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On Stability of Stochastic Switched Systems
Debasish Chatterjee and Daniel Liberzon
Abstract— In this paper we propose a method for stability
analysis of switched systems perturbed by a Wiener process.
It utilizes multiple Lyapunov-like functions and is analogous
to an existing result for deterministic switched systems.
Index Terms— switched systems, multiple Lyapunov-like
functions, stochastic stability.

I. INTRODUCTION

T

HERE are essentially two ways to analyze stability
of deterministic switched systems; one involves construction of a common Lyapunov function and the other
utilizes multiple Lyapunov functions. The former task is
usually more challenging, though once a common Lyapunov
function is found, the analysis is simple. The latter method,
usually more amenable to applications, was ﬁrst proposed
in [1] and developed extensively in [2]; see also [3, Chapter 3] for a detailed discussion. We seek to extend this
method to switched systems perturbed by a Wiener process.
We model each subsystem of a switched system by an
Itô differential equation and make use of the stochastic
differentials of Lyapunov-like functions for each subsystem
along the lines of classical results on stochastic stability;
see e.g. [4], [5], [6] for further details. In particular, we
show that a switched system perturbed by a Wiener process
is globally asymptotically stable in probability (GAS - P)—
to be deﬁned shortly—provided each subsystem is GAS P and the sequence formed by the Lyapunov-like function
corresponding to each subsystem, at the switching instants
when that subsystem becomes active, is decreasing. An
application of this result for the case of dwell-time switching, as well as sufﬁcient conditions for GAS - P involving a
common Lyapunov-like function, are provided.
II. PRELIMINARIES
For M1 , M2 subsets of euclidean space, let C[M1 , M2 ]
denote the space of all continuous functions f : M1 −→
M2 and let C2 [M1 , M2 ] denote the space of all functions
f : M1 −→ M2 that are twice continuously differentiable.
We say that a function α ∈ C[R0 , R0 ] is of class K if α
is increasing with α(0) = 0, is of class K∞ if in addition
α(r) → ∞ as r → ∞, and we write α ∈ K and α ∈ K∞
respectively. A function β ∈ C R20 , R0 is said to be of
class KL if β(·, t) is a function of class K for every ﬁxed
t and β(r, t) → 0 as t → ∞ for each ﬁxed r, and we write
β ∈ KL.
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Let Ω := (Ω, F, P) be a complete probability space and
let x be a random variable on Ω. We will have occasion
to use two inequalities (see e.g. [7] for further details): if
φ ∈ C[Rn , R] is concave, then E[φ(x)]  φ(E[x]) provided
E[φ(x)] exists and is ﬁnite (Jensen’s inequality); for ε > 0
and ψ ∈ C[Rn , R0 ], we have P[ψ(x)  ε]  E[ψ(x)] /ε
provided E[ψ(x)] exists and is ﬁnite (Chebyshev’s inequality). We assume that all expectations utilized in the analysis
exist for all times t  0.
We deﬁne a family of systems
dx = fp (x)dt + Gp (x)dw,

p ∈ P,

(1)

n

where x ∈ R , w is an m-dimensional normalized Wiener
process deﬁned on the probability space Ω, dx is a stochastic differential of x, P is an index set, fp : Rn −→ Rn
and Gp : Rn −→ Rn×m are sufﬁciently well-behaved
to ensure existence and uniqueness of the corresponding
solution process (see e.g. [8] for precise conditions), and
fp (0) = 0, Gp (0) = 0 for every p ∈ P. To deﬁne a
switched system for the family, we consider a piecewise
constant function (continuous from the right by convention)
σ : R0 −→ P, called the switching signal, which speciﬁes
at every time t the index σ(t) = p ∈ P of the active
subsystem. The switched system for this family generated
by σ is
dx = fσ (x)dt+Gσ (x)dw,

x(0) = x0 = 0,

t  0. (2)

We assume that there is no jump in the state x at the
switching instants, and that there is a ﬁnite number of
switches on every bounded interval of time. The above
deﬁnitions of fp and Gp indicate that the solution process
of (2) is trivial if x0 = 0, so we exclude this case. We denote
the switching instants by ti , i = 1, 2, . . ., t0 := 0, and
the sequence {ti }i0 is strictly increasing. The inﬁnitesimal
generator for each system from the family (1) acting on a
n
function V ∈ C2 [R
 , R0 ] is deﬁned
to be Lp V (x) :=
1
Vx (x)fp (x) + 2 tr Vxx (x)Gp (x)GT
(x)
, where tr denotes
p
the trace of a square matrix.
We adopt to the context of the stochastic switched system (2) the following notion of stochastic stability, deﬁned
in [5].
Deﬁnition 2.1: The stochastic switched system (2) is
globally asymptotically stable in probability (GAS - P) for a
given switching signal σ if for every η ∈ ]0, 1[, there exists
a function β ∈ KL such that the estimate
P[|x(t)| < β(|x0 |, t)]  1 − η,

t0

holds true along all solutions of (2).
We need the following Lemma ([5, Theorem 3.3]) for our
main result.
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Lemma 2.2: Consider the system having index p in the
family (1) and let there exist functions Vp ∈ C2 [Rn , R0 ],
α1 , α2 ∈ K∞ and W ∈ K, such that for all x ∈ Rn , we
have
α1 (|x|)  Vp (x)  α2 (|x|)
(3)

