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ABSTRACT

In this dissertation, we discuss control and estimation problems for systems
that operate with data-rate constraints. We start by studying the estimation
entropy of switched linear systems. This quantity is the minimal data-rate we
need to use to estimate the state of a switched linear system with an estima-
tion error that decays with a prescribed exponential decay rate. We provide
upper and lower bounds for the estimation entropy in terms of the Lyapunov
exponents of the switched system. Also, we show that those bounds coincide
with the entropy when the system is Lyapunov regular. We provide a cod-
ing scheme that solves the state reconstruction problem with the data rate
as close as desired to the minimum. Under the regularity assumption, we
show how to make that algorithm work causally. Next, we present sufficient
conditions for a system to be Lyapunov regular and show that Markov Jump
Linear Systems belong to that class. We also illustrate those theoretical re-
sults with simulations. Then, we switch subjects to the problem of defining
controllability for linear time-varying systems with a finite data-rate. We
explain why the usual notion of controllability is unfit when data-rate con-
straints are present. Then, we define a new controllability notion that makes
sense in this scenario. We also justify why such a notion is natural. Next, we
present a necessary condition and a sufficient condition for a system to be
controllable with a finite data-rate. Finally, we revisit the topic of controlla-
bility with a finite data-rate, but we specialize our analysis to switched linear
systems. Although this part of the work is more restrictive than the previous
one, we show how the switched system structure allows us to derive sufficient
conditions for our system to be controllable with a finite data-rate using in-
formation about the individual modes and some mild assumptions about the
switching signal. In particular, when our switching signal satisfies an average
dwell-time condition, we give a simple relation between the sampling time,

chatter bound, and average-dwell time that guarantees that our system will
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be controllable with a finite data-rate. Then, we generalize our analysis by
assuming we can have packet losses in our communication channel. We prove
a sufficient condition for such a system to be controllable with a finite data-
rate even when we might lose packets. We demonstrate this condition by

constructing an algorithm, which makes this proof constructive.
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CHAPTER 1

INTRODUCTION

Control and communication theories have long histories. It is customary
to trace the former field’s beginning to Maxwell’s paper [1], where he ana-
lyzed the stability of Watt’s governor. For the latter, the seminal paper of
Shannon [2| on the mathematical theory of communication formalized what
would later be called information theory. It is less usual, however, to point
out when these two subjects first appeared together. A good candidate for
that first overlap is the seminal book by Norbert Wiener [3]. In that work,
Wiener coined the term Cybernetics and started the homologous field of
study. More relevant to our discussion is that that work is the starting point
of the theory of control over communication channels. We see in the book [3]
the connection between the transmission of information and the feedback
loop. However, he only considered analog channels in that work. Since the
transistor was just a proof of concept when Wiener wrote the reference [3],
we can conjecture that that is why he neglected digital communication chan-
nels. Nowadays, however, digital communication is ubiquitous in most ap-
plications. As usual, new technologies bring unexplored technical challenges
and theoretical problems.

To understand the new challenges that including a digital communication
channel brings into the controller design, we need to take a step back and
understand the concept of data-rate. In classical control, we have sensors
that transmit perfect information to the controller. However, when this
communication happens over a digital channel, we can only send packets
of symbols from the transmitter to the receiver. Thus, we need to convert
our measurement from the analog world into the digital one. We perform this
latter part using a coding scheme, i.e., a coder and decoder pair. The purpose
of the coder is to translate measurements from the analog world into the
digital by encoding them as symbols before transmission. Once those symbols

reach the receiver, the decoder converts them into measurement estimates.



Informally, the data-rate is the ratio between the packet’s size, defined as the
number of symbols it can contain, to the time elapsed to transmit it. It is well-
known that a digital channel can only reliably communicate information if the
data-rate is finite [2]. In the early days of control over digital communication
channels, it was common to model the effect of that quantization error as
an additive noise [4,5] and use tools from probability theory to perform the
analysis. Because of that, it was usual to treat both coding schemes and
control designs separately, and this approximation gives satisfactory results
for many systems.

The discovery of the Data Rate Theorem [5-8] changed that reality. This
theorem proves the existence of a minimal data-rate below which we cannot
control the plant. Moreover, we might need to design the controller and
coding scheme together to control the plant when the system and the digital
communication channel pose severe constraints. For instance, that theorem
shows that, for unstable linear time-invariant systems, we need a positive
minimal data-rate for stabilizing controllers to exist. Intuitively, this happens
because we lose information about our measurement when we perform the
quantization. When the quantization is too coarse, the value reconstructed
at the decoder side might be too far from the original value. Over time, this
error increases, and it will instabilize the plant. This latter comment shows
that the usual approach we mentioned in the last paragraph, i.e., modeling
the quantization error as additive noise and designing the controller, does
not work when the data-rate is severely constrained. With this discussion,
we make a case for studying what new constraints appear when our control
or estimation tasks restrict us to work with a finite data-rate.

The reader who is used to lumped control systems might be asking what
types of applications require the introduction of communication channels be-
tween the sensors and the controller. We notice that many practical control
systems today have components distributed over space. Thus, performing
a task that involves the joint operation of the system parts’, such as syn-
chronization, requires digital communication between its components. This
latter remark justifies the claim: understanding what new constraints arise
when the data-rate is limited is fundamental. We start by trying to find
results similar to the Data Rate Theorem that works for other control and
estimation tasks.

It is clear that the concept behind the Data Rate Theorem is that of



entropy [9]. Entropy, loosely speaking, is the rate at which the system gen-
erates uncertainty. More precisely, it captures the rate at which two nearby
trajectories of a dynamical system diverge from each other. The intuition
behind why that concept is relevant becomes clear when we think of the
system’s behavior in the interval between the arrival of two consecutive data
packages. In this interval, the control system behaves as an open-loop con-
trolled system, and the feedback only happens when we receive an update.
Therefore, it sounds natural to define and compute the entropy. We note,
however, that the entropy notion we are interested in might be distinct for
each specific control or estimation task. Because of that, several authors
defined different entropies for distinct control and estimation tasks [9-13].
In the present work, we will focus on the estimation entropy [13]. The esti-
mation entropy is related to the problem of reconstructing the state with a
prescribed exponentially decreasing error bound with minimal data rate.

The first main goal of this document is to understand how we can com-
pute the estimation entropy of switched linear systems and how to design a
quantizer that operates with a data-rate close to the minimum possible. We
start this part of the document by asking how to compute the estimation
entropy of a switched linear system. More explicitly, we provide upper and
lower bounds for the estimation entropy using the Lyapunov exponents of
a Switched Linear System and prove that those bounds coincide for a large
class of systems called Lyapunov regular. This so-called “regularity” prop-
erty allows us to devise a causal algorithm that reconstructs the state with
a data rate as close as desired to the estimation entropy. Next, we provide
sufficient conditions for a Switched Linear System to be regular. In partic-
ular, we show that many Markov Jump Linear Systems [14] satisfy those
conditions.

Our second goal is to study what new constraints arise when we try to
control linear time-varying systems with a finite data-rate. We argue that
the usual notion of controllability for linear time-varying systems is unsuit-
able when the controller data-rate must be finite. Then, we introduce a
new controllability concept that captures some of the properties of the usual
controllability notion, which justifies calling it controllability with a finite
data-rate. After that, we try to characterize that new controllability notion
by giving a necessary condition and a suffcient condition for our system to

be controllable with a finite data-rate. We prove the sufficient part by giv-



ing a constructive algorithm, which we can use to design controllers for such
systems.

Our third and final goal is to study sufficient conditions for switched lin-
ear systems to be controllable with a finite data-rate. First, we specialize
our previous sufficient condition for general linear time-varying systems to
the case where our system is a switched one. By restricting our attention
to this class of systems, we can derive much simpler sufficient conditions for
controllability with a finite data-rate than the one we get for general linear
time-varying systems. We take advantage of the switched system structure
to derive conditions that only depend on the controllable subspaces of the
individual modes and some mild properties of the switching signal. In partic-
ular, when the switching signal satisfies an average dwell-time condition, we
get a straightforward relation between the sampling time, the chatter bound,
and the average dwell-time. Next, we consider the possibility of packet losses,
i.e., our communication between the sensor and controller might be faulty.
We give a sufficient condition for such a system to be controllable with a
finite data-rate. We prove this latter fact by providing a controller design
technique.

The present document is organized as follows: in Chapter 2, we show our
work on the estimation entropy of switched linear systems. We formalize
all the concepts related to Oseledets’ filtrations, Lyapunov exponents, and
estimation entropy. Also, we provide proof for the upper and lower bounds
for the estimation entropy and show that they are the same when regularity
holds. Next, we present a coding scheme that operates with a data rate as
close as desired to the minimum value with a suitable choice of parameters.
After that, we show how to estimate those parameters online to make the
scheme causal. Finally, we give sufficient conditions for regularity and prove
that Markov Jump Linear Systems satisfy those with probability 1. In Chap-
ter 3, we argue that we need to introduce a new controllability notion for
systems that operate with a finite data-rate. We explain why that is the
case and introduce a new controllability notion, which we justify why this
extends the usual controllability notion to this case. Then, we prove a nec-
essary condition and a sufficient condition for the system to be controllable
with a finite data-rate. In Chapter 4, we address the same problem as in
Chapter 3, but we focus on the case of switched linear systems. We start by

motivating the study of such a problem again and give examples. Then, we
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derive sufficient conditions for a switched system to be controllable with a
finite data-rate that only uses information about the individual modes and
some mild conditions on the switching signal. In particular, we use one of
those conditions to prove a simple condition for a system that satisfies an
average dwell-time condition to be controllable with a finite data-rate. Next,
we address the problem of controlling a switched system when packet losses
occur. We give another sufficient condition for controllability for this case
and prove it constructively by giving a controller design technique. Finally,

in Chapter 5, we present some interesting future research directions.



CHAPTER 2

ESTIMATION ENTROPY, LYAPUNOV
EXPONENTS, AND QUANTIZER DESIGN
FOR SWITCHED LINEAR SYSTEMS

In this overview, we motivate the study of state estimation with finite data-
rate. We start by noticing that many systems we find in practice require
spatially distributed sensors, controllers, and actuators to operate. For these
systems to function normally, their components must share data. Thus,
we need communication channels to transmit information between the con-
stituent pieces of our system. These channels, in their turn, constrain the
data-rate we can use to send data from the source to its target. Consequently,
this raises the question: what is the minimum data-rate for our system to
work satisfactorily?

The answer to this question varies with the nature of the problem we want
to solve. Nonetheless, the solution is often related to some entropy notion.
Informally, our problem-associated entropy notion is the rate at which a sys-
tem generates information related to the studied problem. This relationship
between entropy and data-rate led many authors to propose distinct entropy
notions for each task (see, e.g., [9,11,12,15-17]). In this chapter, we study
the minimum data rate to estimate the state of switched linear systems with
a prescribed exponential decay rate of @ > 0 for the estimation error. This
problem naturally guides us to the entropy concept called estimation en-
tropy. Liberzon introduced this idea to solve state estimation problems for
autonomous nonlinear systems in the work [18]. In some sense, we can under-
stand estimation entropy as a rate at which the system generates uncertainty
about the state. The estimation entropy value gives us the minimum data-
rate associated with our problem. However, that is only part of the problem.
To completely solve our task, we need to design a coder-estimator scheme. In
this chapter, we address this issue. We construct a coding-estimator scheme
that operates with an average data-rate arbitrarily close to the estimation
entropy for switched linear systems. Another goal of this chapter is to show a

relationship between the estimation entropy of a switched linear system and



its Lyapunov exponents. It is worth mentioning that we previously showed
the connection between those two results in the papers [19] and [20]. Nev-
ertheless, we present a different proof of that fact, which makes it easier to
see an interesting relationship between the Lyapunov exponents, geometric
objects called filtrations (that play a role similar to eigenspaces in the linear
time-invariant case), and the quantizer design.

We take this opportunity to give a brief overview of the literature on en-
tropy notions for switched systems. We hope this contextualization will help
the reader understand the present work’s contributions. The first documents
to explicitly present an entropy notion for switched systems, related to the es-
timation entropy defined in the article [18], were [21], [22], [23], [24], and [25].
Now, we explain the contribution of each one of those works to the current
theory. The article [22] studied a nonstandard modification of the estimation
entropy adapted to the analysis of switched nonlinear systems with unknown
switching signals satisfying a minimum dwell-time restriction. The paper [23]
extended those results by considering systems with inputs. The work [24]
studied the topological entropy of switched linear systems, which equals the
estimation entropy of [18] when av = 0, by presenting upper and lower bounds
under some structural assumptions on the modes. The papers [25] and [26]
improved the bounds presented in [24]. All bounds we mentioned relied on
individual modes and their active rates, and the authors did not use any
other features of the switching signal. The authors of [25] concluded that we
could not improve those bounds without further knowledge of the switching
signal structure. After that, we presented tighter bounds for the class of
regular switched systems in [19]. The tightness of these bounds relies on the
knowledge of the entire switching signal. Another interesting aspect of [19] is
that the upper bound provided for the estimation entropy of switched linear
systems is related to the Lyapunov exponents. We mention that in [27], the
authors obtained the same minimum average data-rate as in [19], with a = 0,
but for the mean square stabilization problem of scalar Markov Jump Linear
Systems. We note that the relation between Lyapunov exponents and the
entropy appears in several places in the dynamical systems literature, often
under the name Pesin entropy formula [28-30], as well as in the invariance
entropy formula for partially hyperbolic control systems [31], and in a lower
bound for the estimation entropy of a class of differential dynamics on com-

pact manifolds [32]. We remark that to obtain those relations, we need to
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assume differentiability of the low and compactness of the state space, which
is different from the technique used in [19], [20], and in the present work.

In more recent years, the work [33] provided a computation method for the
maximum topological entropy over all possible switching signals. Further,
those same authors showed in [34] that the topological entropy of a linear
time-varying system equals the minimum average data-rate for the state ob-
servation with bounded estimation error. Finally, the reference [35] provided
an algorithm stabilizing switched linear systems with an average data-rate
arbitrarily close to the minimum. It is worth remarking that, although seem-
ingly different, the minimum data-rate for stabilization obtained in [35], in
terms of the Lyapunov exponent of exterior products, has the same value as
the estimation entropy lower bound obtained in [19] utilizing the usual Lya-
punov exponents of linear systems, with a = 0 (see, e.g., Chapter 6 of [36]).
Nevertheless, for the algorithm described in [35] to work, we must provide an
upper bound for the topological entropy at the start of the operation, which
might not be a realistic assumption, as discussed in [20].

