,

rank

 Pi (s) −Qi (s)
Pi′ (s) −Qi′ (s)

−Sj (s) Rj(s)


= nu + ny, ∀s ∈ C. � (7)

Recalling that the characteristic polynomial ϕi/j(s) of the
feedback system (Pi/Cj) is

ϕi/j(s) = det(sI − Acl
i/j) = det


Pi (s) −Qi (s)

−Sj (s) Rj(s)


the following result can be readily established.

Proposition 1. Let the pairs (Ai, Ci) and (Fj,Hj) be observable for any
i, j ∈ N and consider two plant modes i, i′ ∈ N with i ≠ i′. If, for any
j ∈ N , the closed loop characteristic polynomials ϕi/j(s) and ϕi′/j(s)
are coprime, then i, i′ are distinguishable. �

In general, Proposition 1 provides only a sufficient condition
for distinguishability, however in the case of a single-input single-
output (SISO) also necessity holds in the following sense.

Proposition 2. Let the plant be SISO, i.e., nu = ny = 1. Further, let
the pairs (Ai, Ci) and (Fj,Hj) be observable for any i, j ∈ N and the
pairs (Fj,Gj) be controllable for any j ∈ N . Then, two plant modes
i, i′ ∈ N with i ≠ i′ are distinguishable if and only if, for any
j ∈ N , the closed loop characteristic polynomials ϕi/j(s) and ϕi′/j(s)
are coprime. �

Propositions 1 and 2 suggest that mode-observability of the
feedback system (3) can be guaranteed by designing each con-
troller Cj so that, for any pair i, i′ ∈ N with i ≠ i′, the closed loop
polynomials ϕi/j(s) and ϕi′/j(s) have no common roots. We point
out that, since the plant can take on only a finite number of pos-
sible configurations (i.e., the set N is finite), this condition can be
easily satisfied in practice. More precisely, in the SISO case, the fol-
lowing result can be stated.

Lemma 3. Let the plant be SISO, i.e., nu = ny = 1. Then a controller
ensuring distinguishability of two plant modes i, i′ ∈ N exists if and
only if the following three conditions hold:

(a) the pairs (Ai, Ci) and (Ai′ , Ci′) are observable;
(b) the input/output maps Ci(sI − Ai)

−1Bi and Ci′(sI − Ai′)
−1Bi′ are

different;
(c) the characteristic polynomials of the uncontrollable parts of Pi

and Pii are coprime.

Further, when conditions (a)–(c) hold, for any given controller order
nq the set of controller matrices (Fj,Gj,Hj, Kj) ensuring distinguisha-
bility is generic.2

Notice that condition (b) is the necessary and sufficient
condition for the distinguishability of modes i and i′, starting from
any initial state, by applying a generic input function (seeDe Santis,
2011). The additional conditions (a) and (c) depend on the fact
that the control input u is supposed to be generated by a linear
controller Cj and that distinguishability is required for any non-
zero initial state of the feedback loop. Recalling that the countable
intersection of generic sets is also generic, we can conclude that,
under conditions (a)–(c), almost all the choices of the controller
matrices (Fj,Gj,Hj, Kj) lead to mode observability of the feedback
system. Building on the above lemma, it is possible to prove that
the last claim holds also in the general MIMO case.

2 Recall that a subset X of a topological space is generic when the following two
conditions hold: for any x ∈ X, then there exists a neighborhood of x contained in
X; for any x ∉ X, then every neighborhood of x contains an element of X.
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Lemma 4. Consider two plant modes i, i′ ∈ N and suppose that
conditions (a)–(c) of Lemma 3 hold. Then, for any given controller
order nq, the set of controller matrices (Fj,Gj,Hj, Kj) ensuring
distinguishability is generic.

As it can be seen from the statements of Lemmas 3 and 4,
there are no particular restrictions concerning the order of each
controller mode Cj. Clearly, in case he adopted design procedure
leads to controller transfer functions having the same order for
each mode j ∈ N , one can simply let the state dimension nq
coincide with such an order. In the negative, the simplest way
to realize the switching controller consists of: setting the state
dimension nq as the maximum among the orders of all controller
modes; for each controller mode having order less than nq, adopt
a non-minimal but stabilizable and observable realization of order
nq.

We conclude this section with a comment on the role that
controller realization plays on mode observability. The first
important observation is that, as it can be easily checked, mode
observability is a structural property in the sense that it is invariant
upon change of coordinates. In particular, all minimal realizations
of the controller share the samemode observability properties. On
the other hand, the adoption of non-minimal realizations will in
general affect mode observability. This is a relevant issue because,
when dealing with switching controllers, non-minimal realization
can come into play for several reasons (for instance, in shared-state
architecture for switching between controllers of different orders
as discussed above or for improving transient performance as will
be discussed at the end of Section 3.2). As already pointed out after
Lemma 1, the presence in the controller of unobservable dynamics
is not compatible with mode observability. On the contrary, the
effect of uncontrollable dynamics is less extreme. For instance, in
the SISO case, it is possible to see that distinguishability of two
plant modes i, i′ ∈ N under controller Cj is preserved provided
that, for any uncontrollable eigenvalue s0 of Cj, one has

rank

Pi (s0) −Qi (s0)
Pi′ (s0) −Qi′ (s0)


= 2

so that the rank condition (7) is satisfied. A generalization of such a
result to the general MIMO case is possible, albeit non-trivial, and
would require an analysis similar to the one adopted in Baglietto,
Battistelli, and Tesi (2013) formodeobservability in the presence of
exogenous signals (the uncontrollable part of the controller playing
the role of an exosystem acting on the controllable part of the
feedback loop).

2.1. An example

In order to illustrate how to design controllers ensuring mode
observability, let us consider the two-tank systemof Blanchini et al.
(2009) which can be modeled as in (1) with N = 2 and

A1 = A2 =


−1 1
1 −1


, B1 =


1
0


, B2 =


0

−1


,

C1 = [0 1] , C2 = [1 0] . (8)

The two plant modes have transfer functions from u to y equal to
P1(s) = 1/(s2 + 2s) and P2(s) = −P1(s), respectively. For each
plant mode a proportional–integral controller is considered with
transfer function

Ci(s) =
KP,i s + KI,i

s
, i = 1, 2. (9)

When controller C1 is active, the resulting closed-loop character-
istic polynomials are

ϕ1/1(s) = s3 + 2 s2 − KP,1 s − KI,1

ϕ2/1(s) = s3 + 2 s2 + KP,1 s + KI,1.
In view of Proposition 2, in order to ensure distinguishability
the two gains KP,1 and KI,1 have to be chosen so that ϕ1/1(s)
and ϕ2/1(s) are coprime. As well known, coprimeness of two
polynomials is equivalent to the fact that their Sylvester resultant
(i.e., the determinant of the Sylvester matrix associated with the
two polynomials) is different from 0. Via elementary calculations,
it can be seen that the Sylvester resultant of ϕ1/1(s) and ϕ2/1(s) is
8 KI,1 (KI,1 − 2 KP,1) so that distinguishability holds when KI,1 ≠ 0
and KI,1 ≠ 2KP,1. Analogous considerations hold whenC2 is active.

