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Motivations and Preliminaries

In this chapter, we study probabilistic and randomized methods for analysis and design
of uncertain systems. This area is fairly recent, see [10, 11], even though its roots lie in
the robustness techniques for handling complex control systems developed in the 1980s.
In contrast to these previous deterministic techniques, the main feature of these methods
is the use of probabilistic concepts. One of the goals of this methodology is to provide a
rapprochement between the classical stochastic and robust paradigms, combining worstcase bounds with probabilistic information, thus potentially reducing the conservatism
inherent in the worst-case design. In this way, the control engineer gains additional insight
that may help bridging the gap between theory and applications.
We consider an uncertain system affected by parametric uncertainty
q = [q1 · · · q` ]>
which is bounded in an hyperrectangle of radius ρ ∈ [0, 1] centered at the nominal value q̄
ª
. ©
Qρ = q ∈ R` : qi ∈ [(1 − ρ) q̄i , (1 + ρ) q̄i ], i = 1, . . . , ` .
Henceforth, the objective is to design controller parameters θ in the presence of uncertain
constraints of the form f (θ, q) ≤ 0; in Section 2 we provide a specific example of function f .
The algorithms derived in this probabilistic context are based on uncertainty randomization and are usually called randomized algorithms. That is, assuming that q is a random
vector with given probability measure Pr, a controller is constructed utilizing a number of
random samples q (i) of q. These algorithms provide controller parameters θ which probabilistically satisfy the system constraint f (θ, q) ≤ 0. In other words, a certain probability
of violation V (θ, q) is associated to the controller θ, but this probability may be suitably
bounded by given (probabilistic) accuracy ² ∈ (0, 1) and confidence δ ∈ (0, 1). The results
presented in the literature for solving probabilistic design of uncertain systems can be divided into two main categories consisting of sequential and non-sequential methods, which
are now described more precisely.
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Sequential methods, see Section 3, generally build upon a convexity assumption regarding how the parameters θ enter into the function f (θ, q). The resulting algorithms are
based on a probabilistic oracle and subsequent update rule. Various update rules have been
derived, including gradient [3, 26, 9], ellipsoid [7] and cutting plane [4]. In this context,
finite-time probabilistic properties have been obtained providing bounds on the maximum
number of required iterations to guarantee a termination criterion with given probabilistic
accuracy and confidence. Design of robust LQ regulators, synthesis of linear parameter
varying (LPV) systems and solution of uncertain linear matrix inequalities (LMIs) are
successful examples of the efficacy of these methods.
Non-sequential methods, see Sections 4 and 5, are mainly based upon statistical learning
theory, see [13] for further details. From the control design point of view, the objective is to
derive sample size bounds which guarantee uniform convergence properties for feasibility or
optimization problems. The methods developed are very general and are not based on any
convexity assumption. We present an algorithm which requires a one-shot (local) solution
of an optimization problem subject to randomized constraints, whose number is dictated
by the sample complexity previously obtained.
In the particular case of convex optimization with non-sequential methods, see Section 4, a successful paradigm has been introduced in [1]. In this approach, the original
robust control problem is reformulated in terms of a single convex optimization problem
with sampled constraints which are randomly generated. The main result of this line of
research is to determine the sample complexity without resorting to statistical learning
methods.
Once a probabilistic controller has been obtained either with sequential or non-sequential
methods, the control engineer should perform an a-posteriori analysis, both deterministic
and probabilistic, see Section 6. In particular, regarding the former analysis, standard
robustness methods can be used. Regarding the latter, in a classical Monte Carlo setting,
we can establish the sample complexity for analysis so that the probability of violation
is estimated with given accuracy and confidence. The probabilistic margin obtained with
this approach is larger than that computed with deterministic methods at the expense of
a “small” probability of violation.
To better illustrate these concepts, we resort to a motivating example, that will be
revisited in various forms in this chapter.
Example [Design of a lateral motion controller for an aircraft]. We consider a multivariable example given in [11] (see also [18] for a slightly different model and set of data)
which studies the design of a controller for the lateral motion of an aircraft. The state space
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equation consists of four states and two inputs and is given by
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where x1 is the bank angle, x2 its derivative, x3 is the sideslip angle, x4 the yaw rate, u1
the rudder deflection and u2 the aileron deflection.
We consider the case when the thirteen aircraft parameters entering into the state and
input matrices of equation (1) are uncertain. Hence, we consider the system
ẋ(t) = A(q)x(t) + B(q)u(t),
where we introduced the uncertainty vector q = [q1 · · · q` ]> with ` = 13. In particular, we
consider the case when each parameter qi is perturbed by a relative uncertainty equal to
10% around its nominal value q̄i , as reported in Table 1.
q
q̄