In this chapter, we present the works published in [19], [37], and [20].
Here, we connect Lyapunov exponents and estimation entropy. Also, we give
a constructive algorithm that builds a state estimate for a switched linear
system with a prescribed exponential decay rate o > 0 for the estimation
error with an average data-rate as close as desired to the estimation entropy.
Interestingly, assuming that our system is regular, we can make the previous
algorithm causal. We naturally ask if regularity is a mild assumption, which
we answer affirmatively by showing that many practical systems fall into that
category. For example, with probability one, the realizations of Markov Jump
Linear Systems are regular. We also describe how to use regularity to make
our quantization algorithm work causally. Remarkably, we can ensure the
exponential decay of the error without knowing the entire switching signal,
as required in [35].

This chapter has the following structure: in Section 2.1, we describe the
problem we want to study. Also, we present a motivating example that we
revisit throughout the chapter. In Section 2.2, we examine the notions of
Lyapunov exponents, Oseledets’ filtration, and estimation entropy. In our
analysis of the estimation entropy of switched linear systems, we provide an
upper bound for it and show that, under the assumption of Lyapunov reg-

ularity, that upper bound becomes equality. We introduce our quantization



algorithm in Section 2.3. Then, we use the concepts presented in the previous
section to show that this algorithm can operate with an average data-rate
close to the estimation entropy. After that, in Section 2.4, we show that
the Lyapunov regularity condition is natural for many systems. Finally, in
Section 2.5, we conclude the contents of this chapter. It is worth remarking
that one can find the contents of this chapter presented in a slightly different
form in the works [19], [37], and [20].

Chapter notations: We denote by || -||p the norm in R? induced by the inner
product (z,y)p = z' Py, with P positive definite. We denote by || - || the
infinity-norm in a finite dimensional vector space. Let R = (—o00,00), let
Z-o = {0,1,...} the nonnegative integers, and let N = {1,2,...} the set
of natural numbers. We denote by [m] = {1,...,m} for any m € N. For
a real number x, we denote by [z] the smallest integer number y such that
x < y. For any set F, we denote by #F its cardinality. For subsets of R?
we denote vol(E) the volume of the set (its Lebesgue measure). Further, we
denote by diam(E), where E C R? the set’s diameter according to the metric
induced by the norm || - ||. We also denote by dim(V') the dimension of a
linear vector space V. Also, for any x > 0, log = is the logarithm with base e.
Furthermore, we define by B(z,r) with 2 € R? and r > 0 the infinity-norm
ball (hypercube) with center x and radius r.

We denote by M(d,R) the set of all d x d matrices over the reals, and
we denote by GL(R, d) the set of all d x d invertible matrices over the reals.
We denote det(A) and tr(A) the determinant and the trace of the matrix A,
respectively. Further, I, € M(d,R) is the identity matrix.

Additionally, consider the parallelepiped defined by {r;v; : k; € [0,1]}, where
{v;}¥_, € R?is a linearly independent set of vectors. We denote the k-th
volume of the parallelepiped by vol ({vy, -+ ,v}) and its numerical value is

given by y/det (VTV), where V is the d x k matrix with columns v;.!

2.1 Preliminaries

In the chapter, we consider the following model

i(t) = Asx(t), (2.1)

!'Notice that interchanging the order of the columns does not change the k-th volume.



where z(t) € R?, 0 : Rsg — X is a switching signal and ¥ is a finite cardinality
set, and A,y € M(d,R). We denote by ®(¢, ty) the state-transition matriz of
(2.1), i.e. the solution of the ODE £ &(¢, tg) = A,y ®(t, to) with ®(to, to) = Iy
and ty being the initial time. Furthermore, we will make the assumption that
o is constant on intervals of the type [t;,t;41) for i € Zsg, where (¢;),.,_ isa
strictly increasing sequence of positive times such that lim; ., t; = oo. The
elements of the sequence (t;),.\ are called switching times. We also need to
define an increasing sequence of sampling times (7y) , with 7, = kT, for

all kK € Z>o and some T}, > 0.

kEZEO

Then, we can rewrite the model described in equation (2.1) using its ezact

discrete-time model, defined by:

Tps1 = Az, (2.2)

where (z1)gc7_, is the state at the sampling times 7, i.e. x), = x(7) for
k € Z>g, and Ay = (741, 1) for k € Zsy.

Consider the following definitions of coder-estimator scheme (see, e.g.,
[9,15]). Let {74 },cz., be the previously described sequence of sampling times.
Also, let {C"}, 7.
dinality, i.e. AM > 0, #C' < M, Vi € Z>,. We call the elements ¢ of a finite

alphabet symbols. Furthermore, let {v,}

be a sequence of alphabets with uniformly bounded car-

nez-, D€ a sequence of functions
such that 7, : [['=y C* x RI™1 — C" where =, is called the coder mapping
at time n. We can write the coder mapping in the following more explicit

way

Yo : ZE(TO) = qo,

Y (Qoy -+ s o1, 2(T0), - - -, T(Tn)) = Gn,

where ¢, € C" for all n € Z5 .

The average data-rate of a coder-estimator scheme is defined as

J
b == lim sup tl Z log (#C') . (2.3)
) =

j—00

10



2.1.1 Example

Now, we present an example that motivates our study. This example consid-
ers a randomly switched system. Our goal with this example is to show that
we can use information about the switching signal to design a quantization
algorithm that outperforms methods that treat the individual modes sepa-
rately in terms of average data-rate. We revisit this example several times

in this chapter as we develop our theory.

0.9 0.03 1.1 0.02
Example 2.1.1. Let By = ( 0 ) ) and By = ( 0 ) ) be the

modes of our discrete-time switched system. This implies that flk € {B1, By}
for k € Z>o. We see that mode B, is unstable. Thus, using the stan-
dard quantization scheme [7], which guarantees a uniformly bounded esti-
mation error using the minimum average data-rate for each mode separately,
will force us to use a positive average data-rate whenever that mode is ac-
tive. Nevertheless, in this chapter, we show that if our switching signal

comes from a Markov chain defined by the matrix of transition probabilities

0.1 0.9
= , where P;; is the transition probability from mode i to

09 0.1

mode 7, then, we can design an algorithm that estimates the state with a uni-
formly bounded estimation error and that operates with an average data-rate
arbitrarily close to zero, with probability one.

Later in this document, we describe a quantization scheme that recon-
structs the state using an average data-rate arbitrarily close to the estimation
entropy for a large class of switched systems, which we call regular systems.
It is remarkable that, with probability one, Markov Jump Linear Systems,

like the one in this example, are in this class.

2.2 Estimation Entropy

In the present section, we introduce several instrumental concepts, including
estimation entropy and Lyapunov exponents. We use those concepts to derive
an upper bound for the estimation entropy discrete-time switched systems.
More explicitly, we give an upper bound for the estimation entropy using
the Lyapunov exponents. Furthermore, when we assume that our system

is Lyapunov regular, we prove that that upper bound coincides with the
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estimation entropy’s value. We need to mention that the definitions presented
in this section are adaptations of definitions provided in other works, namely:
[13], Chapter 2 of [36], and Chapter 3 of [38].

Throughout this document, for a sequence of invertible matrices (A, ),y C

M(d,R), we denote the discrete-time state-transition matriz of the system
(2.2) by

O, = A, Ay (2.4)

Further, we define A, = flk for n = k+ 1 with? £ € Z5,. We assume
that K C RY, the set of possible initial conditions, is a compact set with a
nonempty interior. Further, the solution of (2.2) at time step n with initial
condition x € R? is given by &(x,n) = ®,z, where the matrix sequence comes
from the right-hand side of (2.2).

For the next two definitions, pick an o > 0, and let T" € N be the time

horizon.

Definition 2.2.1. For every e > 0, we call a finite set of functions X =
{il(-), o ,i:N(-)}, from {0,...,T — 1} toR%, a (T, ¢, o, K)-approzimating set
if for every initial condition - € K, there exists #; € X such that ||¢(z,n) —
Zi(n)|] < ee ™, Vn €{0,...,T —1}. Let sex(T, €, 0, K) be the minimum
cardinality of a (7€, «, K)- approximating set. We define the estimation
entropy as

1
hest (v, K) == lim lim sup T log Sest (T, €, v, K).

=0 700

Definition 2.2.2. For every ¢ > 0, we call a finite set of points S =
{z1,...,2x} C K a (T,¢,a, K)-spanning set if for every initial state x €
K, there exists x; € S such that [[{(x,n) — {(z;,n)|| < ee™*", Vn €
{0,...,T —1}. Let sk (T, €, a, K) be the minimum cardinality over all pos-

sible (7, ¢, a, K')- spanning set.
Theorem 1 from [13] tells us that

1
hest (v, K') = lim lim sup T log sk (T e, a, K).

e—0 70 est

We use this characterization of the estimation entropy in the proof of Theo-
rem 2.2.6.

Notice that A; = Ag. Thus, A, = ®(Tpn, Tp(n — 1)) for n € N. We make this choice
to be consistent with the literature.
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Definition 2.2.3. A Lyapunov index is a function X : R — RU{—oc} with

the following properties:
e \(kv) = A(v), for every real Kk # 0
e A(v+w) < max {A(v), A(w)}
e \0)=—00

A Lyapunov index A(:) can take at most d distinct real values (see, e.g.,

[36]). We recall that the value —oo, corresponding to A(0), is not a real value.

Definition 2.2.4. The Lyapunov exponent associated with a sequence of

matrices (A,), oy is the following Lyapunov index®:

1
A(v) = limsup — log (||®,v]]),

n—oo TN

for v € R?\ {0}. Also, we define \(0) := —oo.

The Lyapunov exponent, A(-) is a special Lyapunov index (see, e.g., [36]).
Thus, we note that its image has at most d distinct values. We denote these
values by x;, for i € [q], where ¢ < d, and we index them according to the
increasing order for real numbers, ie., x; < --- < x4 Wecall x;,i=1,...,¢q

the Lyapunov exponent values.

Definition 2.2.5. A filtration (or flag) on R? is a family of vector subspaces
V = (E)L,, with ¢ <d, such that {0} = Ey C Ey C -+ C E, = R%. Further,
we call V = {vi}le a normal basis of the filtration V if it is a basis for RY,

dim(E;)
b1

and for every j > 1, the subset of V given by {v; is a basis for ;.

In this document, we are interested in a specific type of filtration: the
Oseledets’ filtration.

Definition 2.2.6. A filtration V), associated with the sequence of invertible
matrices (A,),cy such that E; = {v €R?: A(v) < x;}, where A(-) is the
Lyapunov exponent for the sequence, and y; are the Lyapunov exponent
values of the sequence previously defined, is called an Oseledets’ filtration.
Also, the subspaces E; € V), are called Oseledets’ subspaces. In addition,
the following dim(F;) — dim(E;_1) is called the multiplicity of the Lyapunov

3Note that the function does not change if we change the norm.
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exponent value x;. Ift dim(E;) — dim(E;_;) = 1 for every i € {1,...,q}, we
say that the Lyapunov exponents are simple. Finally, define A = {Aj}?zl
as an ordered list with repetition where for every j = 1,...,d, there exists
some i € {1,...,q} such that \; = x;, and for every i = 1,...,¢q, x; appears
dim(F;) — dim(E;_;) times in A. The order in A can be any total order
relation in the set A chosen among those for which A\; < --- < )\;. We call

the elements \; € A the Lyapunov exponents with multiplicity of (A,),,cn-

The Oseledets’ filtration depends on the entire sequence (A4,) We

neN-
illustrate that fact with the next example.

20 0 1
Example 2.2.1. Let A = 0 4 and B = ( Lo ) Notice that the

sequences A/, = A for all n € N, and the sequence A,, = A for n € N\ {N}
and Ay = B for some N € N, have the same Lyapunov exponents. However,
these sequences have different Oseledets filtrations. We can see that the
Oseledets’ filtration of the first sequence is F; = span{( 10 )T} C FEy, =
R2. The second sequence, on the other hand, has an Oseledets filtration given
by E; =span{( 0 1 )T} C B, =R%

Definition 2.2.7. A sequence (4,), .y is called tempered if
1
lim —log||A,|| = 0.
n—oo 1,

If the sequence (A,), .y is uniformly bounded, then it is tempered. In

particular, if (4,) has finitely many values, then it is temperedness. Re-

neN
markably, temperedness does not imply a sub-exponential growth rate for
®,,. One counter-example is the sequence A, = n, which is tempered be-

cause lim,, . % =0, but ®,, = n! grows faster than any exponential.

Example 2.2.2 (Example 2.1.1 revisited.). We take this opportunity to re-
visit Example 2.1.1. Let {e;, ez} be the canonical basis for R?. Also, we
denote by a;j(n) the element in the i-th row and j-th column of the matrix
A,. Further, we denote by ¢;;(n) the elements of the matrix ®,,. Further-

more, denote by m;(n) = > _, I{(A ) Apn)en), where 14(+) is the

nEN:Ak:Bi}((
indicator function, i.e., la(z) = 1 if x € A and l4(z) = 0, otherwise. The

quantity m;(n) counts how many times mode ¢ was active until time n.

4Equivalently, we could say that d = ¢.
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A simple computation shows us that ¢1;(n) = 0.9™M1.1m2() g0, (n) = 1,
and ¢12(n) = a11(n)gi2(n — 1) + asa(n) for n > 1 with initial conditions
¢;i =1 and ¢;; = 0 if 7+ # j. Then, the Lyapunov exponents of the sequence
(An),en are given by

. 1
A(er) = limsup — log(||®neq||)

n—oco 1

1
= lim sup — ]Og (Ogml(n)llmz(n))

noo 1
= lim sup ma(n) log(0.9) + ma(n) log(1.1).

n—oo M n
Now, note that the average time an ergodic Markov chain remains on mode
1 is, with probability one, 7;, where m; comes from the solution to the system
of equations m = 7P and Zle m; = 1, where (m,m) = 7. This latter
fact leads us to the conclusion that, with probability one, realizations of
our Markov process will be such that the fractions mT(") converge to m; for
i € [2]. Thus, A(e;) = 310g(0.99) < 0. We further note that we can interpret
¢12(n) = an(n)pr2(n — 1) + az(n) as a scalar linear time-varying system
with an input aja(n). Therefore, if [7_; a11(j) < 1 and a12(n) are bounded,
we conclude that ¢9(n) is bounded. Simple calculations show us that aj2(n)
and [[7_; an(j) = 0.9m1(M1.1m2(") are bounded. We can now compute \(es)
by noticing that ||®,es|| = max {¢12(n), 1} is bounded, hence A(e2) = 0 with
probability 1.
Finally, note that the filtration E; = span{e;} C Ey = R? is the Oseledets’

filtration and that {e;, es} forms a normal basis for it.