3. Constructing a stabilizing controller

In this section, it will be shown that stability of the feedback
system (3) can be achieved by means of a suitable choice of the
controller switching signal σ̂ (t). To this end, it is supposed that
the controllers Ci, i ∈ N are designed so as to satisfy the following
basic assumptions.

A1. For each index i ∈ N , the i-th tuned loop (Pi/Ci) is
asymptotically stable.

A2. The feedback system (3) is mode-observable.

The choice of the control action to use, among all the available
candidate controllers Ci, i ∈ N , is carried out in real-time by
a data-driven high-level unit called mode estimator. At each time
t ∈ R+, the mode estimator generates an estimate σ̂ (t, z(·)) ∈ N
of the current plant mode on the basis of the plant input/output
data z(·) up to the current time t . Such an estimate is then used as
the controller switching signal, i.e.,

σ̂ (t) = σ̂ (t, z(·)).

As to the generation of the estimates, it is supposed that the
mode estimator updates its estimate σ̂ (t, z(·)) of the plant mode
σ(t) at discrete-time instants of the type kT where k ∈ Z+ and
T , a positive real, is the so called dwell time. This amounts to
assuming the controller switching signal σ̂ (t) to be constant over
each interval Ik , [kT , (k + 1)T ), i.e.,

σ̂ (t) = σ̂k, ∀t ∈ Ik.

In other words, the switching between controllers is orchestrated
according to a DTSL.

3.1. A minimum-distance mode estimator

Thanks to the adoption of the DTSL, a simple criterion for the
determination of the estimate σ̂k can be devised. To this end, notice
first that, whenever also the plant mode takes on a constant value,
say i, over Ik, the evolution of the plant input/output data on Ik can
be written as

z(t) = zi/σ̂k(t, kT , w(kT )), t ∈ Ik.

Thus the set Si/σ̂k(Ik) of all the possible plant input/output data
over Ik associated with a plant mode i and a controller mode σ̂k
corresponds to the linear subspace

Si/σ̂k(Ik) , {ẑ ∈ L2(Ik) : ẑ(·) = zi/σ̂k(·, kT , ŵ) on Ik,

for some ŵ ∈ ℜ
nx+nq}.

It is an easy matter to see that under mode observability the
following result holds.

Proposition 3. Under assumption A2, for any two different plant
modes i, i′ ∈ N and any controller mode σ̂k ∈ N , one has Si/σ̂k(Ik)∩
Si′/σ̂k(Ik) = {0}. �

For the reader’s convenience, a graphical representation of the
condition of Proposition 3 is provided in Fig. 1. In view of the
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Fig. 1. Graphical representation of the condition of Proposition 3. Under mode
observability, the intersection between the linear subspaces associated with two
different plant modes i and i′ is always trivial. Thus, for any non-zero trajectory, the
plantmode canbe reconstructed by looking towhich one of the setsSi/σ̂k (Ik), i ∈ N
the plant input/output data belong.

above considerations, one can see that a particularly convenient
approach for estimating the plant mode σ(·) on Ik consists in
choosing the index i for which the distance between the observed
plant input/output data z(·) on Ik and the linear subspace Si/σ̂k(Ik)
is minimal. Accordingly, at the generic time (k + 1)T the estimate
σ̂k+1 can be obtained according to a minimum-distance criterion.
To this end, let

δi/j(z(·), Ik) , min
ŵ∈ℜ

nx+nq

z(·)− zi/j(·, kT , ŵ)

2,Ik

. (10)

Then, the controller mode can be updated according to the
following logic: at any time instant kT one first selects, arbitrarily,
a value i∗ ∈ N among those which achieve the minimum of
δi/σ̂k(z(·), Ik), i.e.,

i∗ ∈ argmin
i∈N

δi/σ̂k(z(·), Ik); (11)

if δi∗/σ̂k(z(·), Ik) is smaller than δσ̂k/σ̂k(z(·), Ik), then σ̂k+1 is set
equal to i∗, otherwise the controllermode is left unchanged. Notice
that, being the pair (Acl

i/j, C
cl
i/j) completely observable by hypothesis,

the minimization in (10) yields

δi/j(z(·), Ik) =


Ik

z(t)− Φcl
i/j(t − kT )


Wi/j(kT )

−1

×


Ik


Φcl

i/j(ξ − kT )
⊤

z(ξ) dξ
2 dt

1/2

.

The next lemma points out an important property of the
minimum-distance criterion (11).

Lemma 5. Suppose that assumption A2 holds, that w(kT ) ≠ 0 and
the plant mode is constant on Ik, i.e.,

σ(t) = σk, ∀t ∈ Ik.

Then, if the minimum distance criterion (11) is used, one has σ̂k+1 =

σk. �

Lemma 5 indicates that, under the stated assumptions, the
proposed minimum distance criterion always leads to the exact
reconstruction of the plant mode provided that no switch occurs
in the observation interval. In other words, this implies that
an identification error can be incurred only in those intervals
characterized by at least one plant mode variation.

Before proceeding on discussing such stability results, some
comments on the practical applicability of (11) are in order. First of
all, it is important to note that, instead of computing the integral
in (10) on the whole interval Ik (which would require real-time
operations), one could restrict its attention to a subinterval of
the type [kT , kT + τ) with τ ∈ (0, T ), reserving the remaining
subinterval [kT +τ , (k+1)T ) for all the necessary computations. It
is immediate to verify that Lemma 5 holds also in thismore general
setting. Further, when continuous-time integration is not feasible,
one could replace the integral in (10) with a finite summation
without compromising the validity of Lemma (11), provided that
the sampling instants are adequately chosen. To see this, consider
a positive real ∆ and a positive integer M such that ∆M < T and
suppose that the distance δi/j(z(·), Ik) is replaced by

δ̃i/j(z(·), Ik) , min
ŵ∈ℜ

nx+nq


M

h=0

z(kT + h∆)− Φcl
i/j(h∆)ŵ

21/2

.

Further, let Λi/j be the spectrum of Acl
i/j, then the following result

can be stated that descends from thewell-knownKalman–Bertram
criterion for the observability of sampled-data systems (Antsaklis
& Michel, 2006).

Corollary 1. Suppose that assumptionA2 holds, that w(kT ) ≠ 0 and
the plant mode is constant on Ik, i.e.,

σ(t) = i, t ∈ Ik.