Lp
Lβ
-2.93 -4.75

Lr
0.78

g/V
0.086

Yβ
-0.11

Nβ̇
0.1

Np
Nβ
-0.042 2.601

Nr
-0.29

Lδa
-3.91

Yδ r
0.035

Nδr
-2.5335

Nδa
0.31

Table 1: Uncertain parameters and nominal values
Formally, the vector q is assumed to range in the hyperrectangle centered at the nominal
value q̄, i.e.
©
ª
Qρ = q ∈ R` : qi ∈ [0.9 q̄i , 1.1 q̄i ], i = 1, . . . , ` .
(2)
We are interested in designing a state feedback controller u = Kx that robustly stabilizes the system guaranteeing a desired decay rate α > 0, which is equivalent to having all
closed-loop eigenvalues with real part smaller than −α. A sufficient condition (see, e.g.,
[22]) for the existence of such a controller requires finding a symmetric positive definite
matrix P ∈ R4,4 , and a matrix W ∈ R4,2 such that the following quadratic performance
criterion is satisfied for all values of q ∈ Qρ ,
.
ΦQP (W, P, q) = A(q)P + P A> (q) + B(q)W > + W B > (q) + 2αP ¹ 0
(3)
where the symbols Â and ≺ (º and ¹) denote positive and negative definite (semidefinite)
matrices. Further, if we find common P Â 0 and W that simultaneously satisfy the linear
matrix inequality in (3) for all q ∈ Qρ , then a control gain K robustly guaranteeing the
desired decay rate can be recovered as K = W > P −1 . This approach has strong connections
with classical optimal control, and in particular guaranteed-cost regulator design, see [18]
and [11] for further details.
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It should be noticed that in many practical situations the requirement that (3) is satisfied for all possible values of q may be too strict and may result in an overly conservative
design. Suppose further that additional information on q is available, namely q has probabilistic nature, that is it is a random vector distributed according to a probability measure
Pr. In this case, it is reasonable to look for a design that guarantees that the closed-loop
system behaves as desired with a given “high” probability. More precisely, fixing a-priori
a (small) probability level ² ∈ (0, 1), we look for P Â 0, W that satisfies the probability
constraint
Pr {q ∈ Qρ : ΦQP (P, W, q) ¹ 0} ≥ 1 − ².
Notice also that, if we introduce the function
f (P, W, q) = λmax (ΦQP (P, W, q)) ,
where λmax (·) denotes the largest eigenvalue of its argument, then we may rewrite a probabilistic problem as that of finding P Â 0, W such that
Pr {q ∈ Qρ : f (P, W, q) ≤ 0} ≥ 1 − ².

(4)

Computing a solution that satisfies (4) amounts to solving a so-called chance-constrained
semidefinite feasibility problem: a non-convex and very hard problem in general.
?

2

Probabilistic Design

The design techniques developed in the probabilistic framework are based on the interplay
of random sampling in the uncertainty space and deterministic optimization in the design
parameter space. Formally, let θ ∈ Rnθ denote the vector of design variables. For instance,
returning to the previous motivating example, we choose θ to represent the free parameters
of the symmetric matrix P and the full matrix W , so that nθ = 18. Then, define a
performance function that takes into account all the design and performance constraints
related to the system with design parameters θ. These are rewritten in the form of the
following (uncertain) inequality
f (θ, q) = f (P, W, q) ≤ 0,

(5)

where f (θ, q) : Qρ × Rnθ → R is a scalar-valued function. The design vector θ such that
the inequality (5) is satisfied “for most” (in a probabilistic sense) of the outcomes of q is
called a probabilistic robust design. More specifically, define the probability of violation of
the design θ as
.
V (θ) = Pr {q ∈ Qρ : f (θ, q) > 0}
then, an ²-probabilistic robust design is a design guaranteeing
V (θ) < ².
4

Equivalently, we define the probability of performance, or shortly reliability, of the design
θ as
R(θ) = 1 − V (θ) = Pr {q ∈ Qρ : f (θ, q) ≤ 0} .
In other words, we say that a design is reliable if it guarantees a probability of performance
of at least (1−²). Most of the results presented in the literature for solving the probabilistic
design problem have been derived under the assumption that the function f (θ, q) is convex
in θ for all q ∈ Qρ . This assumption, which will be used in Sections 3 and 4, is now formally
stated.
Convexity Assumption The function f (θ, q) is convex in θ for any fixed value of q ∈ Qρ .
A standard example of a convex function f arises when considering performance requirements expressed by LMI conditions, as in the case of the motivating example. In
detail, consider robust feasibility of uncertain problems expressed in the form
Find θ such that F (θ, q) ¹ 0 ∀q ∈ Qρ ,
where the constraint F (θ, q) ¹ 0 is an LMI in θ for fixed q, that is
F (θ, q) = F0 (q) +

nθ
X

θi Fi (q),

(6)

i=1

and Fi (q), i = 0, . . . , nθ , are symmetric real matrices of appropriate dimensions which
depend in a generic and possibly nonlinear way on the uncertainty q ∈ Qρ . Then, to
rewrite this problem in the scalar-function framework, we simply set
.
f (θ, q) = λmax (F (θ, q)).
Finally, we remark that considering scalar-valued constraint functions is without loss
of generality, since multiple constraints
f1 (θ, q) ≤ 0, . . . , fnf (θ, q) ≤ 0
can be immediately reduced to a single scalar-valued constraint by setting
f (θ, q) = max fi (θ, q).
i=1,...,nf

The randomized algorithms discussed in this chapter provide a numerically viable way
to compute approximate probabilistic solutions for the problems previously described.

3

Sequential Methods for Design

In this section, we present randomized sequential methods for finding a probabilistic feasible
solution θ to the uncertain inequality
f (θ, q) ≤ 0
5

(7)

introduced in the previous section, under the Convexity Assumption. To this end, we first
state the following formal definition.
Definition 1 (r-feasibility) For given r > 0, we say that the inequality (7) is r-feasible
if the solution set
S = {θ ∈ Rnθ : f (θ, q) ≤ 0, ∀q ∈ Qρ }
contains a full-dimensional ball of radius r.
The algorithms presented in the literature for finding a probabilistic feasible solution
(i.e. a solution that lies in S with high probability) are based on two fundamental ingredients: i) an Oracle, which should check probabilistic feasibility of a candidate solution,
and ii) an Update Rule which exploits the convexity of the problem for constructing a new
candidate solution based on the Oracle outcome. All the available algorithms can hence
be recast in the form of the following meta-algorithm.
1. Initialization Set k = 0 and choose an initial candidate solution θ0 .
2. Oracle Invoke the Oracle with θk . The Oracle returns true if θk is a probabilistic
robust design. In this case, Exit returning θseq = θk . Otherwise, the Oracle returns
false, together with a violation certificate qk , that is a realization of the uncertainty
q such that f (θk , qk ) > 0.
3. Update Construct the new candidate solution θk+1 based on θk and on the violation
certificate qk .
4. Outer iteration Set k = k + 1 and Goto 2.
In the next sections, we describe in detail the two basic components of the previous
algorithm: the Oracle and the Update Rule.

3.1

Probabilistic Oracle

The Oracle constitutes the randomized part of the algorithm, and its role is to decide on
the probabilistic feasibility of the current solution. This decision is made based on random
samples of the uncertainty. More precisely, a number Nk of independently identically
distributed (i.i.d) uncertainty samples
q (1) , . . . , q (Nk ) ∈ Qρ
are drawn according to the underlying distribution Pr, and the candidate design θk is
deemed probabilistically robust if
f (θk , q (i) ) ≤ 0,

i = 1, 2, . . . , Nk .