We remark that, although the sequence (A”)neN comes from a stochastic
process, we calculated the values of the Lyapunov exponents for a generic
realization. Thus, we always choose a specific realization, as in the determin-
istic case. Nonetheless, we use the Markov chain’s properties to show that

our result holds for almost all realizations of the random process.

Definition 2.2.8. A sequence (4,), .y is called (Lyapunov) regular if

d
1
lim — log (|det (®,)]) = > Ai.

n—oo M
i=1
We call a system given by Equation (2.2) regular, if its associated matrix
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sequence is regular.
We use the following two examples to illustrate the notion of regularity.

Example 2.2.3. In this example, we denote by {ej,es} the canonical ba-
0 10

sis in R?2. Let p > 1, B = P , and By = P . Now,
0 p! 0 p

we build a matrix sequence in the following way: let A, = By, when n €

{2¢0,... 2771 — 1} for i € N odd, and let A, = By, otherwise. We no-
tice that det (|®,|) = 1 regardless of the sequence (A,), .y since det(B;) =
det(Bsy) = 1. Consider the subsequence with indices n; = 2* for k € N.
Then, using induction, we see that ||®,, (e1)| = p~ ST Thys,
w = S (=D)51(2)~ + (=1)*27%) log(p), after the change of
varibles ¢ = —i + k 4+ 1. Further restricting ou analizys to the subsequence
with indices ny = 2* for k even, we show that limy_, lezl(—l)”l(Q)*z

log(p) + (—1)*27%log(p) = 3log(p) > 0. Therefore, the largest Lyapunov
exponent must be positive since A(e;) > 0. However, we have det (|®,]) = 1,

which implies that the sequence cannot be regular.

Example 2.2.4. Now, we use the same matrices B; and Bs as in Example
2.2.3, but we consider a different sequence. Let A, = B;, whenever n is
divisible by 4, and A, = B,, otherwise. Further, denote by {ej,es} the
canonical basis of R?. Thus, simple calculations show us that A(e;) = —% log p
and \(ep) = %log p. Hence, we conclude two things: first, the sequence
is regular. Second, the canonical basis {ej,es} is a normal basis for the
Oseledets’ filtration.

Note that, in Example 2.2.3, we cannot replace the limit superior that
appears in Definition 2.2.4 by a usual limit. However, we can replace it in
Example 2.2.4. One might wonder if regularity is related to this behavior
since the sequence from Example 2.2.4 is regular while the one in Example
2.2.3 is not. Interestingly, that is precisely the case. Lemma 2.2.5, which
presents equivalent characterizations for regularity, helps us understand that
better. We readily see that the second bullet of Lemma 2.2.5, applied when
7 is a singleton, implies the claim we just made, i.e., we can only replace the
limit superior by a limit when the sequence is regular.

We remark that Lemma 2.2.5 is a classical result from the dynamical sys-

tem’s literature. We refer to Chapters 3 and 7 of [36] for a proof.
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Lemma 2.2.5. Given a tempered sequence (A,,),, oy of invertible matrices, let
{vl, e ,vd} be any normal basis for the Oseledets’ filtration of the sequence
(An),en> and let Z C {1,--- ,d} be any set of indices. Further, let \; be the
Lyapunov exponents with multiplicity of the sequence (A,), - Then, the
following conditions are equivalent

o lim, o Llog (|det (®,)]) = S0, \i;
o lim, o = log (vol ({®pv; 11 € Z})) = >, cr M
e The matrix lim,,_, o (<I>,TLCI>”)ﬁ exists.

Now, we state the section’s main Theorem. The proof of this theorem

appears in the work [20].

Theorem 2.2.6. Let o > 0. Let (A,),. be a tempered sequence of invert-
ible matrices. Let K C R? be a compact set of possible initial conditions
with a nonempty interior. Denote by A;, with « = 1,--- ,d, the Lyapunov
exponents with multiplicity of (A,), .y Then, the estimation entropy of the

discrete switched system (2.2) satisfies:

d
hest (a, K) < Zmax {0, \; + a}, (2.5)

=1

with equality if the system is regular.

Proof. For the proof of the upper bound, we build a (T ¢, v, K') - approximat-
ing set Fr and calculate its cardinality. First, denote by {vy,...,v4} a nor-
mal basis for the Oseledets’ filtration associated with the sequence (A;),,cy-
Then, pick an € > 0. Further, choose an arbitrary block length ¢ € N and a
time horizon T" € N such that T > ¢. Also, for a fixed but arbitrary 6 > 0,

we define

17— max{ max |\<I>jgMH,eﬁz‘”)ﬂ,e@f”)((j1>f+1>} (2.6)
ke{0,...,0—1}

fori e {1,...,d}andj € {1,...,[(T—1)/0]},and TV == 1fori € {1,...,d}.

Consider the box B? = {Z?:l ViKY <y < E?}, where k! and & are

such that K C B and diam (B°) < co. Further, consider the following sets:
0

CY = {1,--- , {dﬁo%ﬁW} for i € {1,...,d}, and C/t! = {1,--- , {Eeaq}

r;

forie {1,...,d} and j € {0,...,[(T —1)/¢]}. Now, define the set Q of all
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ordered tuples (qo, o ,q[(T*Wﬂ) with ¢ = (q{, o ,qé) and qf € Cf For a
given ¢ = (¢°,...,¢/""V/%) € Q, we build a function #,(-) such that the
value of the function at time ¢ € {0,...,7 — 1}, i.e. Z,(t), depends only on
(qo, gl ﬂ). Before presenting the function’s construction, consider the

following recursive definitions:

&™) = () + 5 (Te) ™ (g~ 1), 2.7

R g) = ml(g) + 5 (D) ] (2.8)
where i € {1,...,d}, j €{0,...,[(T—=1)/{]}, and q € Q.

Now, define for j € {0,...,[(T'—=1)/¢]}, i € {1,...,d}, and ¢ € Q the
quantity

Bila) = lla) + 5 (TIe?) " (¢] - 1/2). (2.9)

Finally, for t € {0,...,7 — 1} and a given ¢ € Q, define the function z,(t) ==
S B ®v;, where j = [t/0] —1, ie. jissuch that j0+1<t< (j+1){. In
words, we are using the same §; estimate 3/ for all ¢ such that j = [¢/¢] — 1
holds true. Further note that any such ¢ satisfy t = (j + 1)¢ — k for some
ke{0,....,0—1}.

Notice that, for given ¢ € Q, 7 € {1,...,d},and j € {1,...,[(T —1)/¢]} the
estimate (7 (q) is the midpoint of & j+1(q),ﬁf+1( )) by Equations (2.9), (2.7),
and (2.8). Also, note that for any given 8 € [x/""(¢),7 "' (q)), we have that
‘6] 6‘ o (Tfet) ™ - again by Equations (2.9), (2.7), and (2.8). Now,
let Fr be the set of functions z,(-) for ¢ € Q.

We claim that Fr is a (7)€, a, K)-approximating set. To see that, let x €
K and write it as z = Z?Zl Biv;.  We proceed by induction over j &
{0,...,[(T"—1)/€]} to show that there exists a ¢ € Q such that the cor-
B (q) — 51" < 5 (Fgeaﬂ)fl. Consequently, we
conclude that the corresponding Z,(-) satisfies ||Z,(t) — &(x, t)|| < ee™** for
te{0,..., T -1}

Step 0O:

We have that 3; € [k, %) for i € {1,...,d} by definition of B%. Let ¢° =
(q9,...,4%), with ¢ € C?, be such that 3; € [k!(q),%}(q)) for every i €

P )

{1,...,d}. Notice that x}(¢) and %;(¢) depend only on kY, %7, and ¢?. By

responding 37(q) satisfies?

5Notice that this is equivalent to 8; € [ﬁ{“(q),ﬁ?“(q)).
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Equations (2.9), (2.7), and (2.8), we have that ‘@- - ﬁf(q)‘ < 5. Thus, for
any i,(-) € Fr, with ¢ € Q and ¢” as the one described here, we have that

24(0) — €, 0| = ||y (B = 800)) wi]| < 5 [ Sy < 5 where the
last inequality comes from the fact that ||v;|| =1
Step j+1:

From our induction hypothesis, 8; € [1!(¢), 7 (q)) for i € {1,...,d}. Now,
let ¢ = (q{, . ,qé), with qf € Cg, be such that 3; € [_g“(q) E7+1(q))

» "

for every i € {1,...,d}. Notice that x}*'(¢q) and & *'(¢q) depend only on
k!(q), ®(q), and ¢/. By Equations (2.9), (2.7), and (2.8), we have that

‘Bi —Bg(q)‘ < 5 (F{eo‘ﬂ)_l. Thus, for (j — 1)+ 1 < ¢ < j¢ and for any
24(-) € Fr, with g € Q and (¢°, ..., ¢’) as the one inductively described here,

we have that

d
o) = €. 0l = || 3 (B() - 8:) @i,
i=1
€ 1 P €
< gt tAi < Zpot
= 24" 2; [ =2%

where the last inequality comes from the facts thatS ||®v;]| < IV and e~ <
e forte{(j—1)f+1,...,5¢}. With this, we conclude the induction.”
Since there exists a one-to-one correspondence between elements of O and
Fr, the cardinality of Fr is given by Hj[gfl)/ d (Hle #Cf ) Also, because
Fris a (T, e, a, K)-approximating set, its cardinality is an upper bound for
Sest (T, €, ¢, K), the minimum cardinality of any (T, ¢, «, K)-approximating

set. Therefore, we conclude that

[(r-1)/6]

1 .
? log sest (T, €, v, K) 0 Z;log (#cg) .
j=0  i=

Recall that, by the definition 2.2.4 of Lyapunov exponent, for any given
0 > 0, dN; € N such that V¢ > N; we have that %log(H(I)tviH) < \;+0 for a
given i € {1,...,d}, from which we get that || ®,v;| < eP*9? for all t > N;.

6 An immediate consequence of Equation (2.6).

"We need a minor change for the final step, i.e. j = [(T —1)//], in the induction
process. Because of the domain of Z4(-), we have to consider ([(T'—1)/¢] —1)( <t <T
instead of ([(T'—1)/¢] —1)¢ <t < [(T —1)/€]¢ . This is the only change needed to prove
the induction.
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We restrict our choice of § to be such that \; + ¢ < 0 for all \; < 0 with
i € {1,...,d}. However, we can choose § > 0 arbitrarilly small. Now, from
Equation (2.6), we have that T? = e+ if \; > 0, and T = ¢Xi+0)(G-1Dé+D)
if \; < 0, with both equalities being valid for all j such that (j—1)(+1 > N;.
1},2’ =1,... ,d}. Therefore, it is
true that B = eOHo) for j> M and i€ {1,...,d}. From our previous

For sunphaty denote M = max {(

discussion, Wlth our previously fixed ¢, we have the followmg inequality

7=0 =1
d
_ (M;— 1) Z log ({e()‘ iFatd)t Z log 1+o¢+6)€")
i=1

where we notice that the first two terms on the right hand side vanish when
T goes to infinity. Thus, we have that heg (o, K) < % Zle log ((e()‘ﬁa*‘;)q )
Since § > 0 can be arbitrarily small, this shows that

i ()\+a )

hest «, K S

Nli—l

Finally, because ¢ can be made arbitrarily large, we get inequality (2.5).
Here, we used the fact that limy_, . %log({eyQ) = max {y,0} for y € R. To
see this, note that we have [eyq =1 for y <0, so log([eyzw = 0, and we
have that y < 1log([ev]) < Llog(e¥*(1+e7¥)) =y + {log(1 + e7¥) for
y > 0, from which we conclude that the limit equals max {y,0}.

For the lower bound, assume that (A,), .y is regular. Let {vq,...,vq} be a
normal basis for the Oseledets’ filtration associated with (Ay), . Further,
fix an arbitrary 0 > 0 and pick an € > 0. Define 7 := {i € {1,...,d} :
ANi+a+6 > 0} a set of indices and U = {Zig%vi TR < < Ei}, with &;
and ®; such that U C K, which is always possible because K has nonempty
interior. For simplicity, assume that x, = 0 and ®; = & for all 7 € Z. If this
is not the case, translate the set K so that the origin will be in its interior,
a transformation that does not change the #Z-th volume. Therefore, U is
the parallelepiped {k;v; : k; € [0,%]} with #Z-th volume given by vol(U) =
(®)#Tvol({v; - i € T}).