Further, let the minimum distance criterion (11) be used with
δi/j(z(·), Ik) replaced by δ̃i/j(z(·), Ik). Then,

σ̂k+1 = i

provided that

M − 1 ≥ nx + nq

and the sampling period ∆ is such that, for any two different plant
modes i, i′ ∈ N and any controller mode j ∈ N ,

Im(λ− λ′) ≠
2πh
∆

for h ∈ Z \ {0} whenever Re(λ− λ′) = 0

for any λ, λ′
∈ Λi/j ∪Λi′/j. �

As a final remark, notice that it is always possible to find suitable
values of∆ satisfying the requirements of Corollary 1.

3.2. Stability under an average dwell-time

Thanks to Lemma 5, it is possible to show that the proposed
control systemwithmode estimator yields an exponentially stable
closed-loop system provided that the plant switching signal σ(t)
is slow on the average, i.e., the number of switches in any finite
interval grows linearly with the length of the interval, with
sufficiently small growth rate. In this respect, let Nσ (t, t0) be the
number of discontinuities of σ in the interval (t0, t), then the
following assumption is needed (Hespanha, 2004; Hespanha &
Morse, 1999).

A3. There exist a positive real τD, called average dwell-time, and a
positive integer N0, called chatter bound, such that

Nσ (t, t0) ≤ N0 +
t − t0
τD

for any t, t0 ∈ R+ with t > t0.

In order to study the stability of the overall control scheme,
we consider a generic vector norm ∥ · ∥ on Rnx+nq and the
corresponding induced matrix norm. Such a norm can be, for
example, aweighted Euclidean normor a polyhedral norm (see, for
instance, Blanchini, 1995, and the references therein). These are,
in fact, the two most typical choices when dealing with switching
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systems. Note now that assumption A1 ensures that, for any given
vector norm ∥ · ∥, there exist two positive reals µ and λ such that

∥eA
cl
i/it∥ ≤ µe−λt , ∀t ∈ R+,∀i ∈ N . (12)

Further, since the set N is finite, one has

∥eA
cl
i/jt∥ ≤ eρt , ∀t ∈ R+,∀i, j ∈ N (13)

for some positive real ρ. Of course, the numerical values of the
constants µ, λ, and ρ will depend on the particular choice of the
vector norm ∥ · ∥. For instance, whenever possible a particularly
convenient choice would be to choose ∥ · ∥ so that ∥w∥ be a
common Lyapunov function for the N tuned loops (Pi/Ci). In fact,
in this case, the constant µwould be equal to 1. With this respect,
the use of polyhedral norms may prove relevant since they are
known to be a generic class of Lyapunov functions for switching
systems, in the sense that stability of a continuous-time switching
system is equivalent to the existence of a polyhedral Lyapunov
function.

The main stability result of this section can now be stated.

Theorem 1. Suppose that assumptions A1–A3 holds, that w(0) ≠ 0
and let the minimum distance criterion (11) be used. Then, the state
transition matrixΦ(t, t0) of the closed-loop system (Pσ(t)/Cσ̂ (t)) can
be upper bounded as

∥Φ(t, t0)∥ ≤ β e−α (t−t0) (14)

where

α = λ− [logµ+ 2(λ+ ρ)T ] /τD

β =

µe2(λ+ρ)T

N0+1
. �

The following corollary follows at once.

Corollary 2. Suppose that assumptions A1–A3 holds and let the
minimum distance criterion (11) be used. If the average dwell-time
τD is such that

τD > [logµ+ 2(λ+ ρ)T ] /λ, (15)

then the closed-loop system (Pσ(t)/Cσ̂ (t)) is exponentially stable for
any plant switching signal σ(·). �

Clearly, the right-hand side of (15) represents an upper bound
on the minimum plant average-dwell time compatible with the
stability of the closed-loop system. As it can be seen from (15),
such an upper bound can be reduced by decreasing the switching
logic dwell-time T or by making the tuned loops (Pi/Ci), i ∈ N
‘‘more stable’’ by increasing the convergence rate λ. Notice also
that when the constant µ is equal to 1, i.e., ∥w∥ is a common
Lyapunov function for the N tuned loops (Pi/Ci), inequality (15)
simplifies to τD > 2(λ + ρ)T/λ. Thus, in this case, it would
be theoretically possible to achieve stability for any, arbitrarily
small, plant dwell time τD by making the controller dwell time
T suitably small. It is nevertheless important to point out that,
in general, making the controller dwell time too small can lead
to unacceptable performance in the presence of noises and/or
disturbances. This issuewill be discussed in some detail in the next
section (see Remark 1).

A final issue is worth mentioning. As well known, under
switching the controller realization plays a fundamental role. In
fact, depending on the adopted controller realization, a common
Lyapunov function for the tuned loops (Pi/Ci) may exist or not
(Hespanha & Morse, 2002). As pointed out at the end of Section 2,
all controller realizations which are minimal are equivalent as
far as mode observability is concerned. Further, it is possible
to introduce uncontrollable dynamics without compromising
mode-observability of the feedback loop. On the contrary, the
introduction of unobservable dynamics in the controller makes
mode-observability as defined in Section 2 impossible to achieve.
This is a relevant problem because the techniques proposed in
the literature for constructing realizations which are stable under
switching rely on unobservable and uncontrollable dynamics
(Blanchini et al., 2009). Interestingly enough, it is possible to
show that the presence of unobservable but stable dynamics in
the controller does not destroy stability. The proof of this fact is
sketched in Appendix B. Similarly, in Appendix B, it is also shown
that the requirement of observability of each plant mode Pi can be
relaxed to detectability without compromising stability.

3.3. An example (continued)

In order to illustrate the effectiveness of the proposed approach
for adaptive stabilization of switching plants, let us consider
again the two-tank system of Section 2.1. For each plant mode
a stabilizing PI controller is available of the form (9) with gains
KP,1 = −1, KI,1 = −0.1 and KP,2 = 1, KI,2 = 0.1, respectively.
The resulting closed-loop characteristic polynomials are

ϕ1/1(s) = ϕ2/2(s) = s3 + 2 s2 + s + 0.1

ϕ1/2(s) = ϕ2/1(s) = s3 + 2 s2 − s − 0.1.

Since ϕ1/1(s) and ϕ1/2(s) are coprime, mode-observability of the
feedback system holds (see Proposition 2). Thus, provided that the
plant variations are sufficiently slow on the average, Corollary 2
ensures exponential stability when the controller switching is
orchestrated according to the minimum distance criterion (11).
This was also confirmed by means of numerical simulations. With
this respect, Fig. 2 shows the time behavior of the norm of the
feedback system state w (top) and of the output y (middle) when
the plantmode switches between 2 and 1 every 10 s (the controller
dwell-time was set equal to 1 s; the controller state was initialized
to q(0) = 0 whereas the plant initial state was set to x(0) =

[80 5]⊤). As it can be seen from Fig. 2 (bottom), the estimate σ̂
follows the true plant switching signal σ with a delay equal to the
controller dwell time.