Proof: Consider the time interval [t0 , t1 [. By hypotheses (ii) and (i), we have




E Vσ(t0 ) (x(t1 ))  E Vσ(t0 ) (x0 )  α2 (|x0 |). (6)
Over the same interval, for p = σ(t0 ), the estimate

and
Lp Vp (x)  −W (|x|).

Then the system is GAS - P.
There are two easy generalizations of Lemma 2.2
to switched systems which we list below. The ﬁrst—
Proposition 2.3—utilizes a common Lyapunov-like function and the second—Proposition 2.4—involves multiple
Lyapunov-like functions satisfying a matching condition at
the switching instants.
Proposition 2.3: Consider the stochastic switched system (2). Let there exist functions α1 , α2 ∈ K∞ , V ∈
C2 [Rn , R0 ], W ∈ K, such that
(a) for all x ∈ Rn , (3) is satisﬁed;
(b) for all x ∈ Rn and every p ∈ P, Lp V (x)  −W (|x|).
Then the system (2) is GAS - P.
Proposition 2.4: Consider the stochastic switched system (2). Let there exist functions α1 , α2 ∈ K∞ , Vp ∈
C2 [Rn , R0 ] for p ∈ P, W ∈ K, such that
(a) for all x ∈ Rn , (3) is satisﬁed;
(b) for all x ∈ Rn and for every p ∈ P, (4) is satisﬁed;
(c) for every switching instant ti , the equality
Vσ(ti ) (x (ti+1 )) = Vσ(ti+1 ) (x(ti+1 )) is satisﬁed.
Then the system (2) is GAS - P.
The proofs of the above Propositions may be constructed
along similar lines as [5, Theorem 3.3]. In the next section,
we present our main result; it involves multiple Lyapunovlike functions but applies to more general situations compared to Proposition 2.4 by dispensing with the matching
condition in hypothesis (c).
III. MAIN RESULT
Assumption 3.1: For the rest of the paper, we assume
that the index set P is ﬁnite: P = {1, 2, . . . , N}.
The following Theorem constitutes our main result, and
may be viewed as a stochastic counterpart of [3, Theorem 3.1].
Theorem 3.2: Consider the stochastic switched system (2). Let there exist functions α1 , α2 ∈ K∞ with
α2 ◦ α1−1 concave, Vp ∈ C2 [Rn , R0 ] for p ∈ P, W, U ∈ K
with U ◦ α1−1 convex, such that
(i) for all x ∈ Rn , (3) is satisﬁed;
(ii) for all x ∈ Rn and for every p ∈ P, (4) is satisﬁed;
(iii) for every p ∈ P and every pair of switching instants
(ti , tj ), i < j such that σ(ti ) = σ(tj ) = p and
σ(tk ) = p for i < k < j, the inequality
E[Vp (x(tj ))] − E[Vp (x(ti ))]  −E[U (|x(ti )|)] (5)
is satisﬁed.
Then the system (2) is

E[Vp (x(t1 ))]  E[α2 (|x(t1 )|)]


= E α2 ◦ α1−1 ◦ α1 (|x(t1 )|)

 
 α2 ◦ α1−1 E Vσ(t0 ) (x(t1 ))

(4)

holds true, where we have utilized Jensen’s inequality and
hypothesis (i). In the light of (6), the above inequality
implies
E[Vp (x(t1 ))]  α2 ◦ α1−1 ◦ α2 (|x0 |).
Now consider the interval [t1 , t2 [. Proceeding as before, we
have




E Vσ(t1 ) (x(t2 ))  E Vσ(t1 ) (x(t1 ))  α2 ◦α1−1 ◦α2 (|x0 |).
(7)
Over the same interval, for p = σ(t1 ), the estimate
E[Vp (x(t2 ))]  E[α2 (|x(t2 )|)]


= E α2 ◦ α1−1 ◦ α1 (|x(t2 )|)



 α2 ◦ α1−1 E Vσ(t1 ) (x(t2 ))
holds true. In the light of (7), the above inequality implies
E[Vp (x(t2 ))]  α2 ◦ α1−1 ◦ α2 ◦ α1−1 ◦ α2 (|x0 |).
Deﬁne the function



α(·) := max α2 (·), α2 ◦ α1−1 ◦ α2 (·), . . . ,


N−1 times


−1

α2 ◦ α1

 

◦ · · · ◦ α2 ◦ α1−1 ◦ α2 (·) .