This leads to the following simple randomized scheme.
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Algorithm 1 Oracle
Input: θk , Nk
Output: eps feas (true/false) and violation certificate qk
for i = 0 to Nk do
draw a random sample q (i)
Randomized test
if f (q (i) , θk ) > 0 then
set qk = q (i) , feas=false
exit and return qk
end if
end for
set feas=true

Notice that at step k the feasibility of the candidate solution θk is verified with respect
to a number of samples Nk . If the test is passed, the solution is deemed feasible; otherwise,
the uncertainty value qk for which the randomized test failed is returned as a violation
certificate. The sample size Nk depends on k, and has to be chosen to guarantee the
desired probabilistic properties of the solution. Before discussing this issue in Section 3.3,
we concentrate our attention on the outer loop of the algorithm, and show how one can
update the current solution if the Oracle establishes its unfeasibility.

3.2

Update Rules

Various update rules have been proposed in the literature on randomized algorithms. For
clarity of presentation, we discuss in detail only the simplest one, which is based on a
(sub)gradient descent technique. In this approach, it is assumed that a subgradient ∂k (θ)
of the function f (θ, q) at the violation certificate qk is computable. In the case when f (θ, qk )
is differentiable at θ, then ∂k (θ) is simply the gradient of f , i.e.
∂k (θ) = ∇θ f (θ, qk ).
Then, the Update Rule consists of a classical gradient descent step. This is summarized in
Algorithm 2. The main distinguishing feature of the method lies in the particular choice
of the stepsize ηk , which is given by

 f (θk , δk )
+ r if ∂k (θk ) 6= 0,
(8)
ηk =
k∂k (θk )k

0
otherwise,
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where r is a positive parameter.
Algorithm 2 UpdateRule (gradient method)
Input: θk , qk
Output: θk+1
compute the subgradient ∂k (θ) of f (θ, qk ).
compute the
 stepsize ηk according to (8).
∂k (θk )

θk − ηk
if ∂k (θk ) 6= 0
set θk+1 =
k∂k (θk )k

θk
otherwise.
Remark 1 (Subgradient for LMIs) Notice that, in the case of the LMI defined in (6),
a subgradient of the function f (θ, qk ) = λmax (F (θ, qk )) at θ = θk is readily computable as
∂k (θk ) =

£

ξ max > F1 (qk )ξ max · · ·

ξ max > Fnθ (qk )ξ max

¤>

,

where ξ max is a unit norm eigenvector associated with the largest eigenvalue of F (θk , qk ).
The specific choice of stepsize in (8), and in particular the selection of the parameter r,
has the purpose of guaranteeing finite-time convergence, by imposing a termination condition to the sequential algorithm when the oracle cannot find any probabilistic solution.
Notice in fact that, in this situation, the meta-algorithm introduced in the previous section
would run indefinitely. In the next section, we show how to avoid this behavior, by imposing a finite termination condition to the algorithm. Then, we analyze the probabilistic
properties of the ensuing randomized algorithm.

3.3

Probabilistic Properties

Let us first define the quantity

»

N outer

¼
R2
=
,
r2

(9)

where R is the distance of the initial solution θ0 from the center of a ball of radius r
contained in the solution set S.
To study the probabilistic properties of the iterative scheme discussed in this section,
we fix desired probabilistic levels ², δ ∈ (0, 1) and assume that at step k the Oracle is
invoked with the sample size which has been derived in [8]
'
&
2
2
log π (k+1)
6δ
.
(10)
Nk ≥ N oracle (², δ, k) =
1
log 1−²
With these positions, the meta-algorithm can be formally rewritten as follows.
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Algorithm 3 SequentialDesign
Input: ², δ ∈ (0, 1), N outer
Output: θseq
Initialization
choose θ0 ∈ Rnθ , set k = 0 and feas=false
Outer iteration
while feas=false and k < N outer do
determine the sample size Nk according to (10)
Oracle
(eps feas, qk ) = Oracle(θk , Nk )
Update
if feas=false then
update θk+1 = UpdateRule(θk )
else
set θseq = θk
end if
set k = k + 1
end while
The probabilistic properties of Algorithm 3 are formally stated in the next theorem.
Theorem 1 (Probabilistic properties) Let the Convexity Assumption hold and let ², δ ∈
(0, 1) be given probability levels. Then, the following statements hold:
1. The probability that Algorithm 3 terminates at some outer iteration k < N outer and
returns θseq such that V (θseq ) > ² is less than δ.
2. If Algorithm 3 reaches the outer iteration N outer , then the problem is not r-feasible.
The case 1. corresponds to a successful exit of the algorithm: the algorithm returned,
with high probability, a probabilistic robust design θseq . Case 2. represents instead an
unsuccessful exit: no solution has been found. In this situation, however, we have a
certificate qk which shows that the original problem is not r-feasible. We remark that, to
determine N outer , the quantities r and R have to be available. In particular, r can be chosen
to represent the desired level of r-feasibility, according to Definition 1. The radius R in
(9) can be instead replaced by an appropriate upper bound which can be easily estimated
a-priori.
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We also remark that the sample size Nk provided in (10) is independent of the number
of uncertain and design parameters. This represents one of the key features of randomized
algorithms: in general, the number of required computations is independent of the problem
dimension, and therefore these algorithms are are polynomial-time. For this reason, they
are said to break the curse of dimensionality at the expense of a probability of violation,
see [11].

3.4

Advanced Techniques

The update rule discussed in the previous section is one of the simplest methods that
are currently available. More sophisticated techniques that still guarantee probabilistic
properties of the ensuing solution can be developed. With these techniques improved
convergence rates are provided.
In particular, different techniques have been proposed falling in the class of the so-called
localization methods. In these methods, the update rule is based on the computation, at
each step k, of a center of a suitably defined localization set Lk . The set Lk is guaranteed to
contain the feasible set S, that is S ⊆ Lk . The set Lk is constructed based on the violation
certificate qk returned by the Oracle. The point qk is used to construct a separating
.
hyperplane hk = {ξ ∈ Rnθ : a>
k ξ = bk } having the property that
a>
k θ k ≥ bk

and a>
k θ ≤ bk ,

∀θ ∈ S.