4. Stability under persistent disturbances

In this section, the effects of persistent disturbances on the
stability of the proposed control scheme are analyzed. To this
end, suppose that the plant state and measurement equations be
affected by additive disturbances d(·) and n(·), respectively, i.e.,

Pσ(t) :


ẋ(t) = Aσ(t) x(t)+ Bσ(t) u(t)+ d(t)
y(t) = Cσ(t) x(t)+ n(t) (16)

with d(t) ∈ Rnx and n(t) ∈ Rny . Then, it is an easy matter to verify
that a state space representation of the closed-loop system takes
the form

(Pσ(t)/Cσ̂ (t)) :


ẇ(t) = Acl

σ(t)/σ̂ (t)w(t)+ Bcl
σ(t)/σ̂ (t) v(t)

z(t) = C cl
σ(t)/σ̂ (t)w(t)+ Dcl

σ(t)/σ̂ (t) v(t)
(17)

where v(t) , [d(t)⊤ n(t)⊤]
⊤ and

Bcl
i/j ,


I Bi Kj
0 Gj


, Dcl

i/j ,


0 Kj
0 I


, i, j ∈ N .

The main complication arising in this case concerns the effects
of the disturbances on the quality of the estimate computed via the
minimum distance criterion (11). In fact, even supposing that the
plantmode σ(t) takes a constant value, say σk, on a certain interval
Ik, the presence of the disturbancev(t)prevents one fromapplying
Lemma 5 given that neither the plant input/output data z(·) need
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Fig. 2. Time behaviors of |w(t)| (top), y(t) (middle), σ(t) and its estimate σ̂ (t)
(bottom).

to belong to Sσk/σ̂k(Ik) nor the distance δi/σ̂k(z(·), Ik) needs to take
its minimum value for i = σk.

Nevertheless, the mode observability property ensures that an
estimate σ̂k+1 computed as in (11) becomes reliable provided that
the input/output data z(·) contain a sufficient level of excitement.
To see this, some further considerations concerning mode
observability are in order. While Lemma 1 provides an answer on
the binary question of whether or not the feedback system (3) is
mode observable, a measure of the degree of mode observability
of (3) can be obtained by analyzing the joint observability Gramian

Wi,i′/j(t) ,

 t

0

 Φcl
i/j(ξ)

⊤
Φcl

i′/j(ξ)
⊤

Φcl
i/j(ξ) Φcl

i′/j(ξ)

dξ . (18)

In fact, since

∥zi/j(·, t0, w0)− zi′/j(·, t0, w′

0)∥
2
2,[t0,t]

=

w⊤

0 −w′

0
⊤

Wi,i′/j(t − t0)


w0

−w′

0


≥ λmin{Wi,i′/j(t − t0)}


|w0|

2
+ |w′

0|
2 ,

it can be seen that the greater is λmin{Wi,i′/j(t − t0)} the more dis-
tinguishable are the two plant modes i and i′ under controller Cj.
Then, a measure of the degree of mode observability of (3) over an
interval of length T is provided by

ωmin(T ) = min
i,i′,j∈N ;i≠i′

λmin{Wi,i′/j(T )}. (19)

As will be clear in the following, such a mode-observability index
plays a crucial role in the presence of disturbances. We notice that
ωmin(T ) tends to zero as the observation interval tends to zero,
which is coherent with the fact that the shorter is the observation
interval themore difficult it is to distinguish between two different
input–output behaviors.

Let us now introduce the following definitions

κA , max
i,j∈N

|Acl
i/j|, κB , max

i,j∈N
|Bcl

i/j|,

κC , max
i,j∈N

|C cl
i/j|, κD , max

i,j∈N
|Dcl

i/j|.
Further, let θ be a positive scalar such that, for any matrix M
belonging to R(nx+nq)×(nx+nq), one has |M| ≤ θ ∥M∥ (notice that
such a θ does exist since we are dealing with finite-dimensional
normed-vector spaces). Then, Lemma 5 can be replaced by the
following.

Lemma 6. Suppose that assumption A2 holds and that the plant
mode is constant on Ik, i.e.,

σ(t) = σk, ∀t ∈ Ik. (20)

Then, if the minimum distance criterion (11) is applied to the noisy
feedback system (17), one has

σ̂k+1 = σk

provided that

|w(kT )| ≥
2ψ(T ) ∥v(·)∥∞,Ik

√
ωmin(T )

(21)

where ωmin(T ) is the mode-observability index (19) and

ψ(T ) ,
√
T

κB κC θ

eρ T
− 1
ρ

+ κD


. � (22)

Thus, under the stated assumptions andprovided that the initial
state at the beginning of the observation interval Ik is ‘‘far enough’’
from the origin, the minimum-distance criterion (11) leads to the
exact identification of the plant mode even in the presence of
disturbances. Further, it can be seen that condition (21) becomes
less stringent the smaller are the disturbances and the greater is the
mode-observability index. This state of affairs can be understood
by recalling that under assumption (20), for any t ∈ Ik, the
input–output data z(t) can be decomposed as

z(t) = z(n)(t)+ z(f )(t) (23)

where z(n)(t) is the natural response

z(n)(t) = Φcl
σk/σ̂k

(t − KT ) w(kT )

and z(f )(t) is the forced response

z(f )(t) =

 t

kT
Φcl
σk/σ̂k

(t − τ)Bcl
σk/σ̂k

v(τ) dτ + Dcl
σk/σ̂k

v(t).

As pointed out in the previous sections, whenmode observabil-
ity holds the plant mode can be reconstructed by observing the
natural response (in fact, when there are no disturbances, z(t) =

z(n)(t)). Then the main idea behind Lemma 6 is that, when the
forced response due to the disturbances becomes ‘‘negligible’’ with
respect to the natural response (in the sense of condition (21)), ev-
erything goes as in the noise-free case and the plant mode can be
uniquely determined. This situation is depicted in Fig. 3. A formal
proof of Lemma 6 is given in the Appendix.

An important consequence of Lemma 6 is that, when the
disturbances are bounded in theL∞ sense, their effect on themode
estimator disappears as soon as the system state exceeds a certain
threshold. In view of this result, it is possible to show that the
feedback control system (17) is exponentially input-to-state stable.
More specifically, the following theorem can be stated.

Theorem 2. Suppose that assumptions A1–A3 holds and let the
minimum distance criterion (11) be used. If the average dwell-time
τD satisfies inequality (15), then the noisy closed-loop system (17) is
exponentially input-to-state stable in that, for any t0, t ∈ R+ with
t ≥ t0 and for any plant switching signal σ(·),

|w(t)| ≤ β θ e−α (t−t0) |w(t0)| + γ ∥v(·)∥∞,[t0,t] (24)
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Fig. 3. Decomposition of the input/output data z(t) on the interval Ik . When the
plant mode is constant on Ik and equal to σk , then the natural response z(n)(t), t ∈

Ik (depicted in blue) belongs to the linear subspace Sσk/σ̂k (Ik). Due to the forced
response z(f )(t), t ∈ Ik (depicted in red), the total response z will in general
lie outside such a set. However, when condition (21) holds, the natural response
becomes dominant and the plant mode can still be reconstructed by means of the
minimum distance criterion. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

with α and β the same as in Theorem 1 and

γ =
β θ

α


κB +

4 θ ψ(T ) κA
√
ωmin(T )

e2 ρ T
+

2 θ κA κB
ρ

(e2 ρ T
− 1)


. �

It is worth pointing out that Theorem 2 provides a quite strong
stability result in that inequality (24) holds regardless of the
magnitude of the disturbances v(·) and of the initial state w(t0).
Some remarks on such a result are in order.