Considering all possible switching sequences and keeping in
mind hypothesis (iii), it is possible to show that the estimate


∀t  0
(8)
E Vσ(t) (x(t))  α(|x0 |)
is valid.
Clearly, there can be two possibilities:
stops in ﬁnite time. Due to (8),
Case 1 Switching

E Vσ(t) (x(t)) is ﬁnite. Now, since σ eventually becomes
constant at some index q (say), hypotheses (i) and (ii),
together with Lemma 2.2, imply the GAS - P property of the
switched system.
Case 2 Switching continues indeﬁnitely. There exists
at least one
 index p ∈ P such that the positive subsequence E Vσ(ti ) (x(ti )) {i0,σ(t )=p} is inﬁnite in length.
i
Clearly the sequence is also monotonically decreasing by
hypothesis (iii), and therefore must attain a limit, say c  0.
Taking limits on both sides of (5), we have
c − c  − lim E[U (|x(ti )|)] ,
i↑∞
σ(ti )=p

GAS - P .
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which leads to limi↑∞,σ(ti )=p E[U (|x(ti )|)] = 0. By convexity of U ◦ α1−1 it follows that
lim E[α1 (|x(ti )|)] = 0.

i↑∞
σ(ti )=p

Combined with (8) and hypothesis (i), this leads to
E[α1 (|x(t)|)] −→ 0 as t −→ ∞.

(9)

By virtue of (8) and (9), it follows that there exists a
function β ∈ KL (the construction of such a function is
a standard procedure) such that
E[α1 (|x(t)|)]  β(|x0 |, t)

∀ t  0.

(10)

For an arbitrary η ∈ ]0, 1[, consider a class KL function
β such that β(r, s) > β(r, s)/η for all positive r and
nonnegative s. Utilizing Chebyshev’s inequality and (10)
for each t  0, we obtain

 E[α1 (|x(t)|)]
P α1 (|x(t)|)  β(|x0 |, t) 
< η.
β(|x0 |, t)
Deﬁning β(r, s) := α1−1 ◦β(r, s), we see that for each t  0
the estimate
P[|x(t)| < β(|x0 |, t)]  1 − η
is valid, which proves that (2) is GAS - P.
Theorem 3.2 requires the function α2 ◦α1−1 to be concave;
this holds, for instance, in the case of purely quadratic or
quartic functions α1 and α2 . For example, consider the
linear version of (2):
dx = Aσ xdt + Bσ xdw,

x(0) = x0 = 0,

t  0,

where Ap , Bp ∈ Rn×n , p ∈ P. If we can ﬁnd functions
Vp (x) = xT Pp x, p ∈ P, where every Pp is a symmetric
positive deﬁnite matrix that solves the linear matrix inequalT
ity AT
p Pp + Pp Ap + Bp Pp Bp  −Q, for some symmetric
positive deﬁnite matrix Q, then Vp serves as a Lyapunov
function for the subsystem with index p satisfying (4);
see [4] for further details. Considering the ﬁniteness of the
set P, it follows that there exists α1 , α2 ∈ K∞ , that are
quadratic functions of |x|, with Vp satisfying (3).
IV. APPLICATION AND CONCLUSION
As an application of our result, consider a switched
system in which the switching signal has a dwell-time
τD , i.e. any two switching instants are separated by at
least τD units of time: ti+1 − ti  τD for all i  0

(see e.g. [3, Section 3.2.1]). Suppose that hypothesis (i)
of Theorem 3.2 is satisﬁed, and there exists λ, µ > 0
such that for all x ∈ Rn and p, q ∈ P, the inequalities
Vp (x)  µVq (x) and Lp Vp (x)  −λVp (x) are valid.
Clearly, hypothesis (ii) of Theorem 3.2 is also satisﬁed. At
any switching instant, utilizing the construction in the proof
of [4, Chapter V, Theorem 7.1], we obtain the estimate




E Vσ(ti+1 ) (x(ti+1 ))  µ exp(−λτD )E Vσ(ti ) (x(ti ))
for all i  0. Let τD be larger than lnλµ . Combining this
lower bound on τD with
the above inequality, it follows

that the sequence E Vσ(ti ) (x(ti )) i0 is monotonically
decreasing. It is now easy to show, considering the ﬁniteness
of P, that hypothesis (iii) of Theorem 3.2 is satisﬁed with
the function U (r) = (1 − exp(ln µ − λτD ))α1 (r), so that
U ◦ α1−1 is convex. Therefore, the system is GAS - P by
Theorem 3.2.
The material presented in this paper is a part of an
ongoing investigation into the qualitative properties of more
general nonautonomous stochastic switched systems, see [9]
for further details. There we combine the method of analysis
using multiple Lyapunov-like functions with a stochastic
version of the comparison principle to reach a general
framework. Applications of this framework include a generalization of the above example to the case of average dwell
time switching—introduced in [10].
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