The separating hyperplane hk indicates that the half-space {θ : a>
k θ > bk } cannot contain
a feasible point and can therefore be eliminated (cut) in subsequent steps of the algorithm.
In this case, we know that S ⊆ Lk ∩ Hk , where
.
Hk = {θ : a>
k θ ≤ bk }
and the algorithm constructs an updated localization set Lk+1 such that
Lk+1 ⊇ Lk ∩ Hk .
A new query point θk+1 ∈ Lk+1 is then computed, and the process is repeated. This is
summarized in the following scheme.
Algorithm 4 UpdateRule (localization methods)
Input: θk , qk
Output: θk+1
compute the subgradient ∂k (θ) of f (θ, qk )
construct the half-space Hk based on the subgradient
update the localization set Lk+1 ⊇ Lk ∩ Hk
return θk+1 = Center(Lk )
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Different methods descend from different choices of the shape and description of the
localization set. In particular, in probabilistic cutting plane methods, the localization set
is a polytope, and the candidate solution θk+1 is a center of this polytope (usually, the
analytic center). In the probabilistic ellipsoid algorithm, the localization set is instead an
ellipsoid and the candidate solution is the ellipsoid center.
It should be noted that Theorem 1 still holds also for the update rules introduced in this
section, provided that N outer is properly chosen. In particular, for the ellipsoid methods
√
N outer grows as O(n2θ log( nθ R/r)), while for the best-known cutting-plane method it is
of the order of O(nθ log2 (R/r)), where in the first case R represents the radius of a ball
and in the second case the radius of a cube, both inscribing the set S, and r is the desired
r-feasibility level.
Example [Probabilistic Sequential Design]. To show how the sequential algorithm presented in this section can be applied to a specific design problem, we revisit the aircraft
lateral motion design example. In particular, we set α = 0.5 and seek a probabilistic
feasible solution θ = {P, W } to the uncertain LMIs
P º βI,
A(q)P + P A (q) + B(q)W + W B (q) + 2αP ¹ 0
>

>

>

(11)
(12)

where the uncertainty q is assumed to vary in the set Qρ defined in (2) and β = 0.01.
We apply the algorithm SequentialDesign with ellipsoid update rule, and probability
levels ² = 0.01, δ = 10−6 . With this setting, the algorithm is guaranteed to return (with
99.9999% probability) a solution P , W such that (11)-(12) hold with 99% probability.
The algorithm was run with initial candidate solution θ0 set to zero, and terminated
after k = 28 outer iterations returning the solution


0.3075 −0.3164 −0.0973 −0.0188
 −0.3164
0.5822 −0.0703 −0.0993 
,
P seq = 
(13)
 −0.0973 −0.0703
0.2277
0.2661 
−0.0188 −0.0993
0.2661
0.7100


−0.0191
0.2733
 −0.0920
0.4325 

W seq = 
(14)
 0.0803 −0.3821  .
0.4496 −0.2032
This solution was deemed probabilistically feasible by the Oracle after checking (11)-(12)
for Nk = 2, 089 uncertainty samples. Then, the probabilistic controller is constructed as
·
¸
−2.9781 −1.9139 −3.2831
1.5169
K seq =
.
7.3922
5.1010
4.1401 −0.9284
Further properties of this controller (worst-case and probabilistic) are studied in Section 6.
?
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4

Scenario Approach to Optimization Problems

The sequential methods presented in the previous sections have been developed for feasibility problems. In this section, we present a non-sequential (batch) method for addressing in
a probabilistic setting uncertain convex optimization problems, i.e. optimization programs
of the form
min
c> θ subject to f (θ, q) ≤ 0, for all q ∈ Qρ .
(15)
n
θ∈R

θ

A probabilistic solution to this problem is found by replacing the semi-infinite set of constraints f (θ, q) ≤ 0 (one for every possible value of q ∈ Qρ ) with a finite number N of
constraints f (θ, q (i) ) ≤ 0, i = 1, . . . , N , one for each random sample q (i) . This approach is
summarized in the next algorithm.
Algorithm 5 ScenarioDesign
Input: ², δ, nθ
Output: θscen
compute the sample size N ≥ N scen (², δ, nθ ) as in (18)
draw N i.i.d. samples q (1) , . . . , q (N )
Scenario Problem
solve the convex optimization problem
c> θ subject to f (θ, q (i) ) ≤ 0, i = 1, . . . , N
θscen = arg min
n
θ∈R

θ

(16)

To analyze the properties of the proposed algorithm, we consider for simplicity the case
when the scenario problem (16) admits a feasible solution θscen and that this solution is
unique1 . We state here a result that was originally presented in [1].
Theorem 2 (Convex scenario design) Let the Convexity Assumption hold. Suppose
that N > nθ , and ², δ ∈ (0, 1) satisfy the inequality
µ ¶
N
(17)
(1 − ²)N −nθ ≤ δ,
nθ
then the probability that V (θscen ) > ² is at most δ.
1

Notice that, if the scenario problem (16) is unfeasible, then clearly also the original robust convex
program (15) is unfeasible. The assumption on uniqueness of the solution can be relaxed in most cases, as
shown in Appendix A of [1].
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The bound in (17) provides an implicit relation between N , ², δ and nθ . This relation can
be made explicit to derive the sample complexity of the scenario approach. We now state a
bound derived in [14], proving that the sample complexity is proportional to 1/² for fixed
δ. In particular, it was shown that, for given ², δ ∈ (0, 1), (17) holds if
»
¼
1
2nθ
. 2
N ≥ N scen (², δ, nθ ) =
ln
+ 2nθ +
ln 4 .
(18)
²
2δ
²
Example [Scenario design]. To exemplify the sample complexity involved in a scenario
design, we consider the problem of determining a probabilistic solution θ = {P, W } of the
optimization problem
min Tr P subject to (11) − (12)
P,W

where Tr denotes the trace of a matrix.
In this case, if we set as previously ² = 0.01, δ = 10−6 , applying the bound (18) with
nθ = 18, we obtain N scen = 7, 652. This means that we have to solve an optimization
problem with 7, 652 LMI constraints and 18 design variables. Then, Algorithm 5 returned
the solution