Remark 1. It is an interesting feature of the proposed control
scheme that the upper bound on the average-dwell time remains
unchanged in the presence of persistent disturbances, so that all
the considerations made at the end of Section 3 are still valid. In
particular, it can be seen from (24) that the mode observability
index ωmin(T ) does not affect the decay rate α and only acts on
the disturbance-to-state gain γ . Clearly, in the presence of noises,
there is still a trade-off between allowable plant dwell-time and
acceptable performance, since making the controller dwell-time T
too small can lead to a very high gain γ ; thus compromising the
performance (albeit not the stability) of the overall control system.

Remark 2. As well known (Sontag & Wang, 1995), input-to-state
stability implies also some level of robustness with respect to
model uncertainties. In fact, by resorting to standard small-gain
arguments, it could be proved that the stability of the proposed
control scheme is preserved also when there is some uncertainty
on the knowledge of the system matrices (Ai, Bi, Ci), i ∈ N .

Remark 3. The proposed mode estimation methodology follows
a finite memory paradigm in that, in order to estimate the plant
mode at time (k + 1)T , only the data collected in the interval
Ik are used. In the presence of disturbances, the performance of
the proposed control scheme could be improved by modifying the
mode estimation criterion so as to account also for the previously
available data. For example, a possibility consists in computing
some estimate w̄(kT ) of the feedback system state w(kT ) on the
basis of the data collected up to time kT and, then, considering the
alternative distance measure

min
ŵ∈ℜ

nx+nq


ω |ŵ − w̄(kT )|2 + (1 − ω)

z(·)− zi/j(·, kT , ŵ)
2
2,Ik


where ω ∈ (0, 1) is some suitable weight. In fact, it is natural to
expect that, when the estimate w̄(kT ) is close to the true state, the
adoption of such a distance measure not only would not destroy
stability but also would lead to a more reliable mode estimate.
Guidelines on how to estimate the state of a switching linear
system with guaranteed bound on the estimation error can be
found, for example, in Alessandri, Baglietto, and Battistelli (2005,
2010).

Remark 4. As established by Theorem 2 the considered mode
estimation technique, which is based on computing the distances
of the plant input/output data from the linear subspaces associated
with the possible plantmodes, turns out to be quite effective in the
considered setting. However, several other techniques for mode
inference can be conceived, for example, based onprediction errors
(Hespanha, Liberzon, & Morse, 2003) or on virtual experiments
(Baldi, Battistelli, Mosca, & Tesi, 2010). With this respect, a
interesting, yet unanswered, question is whether, under the stated
assumptions, similar stability results hold also for other mode
estimation approaches.

4.1. An example (continued)

Let us consider again the switching system of Section 3.3 and
suppose that both the system and measurement equations are
affected by persistent disturbances d and n. More specifically, let
d and n be white noises with zero mean and covariance matrices
diag(0.1, 0.1) and 0.1, respectively. The plant state was initialized
to x(0) = [20 −90]⊤. All the other simulation parameters are the
same as in Section 3.3. As it can be seen from Fig. 4 (top) where
the time behavior of the norm of the feedback system state w
for a random simulation is shown, despite the facts that the plant
switching signal σ is unknown and that the data are corrupted by
noises, the statew is exponentially driven to a neighborhood of the
origin. Some insights on this behavior canbe gained fromobserving
the middle and bottom plots of Fig. 4. In particular, it can be seen
that initially the estimate σ̂ follows the true switching signal σ
with an unavoidable delay equal to the controller dwell time. In
fact, in the first part of the simulation run, the state is far from
the origin and therefore the natural response dominates the forced
one. Afterwards, some errors in the estimation of the plant mode
occur due to the presence of the disturbances. However, stability is
not destroyed since such errors occur only when the plant output
and state are in a neighborhood of the origin (recall Lemma 6).

5. Conclusions

The problem of stabilizing a switching linear plant has been
addressed under the assumption that the plant switching signal
is not available, nor in real-time neither with delay. The proposed
methodology is based on a supervisory unit that periodically
switches the controller operating mode. The controller switching
signal is generated by resorting to a minimum distance criterion,
for the estimation of the plant mode, that naturally arises from
mode observability considerations. It has been shown that, even
in the presence of persistent disturbances, the proposed control
scheme yields a stable feedback system provided that the plant
switching signal is sufficiently slow on the average.
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Appendix A. Proofs

Proof of Lemma 2. Given the LPMFDs (5) and (6), then a polyno-
mial matrix description (PMD) (Antsaklis & Michel, 2006) of the
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Fig. 4. Time behaviors of |w(t)| (top), y(t) (middle), σ(t) and its estimate σ̂ (t)
(bottom) in the presence of disturbances.

feedback system (Pi/Cj) is

Γi/j(D) z(t) = 0 (25)

where

Γi/j(s) ,


−Qi (s) Pi (s)
Rj (s) −Sj(s)


.

Note now that the joint observability matrix
O(2nx+2nq)
i/j O(2nx+2nq)

i′/j


coincides with the observability matrix of the 2nx + 2nq-
dimensional system

χ̇(t) =


Acl
i/j 0
0 Acl

i′/j


χ(t)

ζ (t) =

C cl
i/j C cl

i′/j


χ(t)

(26)

obtained from the parallel connection of (Pi/Cj) with (Pi′/Cj).
Then, the joint observability condition (4) is algebraically equiv-
alent to the observability of the state χ(t) of system (26) from its
output ζ (t).

In view of (25), system (26) admits the PMD
Γi/j(D) 0

0 Γi′/j(D)


ξ(t) = 0

ζ (t) =

I I


ξ(t).