Now, from the regularity hypothesis and the second bullet in Lemma 2.2.5,
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for our 6 > 0, AN € N such that Vj > N we have that

llogvol ({@jui i €T}) =Y Ni| < 0#I,

J i€T
which implies that vol ({®;v; 1 i € T}) > eier(Ni=0)i,
Notice that the parallelepiped ®;U = {Ziel 7P 1 0 <y < E} has the
#Z-th volume equal to vol(®,;U) = (r)#*vol ({®;v; : i € Z}). Now, let C' =
{z1, -+ ,zn} be an (T, ¢, a,U)-spanning set. We show how the cardinality
of C' compares with the minimum cardinality, s’, of a (T €, a, U)-spanning
set.
First, recall that B (z,r) is the infinity-norm ball (hypercube) centered at x
with radius r. Define BUD (z,7) == B(z,r) N {X,c7%Pjvi : 7 € R}, i.e. the
intersection of the ball with the subspace spanned by the vectors ®;v; for
i € Z. Now, since C'is (T, €, a, U)-spanning, we cover ®,U with balls of ra-
dius ee T centered at &z, for x; € C. Because the balls BUZ) (@Txi, ee’aT)
cover @U, the sum of their #Z-th volumes, i.e. the cardinality of C' times the
#7Z-th volume of a single ball, is larger than or equal to the #Z-th volume
of ®7U. From this, we conclude that #C > Vol(BE]g)lq(wi:g)’T"‘))' Lastly, be-
(T, e, , U) is the lowest value for the cardinality of any (7', ¢, a, U)-

*
cause Sgy

spanning set, we conclude that

vol(®rU) & #T |
- L({ Pro; : }).
vol(B(®r;, ce=1e)) <2€€—Ta) vol ({®7v; : i € T})

It is straightforward to see that s’ (7T, e, a, K) > s, (T,¢,a,U), by the fact

est

se(Tye,a,U) >

that any (7€, «, K)-spanning set is also a (7)€, «, U)-spanning set. Thus,
we arrive at st (T, ¢, o, K) > (L)#I vol ({®7v; : i € Z}). Furthermore,

est, - 2ee— T

we have that

1 #*
hest (K, ) > lim lim sup f<log (i) + log vol ({®rv; : i € I})) + a#Z,

=0 Tyoo 2¢

and, since T' can be taken to be larger than N, we derive that heg (K, ) >
lim,_,o lim sup;_, o, %<log (%)#I> + > ier(Ai+a—0), and we conclude that
hest (0, K) > 3> 7N + a0 = 6) = S max {\; + « — 6,0}, where the last
equality comes from the definition of Z. Finally, by the fact that 6 > 0 was
arbitrary, we have that hegt (o, K) > >, ; max {\; + o, 0}. O
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Example 2.2.7 (Example 2.1.1 revisited.). We can finally resume the anal-
ysis of Example 2.1.1. By our previous computations in Section 2.1, we con-
cluded that our system’s Lyapunov exponents are A(e;) = 310g(0.99) < 0
and A(ez) = 0 with probability one. Thus, we deduce that the system’s

estimation entropy satisfies the inequality
1
hest (@, K) < max {§ log(0.99) + «, O} + max {«a, 0} (2.10)

with probability 1.

2.2.1 Connection with previous results

We take this opportunity to draw a connection between the results from [26]
and those from this chapter. We note that [26] obtained bounds that depend
solely on the individual modes and their respective active rates. The first
important remark we must make is that we cannot deduce the results we
presented so far cannot from the results from [26]. To understand why, we

T+tA||—1 :
0 % the matriz measure

need a few definitions: denote by p(A) = limy
of the matrix A, and by 1,(o) the indicator function of mode p, i.e. 1,(q) =1
if p = ¢ and 1,(¢) = 0, otherwise. Finally, define the active rate of mode
p as py(t) = %f; 1,(c(7))dr. The upper bound for the topological entropy

obtained in [26] is

hest (0, ) < max { lim sup Z p( Aoy pp(t)d, 0}.

t—o00 pex

We can easily see that that bound is conservative. For example, consider a

system that never switches and for which its only active mode has a unique
2 0
unstable eigenvalue. We can take A = 0 _o to make our example
more concrete. We easily see that, by the properties of the matrix measure,
we must have that u(A) > 2. Also, the topological entropy is 2, but the
upper bound is greater or equal to 4. This example shows that we must
consider the eigenstructure of the mode in our analysis. That is precisely
the role of the Oseledets’ filtration. We can divide a normal basis for this
filtration into vectors corresponding to nonnegative Lyapunov exponents and

the ones corresponding to negative ones. Analyzing only the former ones, we
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focus our attention on the directions where our system does not contract,
which allows us to arrive at the correct value for the topological entropy in
this case. In this manner, we avoid the conservative bound from [26].

The lower bound obtained in [26] was the following:

heet (0, K) > {hm sup Ztr(Ap)pp(t)}.

t—0 pey

The proof of that inequality relied on the classical volume counting argument,
as in Theorem 2.2.6. As expected, geometric reasons prevented this lower
bound from being tight. More explicitly, the volume considered in [26] was
d—dimensional. Thus, if there is a direction in the state space where the

state is contracting, then the volume will decrease. Consider, for example,

2 0
the mode A = 0 . It has a negative trace but a positive topological

entropy. The two-dimensional volume of the set of initial conditions will
decrease, but a one-dimensional subspace will grow. In Theorem 2.2.6, we
deal with that issue by removing those shrinking directions and only looking
at the expansive ones. Once again, the restrictive setting of only knowing
the active rate prevents the bound from being tight.

It is worth mentioning that knowing the Oseledets’ filtration requires com-
plete knowledge of the whole switching signal, even at future times. Hence,
although the result from Theorem 2.2.6 is tighter, it also requires much more
information than the bounds obtained in [26].

We remark here that regularity, informally, means that the geometric no-
tion of expanding directions and the notion of an expanding volume form are

compatible. This latter fact allows us to get the identity in Theorem 2.2.6.

2.3 Quantization Algorithm

The goal of this section is to describe the quantization algorithm. This algo-
rithm’s purpose is to reconstruct the state of system (2.2) with an estimation
error that decays with a prescribed exponential rate using only quantized
measurements. The algorithm produces over-approximations to the reach-
able set that depend on some parameter choices, the switching signal, and

the desired exponential decay for the estimation error. One important pa-
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rameter is a family of bases V; = {v{, . ,vé}, J € Zsp for R%. How we choose
such a family affects the algorithm’s average data-rate. We show that there
are choices of families that allow our algorithm to operate with an average
data-rate as close to the estimation entropy of our system as desired. More
than that, we show how we can build such a family online, assuming that
the switching signal is known.

We recall that as in Section 2.2, T}, > 0 is a sampling time, and the sequence
(An),en corresponds to® the exact discrete-time model of some continuous-
time model described by equation (2.1), i.e., A, = ®(T,n,T,(n —1)).

2.3.1 The Algorithm

Now, we are ready to define our quantization scheme for switched linear
systems. We assume that the switching signal is known to us, i.e., o(t) for
all values of ¢ € R>o. Note that this implies that we must know the en-

tire sequence (A4,) where A,’s appear in Equation (2.2). Further, we

neN:
assume that we have a family of orthonormal bases V7 for R?. By appropri-
ately choosing that family, we can make the average data-rate used by our
algorithm arbitrarily close to the upper bound for the estimation entropy ob-
tained in Theorem 2.2.6, namely Zfil {\i + a,0}. Consequently, under the
assumption of regularity, as we proved in Theorem 2.2.6, the algorithm will
operate with an average data-rate arbitrarily close to the estimation entropy.

Before we proceed, we need some additional concepts. Let ¢ € N be
the block length, and let 7 € N be a number that indexes our algorithm’s
iteration. We also need to mention that the following description is only
valid for positive times because the case of time equal zero is slightly different
because of how we initialize our algorithm. Nevertheless, the idea behind the
algorithm mechanism is essentially the same for all time indexes. Informally,
the algorithm operates in the following manner: Let the initial state x be
inside the region B!, a parallelepiped in R?. Given a basis {vi }5:1 from
the family V7, build a new parallelepiped B’ with sides parallel to the vectors
v!’s that contains B/~*. Now, we flow B? forward using ®,,,; and denote it
by B’. More precisely, we define B/ = <I>jg+1(f3j). Note that, since x belongs

to B~! and B/~! C B, we have that the state at the current time j¢ + 1,

8 As described after equation (2.4), i.e., A, = A forn=k+1and k e Z>o.
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i.e. £(z,j0+ 1), belongs to B’. We have quantization subregions inside the
set B7, each corresponding to a distinct quantization symbol. We denote
by ¢’ the quantization symbol corresponding to the quantization subregion
that contains &(x, j¢+1). Next, we flow the previous quantization subregion,
which corresponds to the symbol ¢/, backward by ®;,,1 and define the result
to be BJ. Finally, we repeat the procedure.

We must stress that our algorithm will work for an arbitrary choice of bases
{UZ }j:1 with j € Z>. However, the choice of bases affects the average data-
rate used by our algorithm. We show in Corollary 2.3.2 and Theorem 2.3.4
how to choose bases that guarantee that the average data-rate will approach
the estimation entropy asymptotically. Finally, we note that we construct
our estimates using only measurements that happen at time instants of the
form t = j¢ + 1 with j € Z>, and at the initial time ¢ = 0. The reason
why we only use measurements at those times is related to the idea of block
coding (see, e.g., Chapter 5 of [39]). As we will see later, this idea allows the
algorithm’s average data-rate to approach the estimation entropy arbitrarily
close in some cases.

In what follows, we assume that R? is endowed with the canonical inner
product (-,-). The following algorithm, proof of correctness, and corollary,
were first presented in [20].

Quantizer algorithm

Initialization: Let K be the set of possible initial conditions, x € K be
the true initial condition, € > 0 a prescribed precision, 7, > 0 the sampling
time, and £ € N be the block length. Also, consider the sequence (A,),cn»
where? A, = ®(T,n,T,(n — 1)) and &, = A, ... A;. Further, let V; =
{v{ e ,vé}, j € Zsp be a family of orthonormal bases for R?. We define
'Y =1forallie€ {1,...,d}. If the system is known to be regular, set

I = ke{g}%ﬁ_l} ||<I>jg,kvg|| , (2.11)

otherwise

I = max{ max HCng,kﬂH , eTpito)it, eTP()"'J“‘S)((jl)”l)} (2.12)
ke{0,...,0—1}

9Note that (Ay),cn C M(d,R) might be an infinite set in general.
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for a prescribed 0 > 0 and'® \; == limsup;_, %log (||<I>jv?||). Also, let « > 0

(2

be the prescribed exponential decay rate for the estimation error.
Step O:

In this step, we define an estimate #(0) for £(z,0) = .

e Define .
B = {Z%v?:@?g% <z?}, (2.13)
=1

where £ and %) are such that B° is the smallest set of such type that

contains the initial set K.

o Write {(z,0) = Z?Zl B209. Then, the symbol related to the quantized
value of &(z,0) is given by ¢° = (¢%,...,¢)), constructed as follows.
Define C) := {1, - {dgw } We define ¢?, for every i € {1,...,d},
as the k € C} such that

g e [ﬁ? + g(k: — 1), ) + §k> (2.14)
holds true.
e Denote
3= w0+ 2 (42— 1/2). (2.15)

Our estimate for the state at the moment ¢ = 0 is

2(0) = Zd: <@? + cEZ (¢ — 1/2)) Y.

i=1

We could describe this step 0 in words as follows. B is divided into cubic
boxes with sides of length €/d; ¢? encodes the position of the box in the i-th
dimension that contains x; and #(0) is the center of this box.

Step 1:

In this step, we define an estimate #(t) for &(x,t) with 1 < ¢ < /.

ONotice that these );’s are not the same as the Lyapunov exponents with multiplicity
since the v’s are not a normal basis for the Oseledets’ filtration in principle.
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Notice that we generated a box
d € €
B = {Zukvirﬁiﬂj(q}?—l) Suk<ﬁ2+3q2} (2.16)
k=1

at the end of Step 0 and that z € BY. Now, in this step, we generate
the smallest box aligned with the new basis {v} };.1:1 that contains B°.
This box takes the form

d
B':= {Z%%’l Lk < <E§}-
=1

To compute the bounds ! and &}, let y = S0, mv) be an arbi-

trary point in B°. Thus, its coordinate relative to each v} is 7; =
d d

(et VR Vi) = Dy {0, 7).

Hence, to find the smallest such box, we need to take

SH

s = min {3 o o)) (2.17)

k=1

€ €
bt (=) < <mp+ ol k=1...d}

I=

for every ¢ € {1,...,d}. Notice that this is a linear programming
problem. Therefore, the solution will occur at the boundary. Moreover,
this set of inequalities forms a box, and we only need to check its
vertices to find the optimal value. The upper bounds %} are defined

similarly but with max instead of min. Finally, we define the box

d
B' = {Z%(I)lvg TR <y < Ell} (2.18)

i=1
by flowing the box B! forward by ®;. We can write the procedure of
this step in the following itemized way.

e Define B! = {Zlefyi@lv} thy <y < E}}, where k] is obtained as
described above, and %] is obtained in an analogous fashion by changing

min by max.

o Write &(z,1) = 3%, fi®,v}. Then, the symbol related to the quan-
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tized value of (z, 1) is given by ¢* = (qi, ..., q}). Define C} = {1, o

{dr‘l Tyal K E*ﬂ } We define ¢}, for every ¢ € {1,...,d}, as the k € C}
such that

—Tpol —Tpol
Bl e {ﬁz +2€F1 (k—1), 5! +§€F1 k) (2.19)
holds true.
e Denote by
A1 o ee et
Bl=ml+ S5l —1/2). (220)

Our estimate for the state at the moments 1 < ¢ < /¢ is
d

z(t) = Z Bl

i=1

Step j+1:

In this step, we define an estimate Z(¢) for &(x,t) with j¢+1 <t <
(7 + 1)¢. Notice that we generated a box

ce” Tpajt ce et Tpadt

(2.21)

at the end of Step j and that z € B7. Now, in this step, we generate

]+1}

the smallest box aligned with the new basis {v that contains

B7. We define this smallest box as

d
j j+1 1 —j+1
Bt .— {Z%Ug—ir - J+ <y < ]+ }’
i=1

1 —j+1 .
"+ and #" in an analogous manner as we obtained £,q

and %} in Step 1. Finally, we define the box B’*! as the box obtained
after flowing BI*! forward by ®,,,,. We describe the procedure in the

and obtain k!

following itemized way.
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e Define

where

and & 1 is obtained in an analogous fashion by changing min by max.

o Write {(z, 50+ 1) = Ele B ®,,, 07T Then, the symbol related to

the quantized value of £(x,j¢ + 1) is given by ¢! = (q{“, . ,qu).

Let
—j+1 +1
Cj+1 — {1 |Vd€Tpo¢ ]-I—l)@r]-‘rl’i ’%g “ }
i ) —6 .

We define ¢/ 7" as the k € C/™" such that

€ e Tpa(j"’l)é € e Tpa(j+1)€

j+1 j+1 j+1
,BZJ € |: J + 3T(k‘ — 1) ] + E?k) (2.24)

holds true.

e Denote by
i+ . J+1 e e~ TroliHe j+1
B = + ET(% —1/2). (2.25)
Then, our state estimate for the time instants j¢ +1 <t < (j + 1)¢ is

d

z(t) = ZBZJHCI%U?H.