0.1445 −0.0728
0.0035
0.0085
 −0.0728
0.2192 −0.0078 −0.0174 
,
P scen = 
 0.0035 −0.0078
0.1375
0.0604 
0.0085 −0.0174
0.0604
0.1975


0.0109
0.0908
 7.2929
3.4846 

W scen = 
 0.0439 −0.0565  .
0.6087 −3.9182
Then, a probabilistic controller is constructed as
¸
·
20.0816 40.3852 −0.4946
5.9234
.
K scen =
10.7941 18.1058
9.8937 −21.7363
?
In the next section, we consider the more general case when the function f (θ, q) may
be nonconvex in θ.

5

Learning Approach to Nonconvex Optimization

A non-sequential probabilistic approach for nonconvex control design is based upon statistical learning theory, see [13] for further details. One of the objectives of this theory is to
derive uniform convergence laws. Hence, from the control point of view, the main utility
of statistical learning is to derive convergence results and compute the sample complexity
which hold uniformly for all controller parameters θ. In turn, this leads to a powerful
13

methodology for control synthesis which is not based upon a convexity assumption on the
controller parameters. The obtained sample complexity bounds are significantly larger
than those derived in the convex case, even though the structure of the bounds show various similarities. We also remark that the setting of statistical learning may be seen as a
major extension of the classical Monte Carlo approach which is useful only in the context
of a-posteriori analysis (see Section 6) where the controller parameters are fixed.
To treat the problem in full generality, we consider the following optimization problem
min J(θ) subject to g(θ, q) = 0, for all q ∈ Qρ

θ∈Rnθ

(19)

where the cost function J : Rnθ → R and the binary function g : Rnθ × Qρ → {0, 1} may
be nonconvex. Notice that constraints of the form (5) may be recast in this framework by
setting
g(θ, q) = I(f (θ, q) > 0),
where the indicator function I(·) is one if the clause is true and zero otherwise. We consider
here only the case when the binary function g(θ, q) can be written as a Boolean polynomial
expression on the decision variable θ, as now formally stated.
Definition 2 ((γ, m)-Boolean function) The function g : Rnθ ×Qρ → {0, 1} is a (γ, m)Boolean if, for fixed q, it can be written as a Boolean expression consisting of Boolean
operators involving m polynomials
β1 (θ), . . . , βm (θ)
in the variables θi , i = 1, . . . , nθ , and the degree with respect to θi of all these polynomials
is no larger than γ > 0.
A probabilistic approximate solution to problem (19) may be found by means of the
following algorithm, which has a similar structure of Algorithm 5
Algorithm 6 NonConvex
Input: ², δ, nθ
Output: θncon
compute the sample size N ≥ N ncon (², δ, nθ ) as in (21)
draw N i.i.d. samples q (1) , . . . , q (N )
Nonconvex Scenario Problem
solve the nonconvex optimization problem
θncon = arg min
J(θ) subject to g(θ, q (i) ) = 0, i = 1, . . . , N
n
θ∈R

θ

14

(20)

Notice that (20) requires in general the solution of a nonconvex optimization problem.
This usually leads only to a local minimum. However, the following theorem, stated in
[14], guarantees that this minimum is ²-feasible.
Theorem 3 (Nonconvex learning-based design) Let g(θ, q) be (γ, m)-Boolean. Given
² ∈ (0, 0.14) and δ ∈ (0, 1), if
»
µ
¶¶¼
µ
21.64
8eγm
. 4.1
N ≥ N ncon (², δ, nθ ) =
ln
,
(21)
+ 4.39nθ log2
²
δ
²
where e is the Euler number, then the probability that V (θncon ) > ² is less than δ.
Example [Nonconvex learning-based design]. In contrast with the previous examples which
considered quadratic stability, we aim here at designing a controller K that minimizes (in
probability) the decay rate α of Hurwitz stability. Moreover, as in [18], we want to impose
a saturation constraint on the entries of the gain matrix K. That is, we aim at solving the
following nonconvex optimization problem
min (−α)
α,K

subject to
A(q) + B(q)K + αI is Hurwitz for all q ∈ Qρ
−K̄i,j ≤ Ki,j ≤ K̄i,j , i = 1, 2, j = 1, 2, 3, 4

where

·
K̄ =

5 0.5 5 5
5 2
20 1

(22)
(23)

¸
.

To use the framework developed in this section, we set the design parameters to θ = {α, K}.
Then, we notice that checking the constraint in (22) can be performed using the classical
Hurwitz test, which requires strict positivity of all the Hurwitz determinants Hi (θ, q),
i = 1, . . . , n. That is, (22) is equivalent to the Boolean condition
.
BH (θ, q) = {H1 (θ, q) > 0} ∧ · · · ∧ {Hns (θ, q) > 0},
where the symbol ∧ stands for “and”. Notice now that Hi (θ, q) are ns polynomials in θ,
where ns = 4 is the dimension of the state matrix, whose degree is at most γi = i(i + 1)/2,
see [12] for additional details. Hence, BH (θ, q) is (γ, ns )-Boolean, with
γ = max γi = ns (ns + 1)/2 = 10.
i=1,...,ns

Additionally, constraint (23) is immediately rewritten as the Boolean condition
.
BK (θ) = {K1,1 ≥ −K̄1,1 } ∧ {K1,1 ≤ K̄1,1 } ∧ · · · ∧ {K2,4 ≥ −K̄2,4 } ∧ {K2,4 ≤ K̄2,4 }
which is (1, 16)-Boolean. Hence, the binary function
½
0 if BH (θ, q) ∧ BK (θ),
.
g(θ, q) =
1 otherwise
15

is (10, 20)-Boolean. Then, we let ² = 0.01 and δ = 10−6 , and, noticing that nθ = 9, γ = 10,
m = 20, we apply Theorem 3 obtaining N ncon (², δ, nθ ) = 310, 341. A (local) solution
of the ensuing nonconvex scenario problem (20) was computed by means of a numerical
optimization method based on local linearization obtaining
αncon = 3.7285
·
¸
0.8622 0.2714 −5.0000 2.7269
K ncon =
.
5.0000 1.4299 3.9328 −1.0000
We notice that three gains in the matrix K ncon saturate to their extreme values.