Then, system (26) is completely observable, i.e., the joint
observability condition (4) holds, if and only if

rank


Γi/j(s) 0

0 Γi′/j(s)
I I


= dim(ξ(t)) = 2nu + 2ny, (27)

for any s ∈ C. By standard manipulation, condition (27) turns out
to be equivalent to

rank

Γi/j(s)
Γi′/j(s)


= nu + ny, ∀s ∈ C.
Then the proof is concluded by noting that the latter can be
rewritten as in (7). �

Proof of Proposition 1. This is adapted from a classic result in
linear system theory. It is a direct consequence of the fact that for
any s ∈ C such that ϕi/j(s) ≠ 0

rank


Pi (s) −Qi (s)
−Sj (s) Rj(s)


= nu + ny. (28)

Then, when ϕi/j(s) and ϕi′/j(s) are coprime, for any s ∈ C either
(28) or

rank

Pi′ (s) −Qi′ (s)
−Sj (s) Rj(s)


= nu + ny

holds. �

Proof of Proposition 2. (Only if) Let s0 be a common root of ϕi/j(s)
and ϕi′/j(s). By hypothesis, Rj (s) and Sj (s) are coprime for any
j ∈ N . Then, there must exist two scalars νi, νi′ ∈ C such that
Pi (s0) −Qi (s0)


= νi


−Sj (s0) Rj (s0)


Pi′ (s0) −Qi′ (s0)


= νi′


−Sj (s0) Rj (s0)


.

This in turn implies that Pi (s0) −Qi (s0)
Pi′ (s0) −Qi′ (s0)
−Sj (s0) Rj(s0)


=


νi
νi′

1

 
−Sj (s0) Rj(s0)


whose rank is always 1 < nu + ny = 2. �

Proof of Lemma 3. The necessity of (a) has been discussed after
Lemma 1. The necessity of (b) is obvious from the fact that,
when the two transfer functions are equal, the two modes Pi and
Pi′ always exhibit the same response for zero initial conditions.
Finally, the necessity of (c) stems from the observation that, for a
common uncontrollable eigenvalue s0, one would have Pi(s0) =

Qi(s0) = Pi′(s0) = Qi′(s0) = 0 which would clearly imply that the
rank condition (7) cannot hold.

Consider now the problem of proving the genericity of the set
of controllers ensuring distinguishability when conditions (a)–(c)
hold. Recalling that controllability and observability are generic
properties, then without loss of generality we can restrict our
attention to controllable and observable controllers and invoke
Proposition 2. Accordingly, we are interested in characterizing
the set of controllers Cj for which the closed loop polynomials
ϕi/j(s) and ϕi′/j(s) are coprime. To this end, recall that two
polynomials have a common root if only if their Sylvester resultant
(i.e., the determinant of the Sylvester matrix associated with
the two polynomials) is 0. Notice now that the entries of the
Sylvestermatrix depend on the coefficients of the two polynomials
which, in turn, are polynomial functions of the entries of the
matrices (Fj,Gj,Hj, Kj). Hence those (controllable and observable)
controllers for which distinguishability does not hold are given by
a polynomial equation in the elements of (Fj,Gj,Hj, Kj) and, thus,
define an algebraic set. Since the complement of a proper algebraic
set is always a generic set, then the proof can be concluded simply
by showing that, for any given order nq there exists at least one
controller for which the closed-loop polynomials ϕi/j(s) and ϕi′/j(s)
are coprime. To see this, let S̃j (s) and R̃j (s) be any two coprime
polynomials of degree nq and consider a controller of the form
Cj(s) = κ S̃j (s)/R̃j (s) with κ ∈ R. Then the two closed-loop
polynomials take the form

ϕi/j(s) = Pi(s)R̃j(s)+ κ Qi(s)S̃j(s),

ϕi′/j(s) = Pi′(s)R̃j(s)+ κ Qi′(s)S̃j(s).
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Under conditions (a) and (c), we have that the greatest common
divisor of the four polynomials Pi(s)R̃j(s),Qi(s)S̃j(s), Pi′(s)R̃j(s),
Qi′(s)S̃j(s) is 1. Further, condition (b) ensures that Pi(s)R̃j(s)Qi′(s)
S̃j(s) ≠ Pi′(s)R̃j(s)Qi(s)S̃j(s). Then, we can invoke Lemma 3 of
Vidyasagar, Levy, and Viswanadham (1986) and conclude that
ϕi/j(s) and ϕi′/j(s) are coprime for all but a finite number of values
of κ ∈ R. �

Proof of Lemma 4. Like in the proof of Lemma 3, we restrict our
attention to observable controllers and focus on the sufficient
condition of Proposition 1. Again, since the set of (observable)
controllers forwhich the closed looppolynomialsϕi/j(s) andϕi′/j(s)
are coprime define an algebraic set, its genericity can be proved
simply by showing that one such controller exists. To this end, the
basic idea is that of transforming the original MIMO plant into a
SISO one that still satisfies conditions (a)–(c). This can be done
by considering a novel scalar input ũ and a novel scalar output ỹ
related to the original input/output pair (u, y) by the equations

u = K̃ y + b ũ

ỹ = c⊤ y (29)

where b, c , and K̃ are constant vectors and, respectively, matrix
of appropriate size. If we consider now the fictitious SISO plant
P̃σ(t) with input ũ and output ỹ, the state-space descriptions of
the two modes Pi and Pi′ are characterized by the triples (Ai +

Bi K̃ Ci, Bi b, c⊤ Ci) and (Ai′ + Bi′ K̃ Ci′ , Bi′ b, c⊤ Ci′), respectively. By
invoking Theorem4ofDavison andWang (1973),we can claim that
generically, i.e., for almost every choice of the triple (b, c, K̃), the
two SISO systems P̃i and P̃i′ will have the same controllability and
observability properties of the two original MIMO systems Pi and,
respectively, Pi′ . Hence, under the stated hypotheses, conditions (a)
and (c) generically hold when considering P̃i and P̃i′ . The same
is true also for condition (b) since, when the two MIMO transfer
functions Ci(sI − Ai)

−1Bi and Ci′(sI − Ai′)
−1Bi′ are different, then

the set of triples (b, c, K̃) for which the two SISO transfer functions
c⊤ Ci(sI − Ai − Bi K̃ Ci)

−1Bi b and c⊤ Ci′(sI − Ai′ − Bi′ K̃ Ci′)
−1Bi′ b

are different is a proper algebraic set (as it can be easily verified
by noting that the coefficients of such transfer functions are
polynomial functions of the triple (b, c, K̃)). As shown in the
proof of Lemma 3, we can thus conclude that there exists a SISO
controller, say (F̃ , g̃, h̃⊤, k̃), that when applied to the two SISO
systems P̃i and P̃i′ yield two coprime closed-loop polynomials.
Recalling (29), this in turn implies that the controller (Fj,Gj,Hj, Kj)
with the choice

Fj = F̃ , Gj = g̃ c⊤, Hj = b h̃⊤, Kj = b k̃ c⊤
+ K̃

is such that ϕi/j(s) and ϕi′/j(s) are coprime, which concludes the
proof. �

Proof of Lemma 5. When σ(t) is constant in the interval Ik, one
has

z(t) = Φcl
σk/σ̂k

(t − kT ) w(kT ) t ∈ Ik

and, consequently,

δσk/σ̂k(z(·), Ik) = 0.