=1

Theorem 2.3.1 proves that Algorithm 2.3.1 generates a coding scheme that
permits us to reconstruct a state estimate with an exponentially decaying
error with a prescribed rate of decay. That theorem also gives us an upper

bound on the average data-rate used by our coding scheme.
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Theorem 2.3.1. Let (A,), .y be a sequence of matrices that comes from the
exact discretization of the system (2.1) with sampling time 7, > 0. Then,
the algorithm from Section 2.3.1 gives a sequence of estimates (2(t)),cz.,
such that ||&(t) — &(z,t)|| < Se” ", Further, the average data-rate of the
. ) - : t -
algorithm from Section 2.3.1 is given by b = limsup,_, ., ﬁ > j—olog (#C7),

with ¢/ =[], C/ and #C7 =[], #C/, where

i

j+1
#Cj+1 < Tpoaﬁ i ‘ ] J+1
P> Ujy V]

for j € Z>y and

#C¥ < [ddiL(Bo)w )

€
Proof. Step O:

- By < (2.14) and (2.15). Then,

and #C? = {d@-‘ < {ddiamT(BO)-‘. Finally, notice that z € B° by equations
(2.16) and (2.15).

Step 1:

We need to show that

d
:{Zyitblv?:@?+§l(.—l)<%</i +d }CB1
i=1

Take y € B and write it as y = ZZ:1 yrvp, and recall that k) + 5(gp — 1) <
Yp < Ky + Sqp for ke {1,...,d} by equation (2.16). Now, rewriting y =
S (Zk Luk(vpv >>vz, we can check that k] < (Zzzl yk<v,2,vi1>> < R}
by the definitions of k] and ;. Thus, ®;y € B! by equation (2.18). Since
y € B® was arbitrary, we have that ®; (B°) C B'.

Now, we need to find an estimate for #C}!. First, let (f_y}, . 7111) be any
argument of the minimum corresponding to the minimization used to de-
fine x!, and let (71,...,7}) be any argument of the maximum correspond-

ing to the maximization used to define %}. Next, notice that |k} — k!| =
S (Fh—ab) @b < 5 1 v, because |7 - 7| < €/d by
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the fact that'' k) + <(¢) — 1) < 7 < k) + < for every i € {1,...,d}. Thus,
we get the upper bound #C} < [le Tpat Zk:l |(v?, 1)|-‘

Z

Further, by equations (2.19) and (2.20), we have that |5} — | < 7k ;’fae
Then, for 1 <t < ¢ we have that
d 4. P,0! €
. _ 1 1 & —Tpat LY & —Tpat
Ie) =&l = (|32 (5! = 27 )owt]| < ggef| 52t < e
where the last inequality comes from the facts that ‘ (I’Iﬁqfil

< 1and 1<t </ Finally, notice that € B! because 3¢, flv} € B! by
the fact that'? ®; B! C B! and equation (2.18).

Step j+1:

By our induction hypothesis, we have that € B7. We need to show that

]K-‘rl {E Vi j@—i—lv :

—Tpagl —Tpajl

j+£€
d 17

(qg_1)§7i<ﬁg+a

qz } C B.7+1

’L

Ee*TpajZ( 7

Take y € B7 and write it as y = Zzzl ykvi and recall that ﬁi +i (@
q) for k € {1,...,d} by equation (2.21). Now,

—Tpajl
Fj

1) <y < 8+ 56
rewriting y = .0, <Zk (vl ! ))vf“, we can check that x/™' <
<Zk Lk {vl, f+1>> < "™ by the definitions of /"' and & *'. Thus,
®;011y € BT by equation (2.22). Since y € B was arbitrary, we have
that @4, (B7) C B

Now, we need to find an estimate for #Cijﬂ. First, let (131'“, o ,zil“) be
any argument of the minimum corresponding to the minimization used to
define /™, and let (7]™,...,5") be any argument of the maximum cor-

responding to the maximization used to define EZ 1 Next, notice that

Tpaé

d d
R =l = |30 (0 -2 el < g o Lok
k=1 d F]

k._

HSee equation (2.17) and the discussion below.
120 see this, look at equation (2.18) and compare with equation (2.21) with j = 1.
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because 73" — 47t < 56_?}aﬂ by the fact that'® k! + 5¢ ?J_aﬂ (¢ —1) <
vi < r_aﬁ + E%qf . Thus, we arrive at the bound

]+l
j+1 T, Z +1
#Czj §|7 pol =0 Z}Uk,lj “
i

Further, by equations (2.24) and (2.25), we have the inequality

—T, ji+1)¢
Gt gitt| < € e~ Traltl)
‘ tolT2d it

1

Then, for j¢+1 <t < (j+ 1) we have that

d

S0 (e

=1
d i+l
3o o
J+1
Fi

i=1

12(t) — &2, 0| =

€
_2

£ o—Trali+1)e

<
— 2

—Tpat

(b‘fH ‘ < 1 and

jl+1 <t < (j+1)L Finally, notice that z € B! because Zi:l AR TN S
Bi*1 by the fact that ®;,, Bt C B/*! and equation (2.22). O

where the last inequality comes from the facts that!?

The previous theorem gives us the following corollary.

Corollary 2.3.2. Let 6 > 0, « > 0, and £ € N. If V; =V for all j € Z>,

where V is a normal basis for the Oseledets’ filtration, then

d
< L Z [eTora)]
T —

if the system is known to be regular and

L zd: Tp(Ai+a+5)q
T )

otherwise. Furthermore, b can be made as close as desired to heg (o, K) by

choosing ¢ large enough in case the system is known to be regular, or b can

13See equation (2.23) and the discussion below.
14This is implied by the defining equations (2.11) and (2.12).

32



be made as close as desired to 37 max {\; + a + 8,0}, otherwise.

Proof. If V = {v1,...,v4} is a normal basis for the Oseledets’ filtration

of a tempered matrix sequence (Aj)jeN and V; = V, ie. v] = v for
j € Zso and every i € {1,...,d}, then 3¢_ 1|<vk, A } =1, and \;
limsup;_, ., %log (Hi)]fo = hmsupjHOO 7 log (|| ®;vi]), i.e., Ai’s will be the

Lyapunov exponents with multiplicity. We know that for every n > 0, there
exists N € N such that Vj > (# + 1} and all i € {1,...,d}, we have
that ||®,v;]| < eTpPitmt < TpXitd+mt for all t > N and this § is the same
as the one used in the definition of T in the algorithm from Section 2.3.1.
Further, we know that for n > 0 sufficiently small, \; + 6 +n < 0 for all
Xi +6 < 0 with i € {1,...,d}. Therefore, for j > [#=1 4 1] we have that
maxg, ¢ 1) {H(I)jﬁ—kvin} < max {eTp(/\ﬁcHn)jf’ eTp(Ai+6+n)((j71)é+1)}.

Hence, as a consequence of our previous discussion and equation (2.12), if
Ai +6 < 0, then we have that I/ = eTrQetO(U=DED i > [N2L 417 and all
i € {1,...,d}, otherwise we have that I} = eZ»G:+9if yj > [X=1 4 1] and
all i € {1,...,d}. Note that for \; + & > 0, we have e’p(iFTo-mit < Fz <
eTr(Xitd+m)il 911 q that eTr(Nitdo— n)((j 1)+1) < Fj <elr Ai+0+n)((F—1)L+1) if \+6 <
0. Therefore, we have that “— < eTp(hi+o+am)t independently of the sign of

A\i + 0. Thus, by Theorem 2.3.1, we have that #C/*' < [eTritatotami]
Vi > (% + ﬂ and every i € {1,...,d}. We conclude, by showing that
the first (Ne_l + 1} + 1 terms of the sum in the definition of b go to zero
and that #C7 < [[L, [eTQiterdt200] for all j > [N=L 4 1], that's b <
m Zi:l log[eTr(itatotmi] = Also, because n can be arbitrarily small, we
have that b < ﬁ 7 log [eTr(itetd)l] Finally, by choosing ¢ large enough,
b can get as close to S2¢  max {\; + a + 6,0} as desired.

Following analogous steps, we can prove a similar result for the case when the
system is known to be regular. To see this, note that, under the regularity as-
sumption, for every n > 0 there exists N € N such that e?*i=mt < ||®,0;]| <

eTritnt for all t > N. Then, we notice that for \; > 0, we have e’r(i—mit <

IV < (DI and that eTrM-DG-DED) < 19 < TOAHNG-DE) i ) < .
P

Next, we get the inequality = < eT*i+20¢ independently of the sign of

Ai. Now, we replace this mequahty in our previous argument to get that

b < ﬁ Z log( 1*“”], and by choosing ¢ large enough, b can get as

15These steps are similar to those used in the proof of the entropy’s upper bound in
Theorem 2.2.6.
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close to S°¢ max {\; + a,0} as desired. These results are summarized in

the next Corollary 2.3.2. m

Remark 2.3.3. We note that Algorithm 2.3.1 reconstructs the state at the
end of the interval j¢ +1 < t < (j 4 1)¢ for j € Z5y. By that, we mean
that we must wait until time (j+ 1)¢ to build our estimate. We could, analo-

gously, build an estimate at the beginning of the interval by making a simple

modification: choose an arbitrary 6 > 0 and redefine, for all i € {1,...,d}
and all j € Zso, 7 as T == ||®;,07||e™PGTDE ] if the system is known to be
regular or I’/ = max{||®;,!||, eTrP:t0il TrMitd) (=D TpdG+EY - other-

wise. This latter modification works because the property of temperedness
of the sequence implies that there exists some N € N such that we have
| @0t < P00 @507 || < eTSUTDE|D ;0! || for all ¢ > N. This latter fact,
by its turn, tells us that W{%t” < 1, which is all that is needed for the proof

of Theorem 2.3.1 to hold. We also note that the quantity Fg only appears

+1

J
in the fraction F;]_- that we use to compute our data-rate estimate. Thus,

the data-rate anaiysis presented in the proof of Corollary 2.3.2 holds with

41 _
Fl’j/j < eTrCit2n0)l for all i € {1,...,d} and for all

the minor change that

j > N, where N € N. SiIZICG § > 0 is arbitrary, our claim in Corollary 2.3.2

remains unchanged.

2.3.2 Finding (V}),,_, Online

In general, knowing a family of bases (V) ez that makes our algorithm
operate with an average data-rate close to the estimation entropy, e.g., a
constant family equal to a normal bases for the Oseledets’ filtration, is impos-
sible. That happens because to compute the Lyapunov exponent, described
in Definition 2.2.4, we must calculate a limit superior, which requires us to

know the entire sequence (A,,) from the beginning. Analogously, we can-

neN
not know the Oseledets’ filtration beforehand. We hope that Examples 2.2.1
and 2.2.3 should elucidate these latter points.

So, naturally, we ask ourselves if there is a way to construct the family
of bases online. The answer is affirmative when the system is regular. We

prove this fact in the next theorem, first presented in [20].

1
Theorem 2.3.4. Assume that (A,),.y is regular. Let Q; = (] ®;)¥
for j € Zso and let its eigenvalues be e”) where i € {1,...,d} and
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err0) < ... < erald) Also, let V= {vl, e ,vé} be an orthonormal basis that
diagonalizes Qj, with an order induced by the order on their corresponding
eigenvalues e”(). Then the average data-rate of the algorithm from Sec-
tion 2.3.1 is upper bounded by Zf max {oz + N+ T TP O}, if the Lyapunov

: log(Vd)+1 )
exponents are simple, or Z?Zl max {a + A\ + M, 0}, otherwise.

Proof. Our goal is to find an upper bound for #Cf for j large enough. For
that purpose, we will use the upper bound obtained in Theorem 2.3.1. So,

. d 1 F]“F
we need to find upper bounds or expressions for y ;_, ’(U%Uﬂ * >’ and :

First, we show that A; = limsup,_, ., %
tion of the algorithm from Section 2.3.1 for i € {1,...,d}, are the Lyapunov
exponents with multiplicity, and that they are given by \; = lim; . p;(j).
To see that, notice that ||Q]Uf|| = ¢7U) and that

\ = 1imsup 1 log H(I)]Ul]H
Jj—00

N 1/2
= limsup - log<( )TQDJT@jvf)
]

‘]*)OO

= lim sup - log(( )TQ2JUJ)1/2
J

J (2
]4)00

= lim sup p; (j)
j—o0

where the second equality comes from the fact that the Euclidean norm and
the infinity norm are equivalent. Also, the last equality comes from the fact
that any basis that diagonalizes (); also diagonalizes Q?j .

As a consequence of regularity, by the third bullet of Lemma 2.2.5, Q); has
a limit. Therefore, its eigenvalues e”?) have a limit as well. Hence, we
conclude that \; = lim;_,, p;(j) because the limit on the right exists.
Second, denote the limit of Q); by @ = lim;_,, @);. Because Lyapunov expo-
nents are simple, there exists Ny € N such that for all j > N, the eigenvalues
of (); are simple as well. Now, a symmetric matrix with simple eigenvalues
has a unique, up to a change of signs and subject to the order indicated in
the theorem statement, orthonormal basis that diagonalizes it. This implies
that for any n; > 0, there exists N; € N such that ZZZI ‘(vi, f+1>’ <1+m
for all 7 > Ny and i € {1,...,d}. To see this, denote by {v1,...,v4} a

basis that diagonalizes ). Now, we can change the signs of {v{, e ,vi} if
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necessary, so that vg converges to v;, and notice that changing the sign does
not change the absolute value of the inner products mentioned above. Be-
cause these are orthonormal bases, there exists N; € N such that, for every
i€ {l,...,d}, we have [(v], v/ < m/dif k # i and |(v], v/t < 1411 /d
if k = 7, and we proved this claim. Notice, however, that the inequalities
S |<vk,vf+1)} < Vd for every i € {1,...,d} always hold, even without
simplicity.

Third, again because of regularity, for 7, > 0 such that \; + 1, < 0 for all
A\; < 0, but otherwise arbitrary'®, there exists N, € N such that for all j > N,
and all ¢ € {1,...,d} we have that \; — ny < p;(j) < Ai + 12. Thus, Fg =
maxie(o,..../—1} ||(I>jg_kvf|| = maXpe{o,....(—1} He"’i(ﬂ*k)” Then, we arrive at the
inequalities e?r(Mi—m)it < Ff < eTritm)il if X, > 0, and eTrPi—m)(G=DH1) <
17 < BQitm)(G=DED Hif X < 0. Then, 121 < elrMit2m)t for j > N, and
ie{l,...,d}.