6

?

A-Posteriori Performance Analysis

In this section, we study the performance of the probabilistic controller selected with the
sequential or non-sequential methods previously presented. Since the controller is fixed,
this amounts to solving a-posteriori deterministic and probabilistic analysis problems, as
discussed next.

6.1

Deterministic Analysis

For a fixed value of the design parameter θ, the deterministic, or worst-case, analysis
consists in computing the radius of deterministic performance ρwc , which is the largest
value of ρ ∈ [0, 1] for which the constraint
f (θ, q) ≤ 0
is robustly satisfied for all q in the set Qρ . Then, once this worst-case analysis is completed,
the objective is to perform a probabilistic analysis beyond the radius of deterministic
performance, i.e. for values of ρ ∈ [ρwc , 1].
Deterministic and probabilistic analysis are now illustrated more precisely for the example considered in this paper. First, we perform a worst-case analysis of the controller
θseq derived in Section 3.
Example [Deterministic analysis]. Notice that in the example under consideration the
entries of




0
0
0
1
0
0

 0

0
q10 
q1
q2
q3


,
B(q)
=
A(q) = 

 q4
q11
0 
0
q5
−1 
q12 + q6 q11 q13
q4 q6 q7 q8 + q5 q6 q9 − q6
depend multiaffinely2 on the uncertainty q. In this case, for fixed ρ, to detect quadratic
performance of an uncertain system affected by multiaffine uncertainty, it is well-known,
2
A function f : R` → R is said to be multiaffine if the following condition holds: If all components
q1 , . . . , q` except one are fixed, then f is affine. For example, f (q) = 3q1 q2 q3 −6q1 q3 +4q2 q3 +2q1 −2q2 +q3 −1
is multiaffine.

16

see, e.g., [20], that it suffices to check the simultaneous satisfaction of the uncertain constraint (3) at the vertices of the hyperrectangle Qρ . That is, for given P Â 0 and W , if the
inequality
ΦQP (P, W, v i ) = A(v i )P + P A> (v i ) + B(v i )W > + W B > (v i ) + 2αP ¹ 0

(24)

is satisfied for all vertices v i , i = 1, 2, . . . , 2` of the hyperrectangle Qρ , then the uncertain
constraint (3) is satisfied for all q ∈ Qρ .
Then, computing the radius ρwc amounts to solving a one-dimensional problem in the
variable ρ and, for each value of ρ, to verify if the inequality (24) is satisfied for all vertices
of Qρ . This problem can be solved, for example, using a bisection method, but for each
value of ρ an exponential number of vertices 2` should be considered.
Performing this worst-case analysis on the design P seq and W seq derived in (13)-(14),
we compute
ρwc ≈ 0.12.
We conclude that the controller derived for the aircraft model is robustly stable and attains
robust quadratic performance for all values of q ∈ Qρ , with ρ ∈ [0, ρwc ].
?

6.2

Probabilistic Analysis

In this case, the a-posteriori analysis consists of designing a Monte Carlo experiment which
is based on random extractions of uncertainty samples. The result of the experiment is to
return an estimated probability of satisfaction of the uncertain constraint under attention.
The probability provided by this randomized algorithm is within an a priori accuracy
² ∈ (0, 1) from the true probability, with confidence δ ∈ (0, 1). That is, the algorithm may
indeed fail to return an approximately correct estimate, but the probability of failure is at
most δ.
More precisely, let q ∈ Qρ represent the random uncertainty acting on the system.
Then, for a given value of the design parameter θ, we aim at providing an estimate R̂N of
the probability of performance
R(θ) = Pr {q ∈ Qρ : f (θ, q) ≤ 0}
using N i.i.d. samples q (i) , i = 1, 2, . . . , N of q ∈ Qρ . The estimate R̂N , called the empirical
probability, is given by
N
1 X
R̂N =
I[f (θ, q (i) ) ≤ 0]
N i=1
The sample complexity N is related to the accuracy and confidence and it can be determined using fairly classical large deviations inequalities. In particular, the so-called
Chernoff Bound [5] can be readily used to determine the number of required samples.
More precisely, given ², δ ∈ (0, 1), if
»
¼
2
1
ln
N ≥ N cher (², δ) =
2²2 δ
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then, the probability inequality
|R(θ) − R̂N | ≤ ²
holds with probability at least 1 − δ. We remark that the sample size N cher provided by
the Chernoff Bound is independent of the number ` of uncertain parameters q.
The following algorithm describes the Monte Carlo experiment discussed so far.
Algorithm 7 ProbabilisticAnalysis
Input: ², δ, θ
Output: R̂N
compute the sample size N ≥ N cher (², δ)
draw N i.i.d. samples
q (1) , . . . , q (N )
P
N
return R̂N = N1 i=1 I[f (θ, q (i) ) ≤ 0]
Then, the next step is to construct the probability degradation function, which is the plot
of the probability of stability as a function of the radius ρ. This plot may be compared with
the radius of performance ρwc , to provide additional important information to the control
engineer on the behavior of his/her design beyond the worst-case performance margin.
This is illustrated in the next example.
Example [Probabilistic analysis]. For the controller θseq , we proceed with a probabilistic
analysis for perturbations q whose radius goes beyond the deterministic radius ρwc previously computed. That is, we study how the probability of quadratic performance degrades
with increasing radius ρ. More precisely, for fixed ρ > ρwc , we compute an estimate R̂N .
Notice that this analysis can be carried out using smaller values of ², δ than those employed
in the design phase. For instance, taking ² = 0.005, δ = 10−6 , by means of the Chernoff
bound we obtain N = 290, 174. Then, we estimated the probability degradation function
for 100 equispaced values of ρ in the range [0.12, 0.5]. For each grid point the estimated
probability of performance is computed by means of Algorithm 7. For each value of ρ, the
accuracy of this estimate satisfies the inequality
|R(θseq ) − R̂N | ≤ ²
with probability at least 1 − δ.
The obtained results showing the estimated probability together with the deterministic
radius ρwc are given in Figure 1. From this plot we observe, for instance, that if a 2%
loss of probabilistic performance may be tolerated, then the performance margin may be
increased by approximately 270% with respect to its deterministic counterpart. In fact, for
ρ = 0.34, the estimated probability of performance is 0.98. In addition, we notice that the
estimated probability is equal to one for values of the radius up to ρ ≈ 0.26. In Figure 2
we plot the closed loop eigenvalues for ρ = 0.34.
?
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Figure 1: Probability degradation function