On the other hand, in view of Proposition 3, when w(kT ) ≠ 0 one
has that, for any i ≠ σk, the input/output data z(·) on the interval
Ik do not belong to the set Si/σ̂k(Ik) so that

δi/σ̂k(z(·), Ik) > 0

which concludes the proof. �

Proof of Theorem 1. Consider a generic interval [t0, t] and let th
be the h-th discontinuity of σ in such an interval. Further, let
us denote by σh ∈ N the value taken on by σ on the interval
[th, th+1). Then, the closed-loop state transitionmatrixΦ(t, t0) can
be decomposed as

Φ(t, t0) =

Nσ (t0,t)
h=0

Φ(th+1, th) (30)

where, for the sake of compactness, tNσ (t0,t)+1 , t . Notice now
that each interval [th, th+1) with th+1 − th ≥ 2T can be further
decomposed into three subintervals [th, khT ), [khT , (kh +1)T ), and
[(kh + 1)T , th+1) where kh is the least integer such that khT > th.
Further, by virtue Lemma 5, one has that σ̂ (t) = σh for any
t ∈ [(kh + 1)T , th+1). Then, taking into account (12) and (13), one
obtains the upper bound

∥Φ(th+1, th)∥ ≤ ∥Φ(th, khT )∥ ∥Φ(khT , (kh + 1)T )∥
× ∥Φ((kh + 1)T , th+1)∥

≤ e2Tρ µ e−λ(th+1−th−2T ) (31)

where the latter inequality can be derived by noting that khT−th ≤

T and th+1 − (kh + 1)T ≥ th+1 − th − 2T . It is an easy matter to see
that (31) holds also when th+1 − th < 2T . As a consequence, (31)
together with (30) yields the upper bound

∥Φ(t, t0)∥ ≤

Nσ (t0,t)
h=0

∥Φ(th+1, th)∥

≤

Nσ (t0,t)
h=0


e2Tρ µ e−λ(th+1−th−2T )

=

µ e2T (ρ+λ)

Nσ (t0,t)+1
e−λ

Nσ (t0,t)
h=0 (th+1−th)

=

µ e2T (ρ+λ)

Nσ (t0,t)+1
e−λ(t−t0).

The proof is concluded by noting that, under assumption A3, the
latter implies

∥Φ(t, t0)∥

µ e2T (ρ+λ)

N0+1 
µ e2T (ρ+λ)

(t−t0)/τ e−λ(t−t0)

which can be rewritten as (14). �

Proof of Lemma 6. By exploiting the decomposition (23) and
invoking the triangular inequality, it is immediate to verify that,
for any i ∈ N ,

δi/σ̂k(z
(n)(·), Ik)− ∥z(f )(·)∥2,Ik ≤ δi/σ̂k(z(·), Ik)

≤ δi/σ̂k(z
(n)(·), Ik)+ ∥z(f )(·)∥2,Ik .

Then, a sufficient condition for σ̂k+1 to be equal to σk is that

δi/σ̂k(z
(n)(·), Ik)− ∥z(f )(·)∥2,Ik

≥ δσk/σ̂k(z
(n)(·), Ik)+ ∥z(f )(·)∥2,Ik (32)

for any i ≠ σk.
Proceeding as in the proof of Lemma 5, we easily find that

δσk/σ̂k(z
(n)(·), Ik) = 0.

As for the distance δi/σ̂k(z
(n)(·), Ik), one can write

δ2i/σ̂k(z
(n)(·), Ik) =


Ik

Φcl
σk/σ̂k

(t − kT ) w(kT )

− Φcl
i/σ̂k
(t − kT )Ψi,σk/σ̂k w(kT )

2 dt (33)

with

Ψi,i′/j =

Wi/j(kT )

−1


Ik


Φcl

i/j(ξ − kT )
⊤
Φcl

i′/j(ξ − kT ) dξ .
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Further, recalling (18), one can write

δ2i/σ̂k(z
(n)(·), Ik) =


w(kT )

−Ψi,σk/σ̂k w(kT )

⊤

×Wσk,i/σk(t − t0)


w(kT )
−Ψi,σk/σ̂k w(kT )


.

This, in turn, implies that for i ≠ σk

δ2i/σ̂k(z
(n)(·), Ik) ≥ ωmin(T ) |w(kT )|2.

Note that, under mode observability, the index ωmin(T ) is always
strictly positive for any T > 0.

Moreover, inequality (13) implies that, for any t ∈ Ik,

|z(f )(t)| ≤ κC κB θ

 t

KT
eρ(t−τ) |v(τ)| dτ + κD |v(t)|

which, in turn, yields

∥z(f )(·)∥2,Ik ≤ ψ(T )∥v(·)∥∞,Ik

with ψ(T ) defined as in (22). As a consequence, a sufficient
condition for (32) to hold is that
ωmin(T ) |w(kT )| − ψ(T )∥v(·)∥∞,Ik ≥ ψ(T )∥v(·)∥∞,Ik

which can be rewritten as (21). �

Proof of Theorem 2. Let th, σh, and kh be defined as in the proof
of Theorem 1. In each interval [th, (kh + 1)T ), the estimate of the
system mode is not reliable and the closed-loop dynamics takes
the form

ẇ(t) = Acl
σh/σ̂ (t)

w(t)+ ṽ(t) (34)

with ṽ(t) = Bcl
σh/σ̂ (t)

v(t) and Acl
σh/σ̂ (t)

possibly unstable due to the
fact that σ̂ (t) is in general different from σh. On the other hand, for
t ∈ [(kh + 1)T , th+1), the estimate σ̂ (t) becomes reliable in the
sense of Lemma 6. In order to exploit this property, it is convenient
to rewrite the closed loop dynamics in the interval [(kh+1)T , th+1)
as

ẇ(t) = Acl
σh/σh

w(t)+ ṽ(t) (35)

where the signal

ṽ(t) =


Acl
σh/σ̂ (t)

− Acl
σh/σh


w(t)+ Bcl

σh/σ̂ (t)
v(t)

accounts for both the exogenous disturbances and the possible
mismatch between σ̂ (t) and σh.

Notice now that the two Eqs. (34) and (35) describe a switched
system with exogenous input ṽ(t) and state transition matrix
Φ̃(τ , t0) that, for any τ ∈ [t0, t), can be upper bounded as

∥Φ̃(τ , t0)∥ ≤ β e−α (τ−t0)

with α and β the same as in Theorem 1 (this can be shown along
the lines of the proof of Theorem 1).

Given thatw(t) can be written as

w(t) = Φ̃(t, t0)w(t0)+

 t

t0
Φ̃(t, τ )ṽ(τ )dτ ,

when inequality (15) holds it is immediate to derive the upper
bound

|w(t)| ≤ β θ e−α (τ−t0)|w(t0)| +
β θ

α
∥ṽ(·)∥∞,[t0,t].

Then, in order to complete the proof, it is sufficient to derive an
upper bound on ∥ṽ(·)∥∞,[t0,t].