Now, recall the definition of average data-rate

b = lim SUD 7 Z log ( #Cj

t—o0 jO’Ll

Denote N := max {1, No}. So, for j > N we have that
#CJ ( Ty (a+Ai+2n2)¢ (1+ Ulﬂ-

Further, define M = Zé\:()l Zle log (#C;) We can upper-bound the av-
erage data-rate by b < limsup,_, . ﬁ(M R DD i log(gi)>, where
gi = [eTrlotht2m)(] 4],

Notice that log([x]) < max {log(z) + 1,0}. To see that, we study two cases.
If > 1, then 2z > x + 1 and log(2x) = log(2) + log(z) = 1 + log(z) >
log(x + 1) > log([x]). If x < 1, then log([x]) = 0. Therefore, we can derive
the upper bound

log ( (eTP(aJFAi””?)E(l +m)|) < max {T,(o+ A+ 2m)0(1 4+ m) + 1,0}

16Notice that 1o can be chosen to be as small as desired.
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Thus,

1
b<11msupﬁ(M—|— (t—N ZmaX{T a—+ A+ 2m)l+

t—o00 pg i—1

+log(1+m1) 4+ 1,0})

and since M and N are constants, we conclude that

log(1 1
ogl+m) 1 0}'

d
b < { A+ 2 :
< ;1 max § & + A; + 21 + T T

Since 7; > 0 and 7, > 0 can be chosen to be arbitrarily small, we have that
b < Zflmax{a—i-/\ +TL,,O}

Finally, if we drop the simplicity assumption, we could replace log(1 + 7;) by

log(ﬂ) and obtain b < 2?21 max {a + N\ + %, 0}, and, therefore,

in both cases, by choosing ¢ sufficiently large, the upper bound on b can be

made arbitrarily close to the estimation entropy hes (o, K) as given by the
last statement of Theorem 2.2.6. O

Remark 2.3.5. Some of the results still hold even without regularity and
simplicity. Note that ZZZI |<vi,vzj+1)} < V/d always holds for every i €

{1,...,d}. Also, removing the regularity assumption, it is true that for
+1
every 15 > 0, there exists N € N such that —=— < eT*i+3+2m)¢ fo1 all for

j > N, where 6 > 0 is the same that appears in the definition of FZ in
algorithm 2.3.1. Further, these inequalities lead us to the conclusion that
#C) < { T O‘*’\ﬁ‘”?m)g\/ﬂ for j > N and i € {1,...,d}. We can use this

to upper-bound #Cf and, following the same steps as in the previous proof,
log(\/&)-&-l

we conclude that b < Zle max 4 (a+ A\ +0) + T ;0

}. Finally, note
that these \;’s aren’t the Lyapunov exponents with multiplicity. These \;’s

are the upper growth rates of the singular values of @); as j goes to infinity
(see, e.g., Chapter 6 of [36]). It is well-known that these A;’s are smaller than
or equal to the Lyapunov exponents when we don’t have regularity. For that
reason, this algorithm might work at an average data-rate smaller than the
entropy’s upper bound obtained in Theorem 2.2.6. Understanding this gap

is the topic of future research.

We note that, without the regularity assumption, we need to have a priori
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knowledge either of the \;’s, or an upper bound to them. Both hypotheses
are unreasonable if we want to have a causal algorithm since the As depend
on the entire sequence (A")neN' We also remark that the simplicity of the
Lyapunov exponents is a generic property, and we expect that most systems
will have it (see, e.g., Chapter 8 of [29]).

2.4 Sufficient Conditions for Regularity

In this section, we show that many pratical systems satisfy the Lyapunov
regularity condition. We first prove that sampling continuous-time regular
systems gives us a discrete-time regular system as well. After that, we deal
with probabilistic switched systems, i.e., systems for which the switching
signal is a random process in some sense. An interesting subclass is that of
ergodic Markov Jump Linear Systems (MJLS) (see, e.g., [40,41]).

2.4.1 Sampled Continuous-time Regular Systems

We can define regularity of continuous-time systems analogously to the discrete-
time case. To do that, however, we need to adapt some other auxiliary no-
tions. We define the the Lyapunov exponent of system (2.1) as A\°(v) =
limsup,_, ., 1 10g||®(¢,0)v||, where ®(¢,0) is the state transition matrix of
system (2.1) (see, e.g., Chapter 3 of [36]). We further define the Oseledets’
filtration and Lyapunov exponents with multiplicities, \§ with i € {1,...,d},
analogously as the discrete-time Definition 2.2.6 by simply changing the defi-
nition of Lyapunov exponent used. Now, we are ready to define regularity for
continuous-time systems. System (2.1) is regular if lim;_, % fot tr(Ay(r))dT =
S AL

Another instrumental concept we need to adapt to the continuous-time
case is tempredness. We say that system (2.1) is tempered if

1 t+1
lim ~ HAU(T)H dr = 0.
t

t—oo ¢

We note that there exists an analogous result to that of Lemma 2.2.5 is true
for the continuous-time case (see, e.g., Chapter 4 of [36]). More specifically,

we use in this subsection a consequence of the analogue of the second bullet
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in Lemma 2.2.5, i.e., for tempered and regular systems it holds that \{ =

o w where {v1,...,v4} is a normal basis for the Oseledets’

lim,_,
filtration.

Our next proposition, first presented in [20], proves that if we sample a
continuous-time linear systems that is regular and tempered, then its corre-

sponding discrete-time system preserves those properties.

Proposition 2.4.1. Consider a continuous-time switched linear system as in
equation (2.1). Define z,, = 2(T,n) and A,, = ®(nT,, (n —1)T,) for n € N,
where ®(¢,0) is the fundamental matrix of (2.1), and 7}, is the sampling time.
If the continuous-time system is tempered and regular, then the sequence

(Ap),en is tempered and regular.

Proof. First, note that since A°(v) = limy_, 1 log (||®(¢,0)v]|), we can take
a subsequence t; = T},j and conclude that \°(v) = lim;_, ﬁ log (||®,v]]) =
%. Thus, A\ = r}—p Notice that, by Liouville’s formula, we have that

log (|det (®(¢,0))]) = f(f tr(Ag(r))d7. Finally, we conclude that

d d
dN=T> X
=1 =1

log ( |det (@(t,0))|)

=T, lim
t%oo t
o log (1det (2(7,.0))])
j—00 J ‘

Therefore, the sampled system is regular. Now, for temperedness, notice
nT;

that ||An|| < €f<"f}1)TpHAJ(T)HdT

Chapter 2 of [42]). Taking the logarithm on both sides we get that

by the Bellman-Gronwall lemma (see, e.g.,
log( ||A D <

anp ZTpl VI, HA H dr and after a change of variables and using the fact that
temperedness implies lim,, ., 711 fnnq H.A(,(T) || dr = 0 we get that

tog(l4al) _
A

lim sup
n—oo

For the lower bound, note that we can apply Bellman-Gronwall lemma to con-

—1
clude that ||A,| < ef”Tp Mo [l and get that limsup,,_, —logw:" 1) <0.
Finally, recall that | A; || > ||A,||~", which implies that lim inf,, log(ll4nl) >

n

log(l4al) _ B

0, and we conclude that lim,,_,, -
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2.4.2 Randomly Switched Systems

As mentioned at the beginning of this section, we focus our attention on
discrete-time randomly switched systems. Informally, in this case, our switch-
ing signal is a realization of a random process, which takes values over all
possible signals. We formalize that idea by introducing the concept of linear
cocycle later in this subsection. Our interest is to find conditions that ensure
that the realizations of such a process are regular with probability one. To
help us make these ideas more concrete, we present the next intuitive exam-
ple: let {By,..., By} with B; an invertible d x d matrix for ¢ € {1,...,m}
be the set of modes. We assume that at each instant k& € N, the probability
that the mode B; is active at a time is p; for each i € [m|. Repeating this
process, we get a sequence (B;,), y. Kolmogorov’s extension theorem (see,
e.g., Chapter III of [43]) tells us that we can assign probabilities to sets in
the space {(4,) : A, € {B1,...,By}}. Thus, it seems natural to ask:

what is the probability of the set of regular sequences? The remainder of

neN

this subsection is devoted to addressing this issue. We start by proving some

definitions.

Definition 2.4.1 (Linear Cocycle [29]). Let (M, %,u) be a probability
space, f : M — M be a measure-preserving map. Let'” L : M — GL(R,d).
The linear cocycle defined by L over f is the transformation F' : M X
RY — M x R? with F(x,v) = (f(z), L(z)v). It follows that F"(z,v) =
(f"(x), L(f"(x))--- L(z)v) for every n > 1. Moreover, if f is invertible, then
so is F, with inverse F~(z,v) = (f~Y(z), (L(f~'(z))) ).

At first glance, it might seem counter-intuitive why we should define linear
cocycles to study switched systems. Nonetheless, there is a natural way to
model a linear switched system as a linear cocycle. This model allows us
to use powerful tools from dynamical systems to study the switched system
properties. To do that, we need to make a few definitions. For simplicity,
denote the set of modes as B := {By,...,B,,} € GL(d,R). Then, define
M = BN ie., our sample space is the set of all possible sequences of modes.
Choose f : M — M to be the shift, i.e., f((An),en) = (Ansi)pen. Fi-
nally, let L : M — GL(d,R) be the projection to the first coordinate, i.e.,
L((An)pen) = A1 We see that F™((A;)jen,v) = ((Ajin)jen, Ap - A1)

17Recall that GL(R, d) is the set of d x d invertible matrices.
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for any sequence (A;);en € M. Since A, --- Ajv = ®,v is the solution to
equation (2.2) with'® A, = A, and initial condition v € R%, it seems nat-
ural to expect that such a linear cocycle should give us information about
the switched system. Now, our goal is to study properties of linear cocy-
cles. Indeed, Theorem 2.4.2 gives us that the set of regular realizations has
probability one.

Before we proceed, we recall some classical definitions: a cylinder of rank
k is a set of the form [(An)nEN Ay = By, Ay = Bz»k], where i; €
{1,...,m} and j € {1,...,k}. Also, we define Z as the smallest o-algebra
that contains the cylinder sets of all ranks (see, e.g., Section 2 of [44]).

Theorem 2.4.2 (Oseledets [29,36,38]). Let (M, %, 11) be a probability space,
f M — M be a measure-preserving map. Let L : M — GL(R,d) be such
that'® log™ ||L|| € L'(x) . Also consider the linear cocycle defined by L over
f. Further, denote ®,,(x) = L(f"(x))--- L(z).
Then, for p-almost every = € M, there are k(x) positive integers, Ag(z) >
- > A\(z), and a filtration {0} = E! C --- C E*¥ = R? such that Vi =
1,... k(z):

o k(f(x)) = k(z) and A;(f(z)) = Ai(z) and L(x)(E}) = Ey

a:);
o lim, o +log||®,(2)v|| = Xi() for all v € EET\ EZ, with E} = {0},
e The lim,, o (@Z(m)@n(x))ﬁ exists.

Furthermore, if f is ergodic, the multiplicities k(x) of the Lyapunov ex-
ponents \;(x) are constant and, consequently, so are the dimension of the

subspaces Ei. Also, in the ergodic case \;(x) = ); is constant a.e..

Since the third bullets of Theorem 2.4.2 and Lemma 2.2.5 are the same,
we see that the set C', which we call the set of regular realizations, is a set
of regular sequences. The fact that C' is measurable and has u(C) = 1 tells
us that, with probability one, the realization of our random process will be
regular. This latter fact is true for any shift-invariant probability measure
over A. Note, however, that different measures give us distinct sets C.

The simplest case we can analyze with the previous theorem is that of
periodically switched systems, which we do in the next corollary. We remark

that this and the next corollary were presented first in [20].

18Gee Section 2.2 for a discussion about the indices.
9Here we use the notation log™ (z) = max { log(z), 0}.
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Corollary 2.4.3 (Periodically Switched Systems). Let (A,),.y C B be
such that A, 7 = A, for some T" € N and every n € N. Then, this sequence

is regular.

Proof. Let N € B, x = (Ay),en»> and f(x) = (Anq1),en- Define the measure
pN) = 3 6piay (N), where 8, is a Dirac measure, ie. 6,(N) = 1 if
x € N and §,(N) = 0, otherwise. This measure is trivially forward invariant
under the shift and, because ||A,| < oo, we have that log™ ||L|| € L(u).
Therefore, we can apply Oseledets’ Theorem and conclude that there exists
C € % with u(C) = 1 such that all of its realizations are regular. Notice
that K = Ujsof'(x) = UL fi(z) € % and that pu(K) = 1 by construction.
Finally, notice that C' N K = K. To see this, notice that K is a finite
set, and p gives the same measure for each point of K, more specifically
p(fi(z)) = L for i € {0,...,T —1}. Hence, if #C N K < #K, we would
have that 1 = u(C' N K) < pu(K) — L, which is a contradiction. Therefore,
the sequence (Ay), oy is regular. Also, notice that the Lyapunov exponents

with multiplicity are constant on K. O]

A more interesting class of systems with several practical applications
is that of Markov Jump Linear Systems. Before we discuss that case, we
must recall some definitions regarding discrete-time Markov Chains (see, e.g.,
Chapter 1 of [45]). Let P = (p;;) be the m x m transition probability ma-
trix of a discrete-time Markov chain. A stationary distribution of such chain
7™ = (m1,..., M), is defined as a solution of 7*" = Pr*", where Y ;" 77 =1
and 7 > 0 for alli € {1,...,m}. Recall that if a Markov chain is irreducible
and positively recurrent, it has a unique stationary distribution. Now we can
define a measure on the cylinder sets by choosing a vector 7° = (7%,... 7%),
with 79 > 0 for ¢ € {1,...,m} and > )", 7 = 1, and using our transition
probability matrix P. To do that, we define the value of the measure p on

cylinders of rank k for each k € N in the following manner:

H(Nk) = 7Ti01p7;1i2pi2i3 0 Dig i

where N, = [(An)neN e BY: A =B, A = Bik] is an arbitrary
cylinder of rank k£ and k is an arbitrary natural number. As mentioned
earlier in this subsection, Kolmogorov extension theorem tells us that the

measure of the cylinders defines the measure in the entire sample space (see,
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e.g., Section 24 of [44], or Chapter III of [43]). We call such measure the
probability measure induced by 7° and P.