7

RACT - Randomized Algorithms Control Toolbox

The algorithms discussed in this paper may be readily implemented in Matlab. However,
while this may be straightforward in the case of analysis problems, it may require a non
trivial effort for the design problems discussed in Sections 3-5. For this reason, to render
these techniques easily accessible to the interested researchers, an effort was made to unify
them into a coherent set of Matlab routines. This effort led to the release of a Randomized
Algorithms Control Toolbox (RACT), see [35].
This toolbox provides convenient uncertain object manipulation and implementation
of randomized methods using state-of-the-art theoretical and algorithmic results. The
two main features of the package are a functional approach with m-file templates, and a
definition of design problems in generic LMI format using the widely used Yalmip syntax.
This first release of the toolbox provides an easy-to-use interface of current randomized
algorithms for control and is intended to be used by researchers, engineers and students
interested in robust control, uncertain systems and optimization. The package can be
freely downloaded from http://ract.sourceforge.net.
RACT features include:
• Definition of a variety of uncertain objects: scalar, vector and matrix uncertainties,
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Figure 2: Closed-loop eigenvalues for ρ = 0.34
with different density functions
• Easy and fast sampling of uncertain objects of almost any type
• Randomized algorithms for probabilistic performance verification and probabilistic
worst-case performance
• Randomized algorithms for feasibility of uncertain LMIs using stochastic gradient,
ellipsoid or cutting plane methods
• Optimal design methods using scenario approach

8
8.1

Miscellaneous Topics
General Uncertainty Description

In this chapter, we have studied the case when the uncertain parameters q are bounded
in a hyperrectangle Qρ . However, in some applications, different bounding sets, such as
20

ellipsoids or diamonds, see e.g. [20], are more appropriate and should be studied. In
other situations, the uncertainty affecting the system is of general type, i.e. it consists of
parametric and non-parametric uncertainty. In this case, various performance problems
may be reformulated using the so-called M − ∆ configuration and the related µ-theory,
see [11], which is a quite flexible and general representation of linear uncertain systems.
From the probabilistic point of view, structured uncertainty descriptions require to develop
suitable randomized algorithms for generation of (vector and matrix) uncertainty samples
within various bounding sets, see Section 8.2 for additional details.
Moreover, in the probabilistic setting described in this chapter, the probability measure
Pr of the uncertainty q is assumed to be known. If this is not the case, then clearly the
probability of violation depends on the specific choice of the measure Pr. The result is
that, in extreme cases, the probability of violation may vary between zero and one when
taking different measures. Therefore, without any guideline on the choice of the measure
Pr, the obtained probability of violation, or its estimate, may be meaningless. In various
applications, the probability measure may be estimated directly from available data, but
in general the selection of the “right” measure should be performed with great care. This
problem has been studied in [19] and [21]. In particular, in [21] the theory of distributionfree robustness, which has the objective to determine the worst-case measure in a given
class of bell-shaped distributions, is discussed.

8.2

Sample Generation Algorithms

All the previously described randomized methods critically rely on efficient techniques for
random sample generation. The interested reader may refer to [11] for a general discussion
on the topic. In this section, we briefly discuss the problem of generating uniform i.i.d.
samples in the `p norm-ball of radius ρ
ª
. ©
Bρp = q ∈ R` : kqkp ≤ ρ .
In particular, we report an algorithm, presented in [23], that returns a real random vector
q uniformly distributed in the norm-ball Bρp . This algorithm is based on the Generalized
Gamma density Ḡa,c (x), defined as
Ḡa,c (x) =

c ca−1 −xc
x
e , x ≥ 0,
Γ(a)

where a and c are given parameters and Γ(a) is the Gamma function.
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Algorithm 8 UniformGeneration
Input: ρ, p
Output: q uniformly distributed in Bρp
generate ` independent random real scalars ξi ∼ G1/p,p
construct the vector x ∈ R` of components xi = si ξi , where si are i.i.d. random signs
generate z = w1/` , where w is uniform in [0, 1]
x
return q = ρz kxk
p
Figure 3 visualizes the main steps of this algorithm in the simple case of sample generation of two dimensional real vectors in a circle of radius one (` = 2, p = 2, ρ = 1).
First, we notice that for p = 2 the Generalized Gamma density Ḡ 1 ,p (x) is related to the
p
Gaussian density function. The random samples drawn from a Gaussian distribution (step
1 in the figure) are radially symmetric with respect to the `2 norm. Roughly speaking,
this means that their level curves are `2 -spheres. Secondly, the samples are normalized
obtaining random vectors uniformly distributed on the boundary of the circle (step 2), and
then injected according to the volumetric factor z (step 3).
step 1
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Figure 3: Generation of random vectors uniformly distributed in a circle
We remark that in [11] a similar algorithm for complex vectors is presented. The sample
generation problem becomes much harder when we are interested in the uniform generation
of real and complex matrix samples ∆ bounded in the induced `p -norm. Specific algorithms
are presented in [11].
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8.3

Mixed Deterministic and Probabilistic Setting

We remark that the setup considered here can be easily extended to mixed deterministic
and random uncertainties. To this end, consider our motivating example. In this example,
we treated all the parameters as random ones, but we could easily deal with the case when
we want to robustly guarantee performance against some of them.
Just for exemplification, assume for instance that the vector q is partitioned as q =
{q prob , q det }, so that the first m uncertain parameters q prob = [q1 · · · qm ]> have probabilistic
nature with uniform distribution in the hyperrectangle Qprob , and the parameters q det =
[qm+1 · · · q` ]> are deterministic uncertainties, unknown but bounded in the hyperrectangle
Qdet , where the sets Qprob , Qdet are defined accordingly.
In this case, the present approach can be extended considering the following set of LMIs
which depend on q prob
A(q prob , v 1 )P + P A> (q prob , v 1 ) + B(q prob , v 1 )W > + W B > (q prob , v 1 ) + 2αP ¹ 0
..
.