To this end, notice that ṽ(t) can differ from Bcl
σh/σ̂ (t)

v(t) only in
all those intervals Ik with k = kh + 1, . . . , kh+1 for which σ̂k ≠ σh.
However, in view of Lemma 6, this can happen only when
|w((k − 1)T )| ≤
2ψ(T ) ∥v(·)∥∞,[t0,t]

√
ωmin(T )

. (36)

Thus, in such intervals, σ̂k ≠ σh implies that the statew((k − 1)T )
can be upper bounded as in (36) and, therefore, that in this case for
the statew(t), t ∈ Ik the following inequality holds

|w(t)| ≤ θe2 ρ T
|w((k − 1)T )| +

θ κB

ρ
(e2 ρ T

− 1) ∥v(·)∥∞,[t0,t]

≤


2 θ ψ(T )
√
ωmin(T )

e2 ρ T
+
θ κB

ρ
(e2 ρ T

− 1)


∥v(·)∥∞,[t0,t].

This, in turn, implies

∥ṽ(·)∥∞,[t0,t] ≤


κB +

4 θ ψ(T ) κA
√
ωmin(T )

e2 ρ T

+
2 θ κA κB
ρ

(e2 ρ T
− 1)


∥v(·)∥∞,[t0,t]. �

Appendix B. Relaxations

In this section, it is discussedhow theobservability requirement
onbothplant and controller can be relaxed. Notice that the stability
analysis for detectable plants can be carried over to the noisy-case
with straightforward reasonings. On the other hand, the effect of
controller unobservable dynamics in the presence of disturbances
deserves further investigations. In order to avoid cumbersome
notations and without loss of generality, the two relaxations are
treated separately.

Stability for detectable plants. Let us first address the case where
some of the plant modes Pi are not completely observable but
detectable. Then, as well known, through a suitable change of
variables it is possible to decompose the dynamics of Pi with
respect to its observability from y by considering a nonsingular
matrix Ti such that

T−1
i AiT i

=


Ai,o 0
Ai,m Ai,ō


, CiTi =


Ci,o 0


,

(T i)−1Bi =


Bi,o
Bi,ō


with (Ai,o, Ci,o) completely observable and Ai,ō stable. In the
novel coordinates, the state vector can be written as T−1

i x =

col

xi,o, xi,ō


where xi,o is the state of the observable subsystem

ẋi,o = Ai,o xi,o + Bi,o u (37)

y = Ci,o xi,o. (38)

Notice that, in this case, the input–output representation (5)
accounts only for the observable subsystem (37)–(38). As already
pointed out, since the plant is not completely observable, it is not
possible to achieve mode observability of the feedback system.
However, in place of assumptionA2, one can consider the following
weaker assumption.

A2′. The controllers are designed so that the rank condition (7) of
Lemma 2 is satisfied for any pair i, i′ ∈ N and any j ∈ N .

This amounts to assuming that distinguishability of two plant
modes i, i′ ∈ N holds at least for the observable part of the
feedback system.

Now, exploiting the above-defined change of variables, it is
possible to redefine the feedback system (3) as

w(t) ,

xi,ō(t)
xi,o(t)
q(t)


,
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Acl
i/j ,

Ai,ō Ai,m Bi,ōHj
0 Ai,o + Bi,o Kj Ci,o Bi,o Hj
0 Gj Ci,o Fj


,

C cl
i/j ,


0 Kj Ci,o Hj
0 Ci,o 0


, i, j ∈ N .

While Lemma 5 is no longer valid, it is not difficult to show that,
under assumption A2′, when the plant mode is constant on Ik, i.e.,

σ(t) = σk, ∀t ∈ Ik

the minimum distance criterion (11) leads to a correct estimation
of the plant mode, i.e., σ̂k+1 = σk, provided that the observable
part of the state col


xσk,o(kT ), q(kT )


is different from 0. Then, in

such intervals, an error in the estimation of the plant mode can
occur only when the state at time kT takes the form w(kT ) =

col

xσk,ō(kT ), 0, 0


for some xσk,ō(kT ). Supposing now that the

plant mode is equal to σk also in the interval Ik+1, it turns out that
σ̂k+1 ≠ σk implies that w(t) = col


xσk,ō(t), 0, 0


, t ∈ Ik. Since,

for such states, we have

Acl
σk/jw(t) = col


Ai,ō, xσk,ō(t), 0, 0


, ∀j ∈ N ,

we can conclude that, irrespective ofwhich controllerCj is inserted
in the loop, the state trajectory on Ik+1 would be the very same as
if the correct controller Cσk were active. This, in turn, implies that
the stability result of Corollary 2 can still be derived.

Stability for detectable controllers. Consider now the case where
some of the controller modes Cj are not completely observable
but detectable. Again, one can decompose the dynamics of Cj with
respect to its observability from u through a suitable nonsingular
matrix Tj, so that the controller state can be written as T−1

j q =

col

qj,o, qj,ō


where qj,o is the state of the observable subsystem. As

before, we consider an input–output representation (6) accounting
for the observable dynamics of the controller and suppose that
assumption A2′ holds in place of A2.

Then, it is not difficult to show that, under assumption A2′,
when the plant mode is constant on Ik, i.e.,

σ(t) = σh, ∀t ∈ Ik

the minimum distance criterion (11) leads to a correct estimation
of the plantmode, i.e., σ̂k+1 = σh, provided that the observable part
of the state col


x(kT ), qσ̂k,o(kT )


is different from 0. Then, in such

intervals, an error in the estimation of the plant mode can occur
only when x(kT ) = 0 and qσ̂k,o(kT ) = 0. This, in turn, implies
that in such intervals the feedback loop (Pσh/Cσ̂k) behaves like
(Pσ̂k/Cσ̂k) and, thus, exhibits an exponential decrease.

Suppose now that the plant mode is constant and equal to σh
over an interval [th, tH) and let th − tH ≥ 2T (as discussed in
the proof of Theorem 1 this is the only relevant case for stability).
Further, let kh denote the least integer such that kh T ≥ th. Clearly,
at time kh T there are two possibilities: (i) x(kh T ) and qσ̂kh ,o(kh T )
are both null; (ii) at least one between x(kh T ) and qσ̂kh ,o(kh T ) is
different from 0. In the latter case, the correct controller Cσh is
switched on at time (kh + 1) T and never switched off until kH T .
Then everything goes as in the proof of Theorem 1. In case (i), in
view of the foregoing considerations and of the adopted switching
logic, we have that Cσ̂kh is never switched off until kH T , with
(Pσh/Cσ̂kh ) behaving like (Pσ̂kh

/Cσ̂kh ) so that

∥Φ(tH , kh T )w(kh T )∥ ≤ µ e−λ(tH−kh T )
∥w(kh T )∥.

The latter inequality implies that the stability result of Corollary 2
can still be derived.
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