It is worth noticing that the measure of the cylinder N equals the prob-
ability of seeing the event (B;,,..., B;,) given an initial distribution 7° on
the modes if the chain is irreducible and positive recurrent. We can infor-
mally rephrase the last sentences as follows: the measure of a cylinder is
the probability of seeing a sequence given an initial distribution. Finally, we
remark that we can choose m° = 7*, the unique stationary distribution of the
irreducible and positively recurrent chain, which tells us that the probability

of being in mode i is constant for all times since 7*" = Pr*".

Corollary 2.4.4 (Markov Jump Linear Systems). Let P = (p;;) be the mxm
transition matrix of an irreducible and aperiodic discrete-time discrete-state
Markov chain, that represents the switching of the modes B; € B. Let
7*7 € R? be the Markov chain’s stationary distribution. Let u* : 8 — [0, 1]
be the probability measure induced by 7* and P. Then, the set of regular
realizations with respect to p* has full probability.

Proof. Let N}, = {(An+1)neN eBN: A =B,,... A= Bik} be a cylinder
of rank &k and let f((An),cn) = (An+1),en De the shift. Notice that the prob-
ability measure induced by 7* is ergodic under the shift f, see e.g Chapter
1 of [46] or Section 24 of [44]. Because # {By, ..., B, } = m, we have that
log* ||L|| € L*(p*). Therefore, we can apply Oseledets’ Theorem and get
that the set of regular realizations C' of a Markov Jump Linear System with
an irreducible and aperiodic probability transition matrix has probability 1
under p. Furthermore, because of the ergodicity, the Lyapunov exponents
with multiplicity are constant, i.e. have the same value for any realization,
in the set C. L

0 on the modes is

Remark 2.4.5. Assume that our initial distribution m
arbitrary, i.e., the distribution might differ from 7*. Since the distribution
7Y P" converges to the stationary distribution 7* as n goes to infinity, we
expect the previous result to still hold. Our goal is to prove that the measure
p" induced by 7 = 7°P" and P converges to the stationary measure u*
induced by 7* and P on the set of regular realizations C'. We prove that u™
converges to u* in the total variation distance, i.e., in the distance defined

by ||u" — p*|| = supgey |1 (B) — p*(B)||. Noticing that for each cylinder of
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the form N, = [(An)neN eBN:A=DB,,... A= Bik} of rank k, we have
ptn(N&) = 1= NIl = (|77 = 75 || P = - iy < |7 = 31|

Therefore, as n goes to infinity, u™ converges to p* on the cylinders and, con-
sequently, on any measurable set. Thus, the fact that lim,, . ||, — *|| = 0.
In particular, pu™*(C) — 1 leads to the conclusion that, with probability 1,

our realizations will be regular.

Corollary 2.4.4 answers the question we posed at the beginning of this sub-

section, i.e., the set of regular sequences (B;,) has probability 1. Now, we

neN
revisit Example 2.1.1 and analyze the average data-rate needed for Algorithm

2.3.1 to work in that case.

Example 2.4.6 (Example 2.1.1 revisited.). Corollary 2.4.4 tells us that, with
probability one, the realizations of the system presented in Example 2.1.1 are
regular. Thus, we conclude that the upper bound (2.10), in Example 2.2.7,
is an equality. Explicitly, with probability one, the estimation entropy of the

system is given by
1
hest (o, K) = max {5 log(0.99) + «, O} + max {«, 0} nats/sample
or, equivalently,
1
hest(cr, K) = log,(e) (max {5 log(0.99) + «, 0} + max {a, 0} ) bits/sample.

Hence, we can use the algorithm from Section 2.3 with the choice of bases
from Subsection 2.3.2 for a randomly chosen realization of our system. This
is what we do in the following simulation. The parameters chosen were
a = 0.05, ¢ = 0.01, and the time horizon for our simulation was 140 time
units. Further, K = [0.5,1.5] x [1.5,2.5], 2(0) = (1.3,2.207)". Notice that,
for this a;, we get hest(0.05, K) ~ 0.137 bits/sample.

In Figure 2.1, we see the simulation results for our algorithm using different
block lengths. We depict the result corresponding to the block length ¢ =1
in blue, to £ = 3 in red, and to ¢ = 5 in yellow. We can see that the error
is upper bounded by the purple curve ee~**/2 for all values of ¢. Further,

the empirical average data-rate, i.e., éZLl log (CZ] ), is portrayed in Figure
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2.2, which shows that the data-rate decreases with the block length, as the
theory we developed previously predicted. Note, however, that the average
data-rate obtained from simulation is much higher than the upper bound
derived in Theorem 2.3.4. The reason why that is the case is related to
the fact that the results from Theorem 2.3.4 are only asymptotic. For now,
we conjecture that this might be related to the rate of convergence of the
subadditive ergodic theorem for this class of problems. However, this is a

topic for future research. We remark that these figures appeared in [20].
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Figure 2.1: Evolution of error for several block lengths.
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Figure 2.2: Evolution of the empirical average data-rate for several block
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2.5 Conclusion

In this chapter, we studied how the concepts of Lyapunov exponents relate
to the estimation entropy of a switched linear system. Also, we discussed
how the geometric concept of Oseledets’ filtration is associated with those
notions. Further, we addressed the problem of finding a quantization scheme
that operates close to the minimum average data-rate for regular switched
linear systems. Furthermore, we showed how to adapt our algorithm to work
close to the optimal data rate, even if the underlying system is not regular.
Additionally, we showed that regular switches occur in several practical con-
ditions including periodic switching and almost all switches that come from

Markov Jump Linear Systems. Finally, we presented simulation results.
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CHAPTER 3

CONTROLLABILITY FOR LINEAR
TIME-VARYING SYSTEMS WITH A
FINITE DATA-RATE

3.1 Chapter Overview

In the present chapter, we study controllability of linear time-varying sys-
tems that operates with finite data-rate. The motivation behind this study
is that many practical systems today use computers or other digital circuits
in their controller implementation. Digital circuits, by their turn, operate
with sampled and quantized data. Moreover, since those circuits only have a
finite number of possible output values for any given clock cycle, they must
work with finite data-rate. We saw earlier in Chapter 2 that the data-rate
available to our system limits what estimation problems we can solve. Sim-
ilarly, the data-rate we can use limits what control problems we can solve.
Interestingly, finding fundamental limitations in control systems has been
a prolific endeavor in providing new insights that helped develop new con-
troller design techniques [47]. For example, Kalman introduced the concept
of controllability in the paper [48] to answer what plant dynamics’ intrinsic
properties impede us from designing controllers with determined properties
for it. In that same paper, he showed how to construct a controller for a
controllable plant that sends the system’s state to zero as fast as possible,
extending the work [49].

In light of this discussion, we ask a natural question: what new constraints
arise from the fact that our controller must operate with a finite data-rate?
The so-called data-rate theorems [4], which provide the minimum data-rates
for stabilizing plants, give part of the answer. Indeed, the control over com-
munication networks community devoted much of its attention to studying
such theorems [8,9,12] since communication channels restrict the data-rate of
the control laws used. Nonetheless, these theorems are not the only restric-

tions to finite data-rate control. Indeed, in this chapter, we prove that, in
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general, a finite data-rate controller can only make the system’s state norm
decay exponentially at the fastest. This fact shows us that the usual con-
cept of controllability, as defined in the reference [48], is unfit for studying
the problem of making the state go to the origin as quickly as possible when
data-rate constraints are present. Thus, this motivates us to introduce a new
controllability notion suited to this case. We do so with the help of concepts
from the paper [11]. In that article, the author introduced a concept of stabi-
lization with a finite data-rate, which, loosely speaking, is the ability to drive
the state of a system to zero with a prescribed exponential rate of decay. In
our work, we strengthen that notion to allow for arbitrary exponential rates
of decay. This latter concept is compatible with the idea of being able to
drive the state to zero as fast as possible, as we argue later.

We take this opportunity to note that the literature on conditions for
stabilization with quantized control of linear time-invariant systems is ex-
tensive, e.g., the references [5,11,50]. Also, there exists a corresponding
literature for linear time-varying (LTV) systems focused on switched linear
systems [24,51,52]. However, most results in this literature deal with suffi-
cient conditions for stabilizing switched linear systems, but the same result
for general LTV systems is lacking. Furthermore, even in the switched case,
necessary conditions for stabilization with quantized controls are missing. In
view of this, another goal of this chapter is to present a necessary condition
and a sufficient condition for controllability with quantized controls and fi-
nite data-rate for LTV systems. With this, we hope to lessen the gap on
the literature we mentioned above. We also note that the results from this
chapter can be found in a slightly different form in the work [53].

The structure of the present chapter is as follows: first, in Section 3.1, we
introduce the motivation and notations. Next, in Section 3.2, we describe the
problem and needed concepts. Further, we introduce the concept of control-
lability with finite data-rate and discuss why this concept is natural. Then,
in Section 3.3, we state some necessary results, recall the concept of complete
controllability, and define persistent complete controllability. After that, in
Subsection 3.3.1, we prove that persistent complete controllability and an-
other condition, the exponential energy-growth condition, are sufficient for
an LTV system to be controllable in the sense we defined. Furthermore, in
Subsection 3.3.2, we prove that complete controllability is a necessary con-

dition for an LTV system to be controllable with finite data-rate. Finally,
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in Section 3.4, we conclude the chapter and present some future research
directions.

Notations: We denote by Z-o (Z>¢) the set of the positive (nonnegative)
integers. We denote by R (Rs,) the set of real numbers (larger than a € R).
Given n € Z.g, we denote [n] := {1,...,n}. Given a set S, we denote by
#S its cardinality. Let M? be the set of d x d real matrices. We denote the
transpose of an element A € M? by A’. For every x = (z1,--- ,24) € RY,
we denote by |x| = (Zf’zl x?)l/z the Euclidean norm. Also, if Aisad x d
real matrix we denote by ||A| := max{|Az| : |z| = 1,2 € R?} the induced
norm. For a matrix A € M¢?, we denote by N(A) its null space. We de-
note by Li° ([to, 00), R™) the set of all integrable locally essentially bounded
functions from [ty,00) to R™ where t; € R>o and m € Z-, i.e., the set of
integrable functions u(-) such that for every compact set L C [tg,0), we
have that u(L) C R™ is bounded. Also, we denote by L?([a, b], R™) the set of
square-integrable functions on the interval [a,b] C R with image on R™. Let
u:A— Bandlet C C A, then we denote by ujc : C' — B the restriction
of the function u to the subset C' of the domain A. Finally, we denote by
B(x,7) C R? the open ball of radius r € R+ and center x € R%.

3.2  Preliminaries

In this section, we motivate the study of controllability of linear time-varying
systems with finite data-rate. We first state some necessary definitions. Next,
we provide a definition of controllability that makes sense when our controller
operates with a finite data-rate. Finally, we motivate the study of our con-
trollability notion through an example.

Our primary goal is to study the controllability with quantized controls

and finite data-rate of systems described by equation
z(t) = A(t)z(t) + B(t)u(t), (3.1)

where the initial state is given by x(tg) = 7o € K C R? with K compact
with nonempty interior, the initial time is given by ?; € Rs¢, time is such
that t € R>y,, A(t) is a d x d real matrix, B(t) is a d x m real matrix, and
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u(t) € R™. Also, we assume that the functions A(-) and B(-) are bounded!
and piecewise-continuous on Rs¢,. Further, we define by ®(¢,7) for ¢t € R
and 7 € R the state-transition matriz associated with the unforced response
of system (3.1). Furthermore, we assume that u(-) € L ([to, 00), R™).

Now, our objective is to define controllability with finite data-rate. Our
next definition borrows concepts and definitions from the article [11]. We
name some sets and properties not named in [11] to improve readability in

later discussions. However, these concepts were first introduced in [11].

Definition 3.2.1. We say that system (3.1) satisfies the ezponential decay
condition with rate u € Ryg, with M € Ry, and € € Ry if for each xq €
K C R? there exists u(-) € L2 ([tg, o0), R™) such that

loc
2(8)] < (Mzo| + €)e =) (3.2)

for all t € Rsy,. For given u € Rog, M € Ryg, € € Ry, and K C R? as
above, we call the set Z(e, M, K, u) C L2 ([to, 00), R™) a stabilizing control

loc

set of system (3.1) if for every xy € K, there exists a control function u(-) €
X(e, M, K, i) such that (3.2) holds. Furthermore, we denote by

'%T(€7M7 K, M) = {U|[t0,T](') < Lifc([t()?T]’ Rm) : u() < *@(6’ M, K, :u)}

a set of restrictions of stabilizing controls, where T' > tq is arbitrary. More-
over, we define the data-rate associated with system (3.1) in the following
manner. First, given a stabilizing control set Z(e, M, K, uu), we define the
quantity

W (e, M, K ) = Timsup o Tog(#%2r (e, M, K. ).

T—o0

Next, we define the data-rate as?

b(M, p) = lim inf{b(Z(e, M, K, 1)) : Z(e, M, K, 1)
e—

is a stabilizing control set of (3.1)}.

Finally, we say that system (3.1) can be stabilized with finite data-rate with

!That means that A(R>,) and B(R>¢,) are bounded subsets of R and R™, respectively.
ZNote that b(M, ) also depends on the set of initial conditions K. We drop that
dependence to make the notation simpler.
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M € RZO anduGRZO 1fb(M,,u) <0

We analyze this definition thoroughly, including the role of €, in the next
Chapter. To continue our discussion, we recall the usual definition of con-
trollability for LTV systems. See, e.g., Chapter 9 of [54].

Definition 3.2.2. We say that system (3.1) is controllable in the usual sense
on [tg, T], where T > t, if for every initial condition x(ty) = xg € R? there
exists a function u : [ty, T] — R™ such that z(T") = 0.

Now, we are ready to define controllability with finite data-rate.

Definition 3.2.3. We say that system (3.1) is controllable with finite data-
rate if for every pu € Rs, there exists M € R such that system (3.1) is
stabilizable with finite data-rate b(M, u) < oco.

We remark that the previous definition was first stated in the author’s
paper [53]. We further note that this definition differs from the one given
in reference [11] for stabilization with finite data-rate, in the sense that, in
our case, i € Ry( is arbitrary. The reader might wonder why we need a
new definition of controllability for the case where the data-rate is finite. We
answer this question in Section 4.2 from Chapter 4 once we have more tools.

Before we continue our discussion, we recall the definition of controllability

Gramian.