(25)

A(q prob , v M )P + P A> (q prob , v M ) + B(q prob , v M )W > + W B > (q prob , v M ) + 2αP ¹ 0
.
where v i , i = 1, . . . , M = 2`−m are the vertices of the hyperrectangle Qdet .
Then, an ²-feasible solution to the uncertain constraint (25) can be found using the
tools described in Sections 2-4. Notice that this solution would guarantee, as desired,
robust performance with respect to q det and probabilistic performance with respect to q prob .

8.4

Linear Parameter Varying Systems

Linear parameter varying systems (LPV) provide a good starting point for control design
of fairly general classes of gain scheduling problems. This methodology is suitable and
frequently used, for example, in aerospace control and in other applications as well, due
to the time variations of the operating conditions. In this context, the system matrices
depend on an unknown scheduling parameter vector ξ(t) which can be measured on-line
by the controller at each time instant t. More precisely, the LPV system is described by
the equations
ẋ(t) = A(ξ(t))x(t) + B(ξ(t))u(t)
y(t) = C(ξ(t))u(t)
and the feedback controller is of the form
u(t) = K(ξ(t))y(t).
Since the original motivation for introducing gain scheduling is to handle plant nonlinearities, a critical issue of the resulting LPV model is to properly deal with the timevarying parameters ξ(t). An LPV performance problem can be easily reformulated using
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parameter-dependent LMIs, but these inequalities are nonlinear with respect to ξ and it is
practically impossible to solve them exactly. To this end, three different approaches have
been developed in recent years and are now described.
The first approach (approximation LPV) studies a specific class of functions of the
scheduling parameters. For example, the entries of the matrices of the LPV model can be
taken as multi-affine functions, or linear fractional transformations, of ξ. This technique
reduces the design problem to tractable formulae which involve a finite number of LMIs,
but some conservatism is introduced in the approximation.
The second method (gridding LPV) requires to grid the parameters ξ which are assumed
to be bounded within a given set Ξ. In this case control design requires the solution
of a finite set of LMIs. However, the number of LMIs depends on the grid points and
it exponentially increases with the number of scheduling parameters. In addition, the
satisfaction of the LMI conditions at the grid points does not provide any guarantee of
their satisfaction for the entire set Ξ.
In the third technique (probabilistic LPV) the scheduling parameters ξ entering into
the LMI equations are treated as random variables. Therefore, to compute a probabilistic
controller, a randomized sequential algorithm of the form of Algorithm 3 can be derived.
Clearly, in contrast to the previous deterministic methods, the obtained results enjoy probabilistic properties similar to those stated in Theorem 1. In [6] a specific technique for LPV
systems, based on the simultaneous update of two gradient iterations similar to those in
Algorithm 2, is developed. We refer to this paper for further details and specific numerical results for feedback design of the lateral motion of an aircraft with nine scheduling
parameters.

8.5

Systems and Control Applications

Several applications of probabilistic and randomized methods have been studied. In particular, we recall:
• Aerospace control. Applications of randomized strategies for the design of control
algorithms in the field of aeronautics and aerospace was initiated by Stengel, see,
e.g., [33]. In [31] a modern approach based on ellipsoid techniques is proposed for
the design of a linear parameter-varying control of an F-16 aircraft.
• Flexible and truss structures. Probabilistic robustness of flexible structures consisting of a mass-spring-damper model affected by random bounded uncertainty with
force actuators and position sensors. Comparisons with standard robustness techniques are made [2]. In the field of truss topology optimization, a scenario-based
approach was proposed in [24].
• Model (in)validation. A computationally efficient algorithm for model (in)validation
in the presence of structured uncertainty and robust performance over finite horizons
was proposed in [34].
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• Adaptive control. A methodology for the design of cautious adaptive controllers
based on a two-step procedure is introduced in [25]. First, a probability measure is
updated on-line based on observations, then a controller with certain robust control
specifications is tuned to this updated probability by means of randomized algorithms.
• Switched systems. Randomized algorithms for synthesis of multimodal systems
with state-dependent switching rules. Convergence properties (with probability one)
of non-convex sequential methods are analyzed. Simulations show the efficacy of the
method for various practical problems [28].
• Network control. Congestion control of high-speed communication networks by
means of randomized algorithms. Various methods are developed and compared
using different network topologies, including Monte Carlo and Quasi-Monte Carlo
techniques, [17]
• Automotive. A randomization-based methodological approach for validation of
advanced driver assistance systems is studied in [27]. The case study also points
out some characteristic properties of randomized algorithms regarding the necessary
sample complexity, and the sensitivity to model uncertainty.
• Model predictive control (MPC), fault detection and isolation (FDI). Sequential methods (ellipsoid-based) are derived in [29] to design robustly stable finitehorizon MPC schemes for linear uncertain systems, when the uncertainty is not
restricted to some specific class. In [32] a risk-adjusted approach based on randomization is proposed for robust simultaneous fault detection and isolation of MIMO
systems.
• Circuits and embedded systems. Performance of electric circuits subject to
uncertain components introduced by the manufacturing process. The objective is
to evaluate the probability that a given “system property” holds providing “hard”
(deterministic) bounds [30]. In [15, 16] randomized techniques are applied to estimate
the performance degradation of digital architectures and embedded systems subject
to various sources of perturbation.
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