Definition 3.2.4 (Chapter 6 of [55]). Consider the system given by Equation
(3.1). We define the controllabz’lz’ty Gramian from ty to t of system (3.1) as
W (t,to) ft 7)B'(7)®'(t, 7)dT.

We naturally ask if the usual controllability condition for LTV systems,
based on the invertibility of the controllability Gramian, implies that system
(3.1) is controllable with finite data-rate. The following Example 3.2.1 shows

that the answer is negative.

Example 3.2.1. Consider the LTV system (3.1) in the specific case when
A(t) = Iyand B(t) = (1,0) for 0 < t < 1, and A(t) = I; and B(t) = (0, 1) for
t > 1. Further, we assume that the initial time is ¢, = 0. We readily see that
the Gramian W (2,0) is invertible, implying that system (3.1) is controllable
in the usual sense. However, our results in Section 3.3 show that this system

is not controllable with finite data-rate.
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The previous example motivates the development of our theory. In the
next section, we provide necessary and sufficient conditions for system (3.1)

to be controllable with finite data-rate.

3.3 Controllability with Finite Data-Rate

In this section, we present this chapter’s main contribution. We state and
prove a sufficient and a necessary condition for LTV systems to be control-
lable with finite data-rate. To do that, we first introduce some new definitions
and technical results.

Our first goal is to present definitions that allow us to characterize con-
trollability with finite data-rate. Definition 3.3.1 plays an instrumental role
in our theory. We use it to present our main results, namely Theorems 3.3.5
and 3.3.6. We note that it is easier to check if a system satisfies the following
conditions than to check if a system is controllable with a finite data-rate

directly.

Definition 3.3.1. We say that system (3.1) is completely controllable if there
exists an increasing sequence (s, )nez., With so = to and s, — oo such that
W (sp11,8n) is invertible for every n € Zso. If the sequence (s,)necz., also

cfead T Snt1
satisfies® lim sup,, ,, =

< 00, then we say that system (3.1) is persistently

completely controllable.

Remark 3.3.1. We take this opportunity to make some remarks. We note
that Kalman defined complete controllability in the paper [56] differently
from the way we did it in Definition 3.3.1. We prove the equivalence of
both definitions in the Appendix. We mention, however, that the concept
of persistent complete controllability is new, and the author first stated it
in [53]. We further notice that there are necessary conditions and sufficient
conditions for the complete controllability of LTV systems in the literature.
For instance, the article [57] provides some conditions* for an LTV system to

be completely controllable when the matrices A(t) and B(t) are differentiable

3This is equivalent to the statement: there exists M € R such that S;i < M for all
ne Zzo. !

4We note that complete controllability and complete controllability on an interval are
distinct notions.
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functions of time. Finally, the quantity s,,+1 —s,, does not need to be bounded

in either statement from Definition 3.3.1.

Now, we state some technical results. The proofs of all of the lemmas are
in the Appendix. We start stating Lemma 3.3.2, which will be useful in the
proof of Theorem 3.3.5.

Lemma 3.3.2. Let system (3.1) be persistently completely controllable.

Then, there exists a sequence (s,)nez., such that W(s,11,s,) is invertible

for every n € Z, that limsup,,_,,, =+

< 00, and that limsup,,_,, + < oo.

Before we proceed, we introduce some notation: let A* := sup{ log(||®(s, to)||) :
t > s>t} &= sup{||A@)| : t > to}, and X\ = limsup, . A\'. Now, we
state Lemma 3.3.3, which collects some known results about the state tran-

sition matrix (see, e.g., Chapter 4 of [54]).

Lemma 3.3.3. Consider Equation (3.1) and let £ < co. Then, e—Et—t0) <
|D(t, to)v| < et for all ¢ > ¢, and all v € R? with |v| = 1. In particular,
it is also true that ||®(¢, )| < eslt—t0),

Since € < 0o, Lemma 3.3.3 tells us that both A and A! are finite. Our next
lemma gives a bound for ||[W~!(s,, s,11)| as n goes to infinity. We use this

fact to prove Theorem 3.3.5.

Lemma 3.3.4. For every sequence (s,)nez., With s, / oo, the Gramian

W (Sp+1, sn) associated with system (3.1) satisfies

28(sn+1—5n) _ 1

€
W (sni1, su)ll < sup{[|B(E)[|* £ = to} %

Lemma 3.3.4 shows that the norm of the Gramian can only grow exponen-

tially fast with n when A(-) and B(-) are bounded matrices.

Definition 3.3.2. Let (s,)nez., be an increasing sequence such that

limsup s, = oc.
n—oo

Then, we say that system (3.1) satisfies the exponential energy-growth con-
dition if there exists §# € Rsg and N € Rsq such that [|[W ™1 (s,.1,s,)] <
Nefsn+1,

53



The reader might be asking what is the rationale behind this property’s
name. To understand the idea behind it, we need to remember a result related
to the minimum energy control of LTV systems on time intervals of the form
[Sn, Sn+1].  We recall the classical result (see, e.g., Theorem 1 in Chapter
22 from [42]) that the minimum cost for any control that drives the state
z(s,) at time s, to the origin at time s, in the L?([s,, s,41], R™) sense,
is given by 2'(s,)W (spn, Spy1)x(s,). Therefore, the exponential energy-
growth condition tells us that the energy needed to drive a given state to
zero over time intervals of the form [s,, s,41] cannot grow faster than an
exponential as n grows to infinity. We are finally ready to state and prove
our necessary and sufficient conditions for system (3.1) to be controllable

with finite data-rate.

3.3.1 Sufficient Condition

In this subsection, we state and prove Theorem 3.3.5. This result is our
sufficient condition for system (3.1) to be controllable with finite data-rate.
We note that this theorem gives us a characterization of controllability with

finite data-rate.

Theorem 3.3.5. System (3.1) is controllable with finite data-rate if it is per-
sistently completely controllable and satisfies the exponential energy-growth

condition.

Proof. Let {e1,-++ ,eq} C R be the canonical basis of R%. Pick an arbitrary
€ € Ryg and an arbitrary pu € Rog. Also, let (s,)nez., be a sequence that
satisfies the conditions given in Definition 3.3.1 for system (3.1) to be persis-
tently completely controllable. By Lemma 3.3.2, without loss of generality,
we assume that limsup,,_,, ;= = ) < co. Further, denote by o := 4§+ 6+ p
for simplicity. Finally, let C = e*(s17%0) ¢ = ‘/3(204'1)]\7SUQIZ{HB(t)IIQZtZtO}€, and
M= \/ECNsup{HgB(t)HQ:tZtO}‘

Our proof can be divided into four parts: first, we construct a set of controls
U (e, M, K, 1), where each control corresponds to an initial condition in K.
Second, we prove by induction that for every initial condition z € K, there
exists a control in % (e, M, K, p) such that |z(s,,)| < C(|z(to)|+€)e 1710
for all n € Z>o. Third, we prove for any n € Z>y and any ¢ € [s,, S,11) We
have a bound |z(t)| < (M|z(to)|+e)e #(=1) ie., we show that % (e, M, K, 1)
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is a stabilizing control set. Finally, we show that the data-rate b(M, u) is
finite for every possible © € Ry and our choice of M € R.( by proving
an upper bound for b(% (e, M, K, 1)) = limsup;_, . 7 log(#%r(e, M, K, 1))
that is constant for every ¢ € Ry.

Part 1: Consider the following recursive definitions:

For n > 0 and for each z € K, we define.

e For n = 0, define the constant function

k(7)== min{(z,e;) : v € K}

JAT}

and
R (1) = max{(r,¢&;) : v € K}

)

for every ¢ € [d]. For n > 1, define the piecewise-constant functions

K () = s () + TP g @) — 1)

—1 1

and
RE(@) = w0 (@) 4 T g (@)

(2

for every i € [d];

e Define the constant I'} = 56_(”"““‘)5”“ and the positive integer
Cr = {1,..., {w—‘} for each i € {1,...,d} and each n € Z.,.

n

Note that, by the defining equations of k7' (x) and &} (x), &} (z)—k} (x) =

7' Thus, E—?(x)p_f?(x) = N HA)sna =W ra)sn for every i € [d], every

k3

x € K, and every n € Z>y.

e Define the quantized value of the i—th projection of the initial state

into the vector space span{e;} at time s, by
@(x) ={leC: k'(x)+ T —-1) <(z,e;) < k(x)+TT}

for each i € [d];

e Define the quantized value of the i—th projection of the initial state

into the vector space span{e;} at time s, by
Bi(a) = w7 () + I7 (g} () — 1/2)
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for each i € [d];

e Define the i-th projection of the initial state into the vector space

span{e;} at time s, by
i () = (x, e);

e With the notation Zle ¢; = 0 for any b € Z such that b < 1. Then,
define the quantity®

e Define the control law in the interval [s,, s,.1) corresponding to the

initial state x by
u(qo(x)a s 7qn(37)7 t) = _B/(t)q)/(sn-i-la t)W_l(Sn-i-la Sn)q)(sn-i-lv 5n)T(5n)

for t € [sp, Sny1) where ¢"(z) = (¢}(x), - ,¢}(x)). Further define
v(z,t) = u(qd’(x), -, ¢ (x),t), where n is the smallest integer such
that ¢ < s,. Finally, define by % (¢, M, K, i) the set of all such v(x,-).
Also, denote by %r(e, M, K, ) the set of restrictions of controls in
U (e, M, K, ) from time ¢, to T. More explicitly %r(e, M, K, ) =
{Vito,1) (2, +) € Lis,([to,0),R™) s v(x,-) € U (e, M, K, 11)}.

loc

- Part 2:

Step 0: Trivially, we have that |x(t)| < |z(to)| 4+ € = C(|a(ty)| + &)e~(1—t0)
and we proved the base case, i.e., |z(s,)| < CO(|z(tg)] + €)e nr1—t) for
C € R.1 and for n = 0.

Step n+ 1: Recall that for each z € K and for ¢ € [s,, s,11) the control law
we defined in the first part is given by

u(q'(@), -, q"(@),t) = =B/ () (5041, )W (Sn41, 50) P (Sns1, 50) 3 (50)

5This can be seen as an state estimate at time s,,.
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where

Now, writing down the variation of parameters formula at time s, ,; we get
that

Sn+1
T(Spa1) = P(Sni1, Sn)z(Sn) — / O (8y41,7)B(T) B (T)P (8041, T)dT X

XW (8041, $0)P(Snt1, 5n)2(50)

from which we conclude that

d
(sn1) = P(sni1, 50) (€(s0) = 2(sn)) = D (B (x) = 57 (2)) (5041, 50) e
i=1
Then, by taking the norm on both sides and applying the triangle inequality,

we conclude that
d A
|2 (sne1)| < D181 (x) = BI@) |19 (5011, 50)el-
i=1

Now, by the definition of \',% we get that |®(s,.1,50)e;] < X"+ for all
i € [d]. Further, by recalling the expression of I'" and by the definitions
of A7, A" and ¢*(x), we conclude that |8"(z) — f7(z)| < Lo (WmriHa)sna,
Hence, we get that

d
[(sni) <)
i=1

—Qs ~ _—QS
e n+1 = €e n+1_

QU ™

Therefore, |z(s,+1)] < ée=*1 < C(|z(to)| + €)e *En+17%) and we proved
the case for step n + 1.
- Part 3:

Now, pick any n € Z5y and any t € [S,, Sp,41). Note that the variation of

SRecall that A*+1 = sup{ 7 log(||®(t, to)|]) : snt1 =t >t}
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parameters formula gives us that
w(t) = (L, sn)x(sn)—
t

/ ®(t, 8)B(5)B'(5)®(Sps1,8)dsW (841, $0)P(Snp1, 5n)E(0).
Notice that

t

/ B(t, ) B(s)B'(5)P (511, 5)ds —
t
d(¢, sn+1)/ ' (s,11,5)B(s)B'(5)®(8p11, 8)ds.

Next, let

t
Q(t’ Sn+1, 5n> = / (I)(Sn+17 S>B(5)B/(8)q)(5n+lv S>d8
and let
Sn+1
O(t, Snt1, Sn) = / O (sp41,5)B(s)B'(8)P(8p11, S)ds.
t

Further, note that” Q(t, 5,1, 8,) = 0, O(t, Spi1,8n) = 0, and W (s,11,5,) =
0. Also, the definitions imply that W (s,11, $,) = Q(¢, Sna1, $n)+O(t, Snt1, Sn)
for any ¢t € [sp,sp11). The two latter facts imply that ||Q(¢, spe1, )| <
VAW (841, 80)|| and |8, sny1, 50| < VAW (sp41, 50) -

Recall the semigroup property for the transition matrix, i.e.,

O(t,z) = O(t,r)P(r, 2) for any z > to, t > tp and any z > ty. So, we get

x(t) = O(t, sp)x(sn)—
D(t, S 1)UL, Spits $0)W H(Sns1, $0)P(Sni1, Sn)2(50) =
(I)<t7 3n) (x(5n> - (I)(Sna 5n+1>Q<t7 Snt1, Sn)W71<5n+17 Sn)q)(5n+17 5n)£(5)> :

By rewritting #(s,) = 2(s,) — z(s,) + x(s,) and using the fact that

"Since ®(s,,11,5)B(s)B'(8)®'(sn11,5) = 0 for all s € [sp, Spt1)-
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O(t,r)®(r, t) = 1, for every t >ty and every r > t(, we get

:L'(t) = (I)(tu 371) <(I)(5n7 3n+1)([ - Q<t7 Sn+1, Sn)W71(3n+1, Sn))q)(3n+1? Sn)x(‘S)
- q)(sm3n+1)Q(tasn+laSn)W_1(3n+len) (841, 80) (2(50) — (Sn))> =
)

(I)(ta Sn+1)@<t7 Sn+1, Sn)W_l(Sn—‘rla Sn)q)(sn—‘rla Sn) (
= O(t, 8011) U, Snt15 50) W (8041, 50) P (Snp15 50) (E(50) — 2(80)).

Taking the norm on both sides and using the triangle inequality yields

|2 ()] < NP(t s O Sn1, su) W (S0, 50) 1%
X NP (snir, sn)ll[2($)] + [P (5ns Snt1) [ snp1, 50)] %
X W (sne1, su) 1@ (1, su) 12 () — 2 (s0)-

We invoke Lemma 3.3.4 and notice that it implies that

sup{[|BIO)I1” : ¢ = to} ey,

W (sn+1, 50) || < %

Then, we combine that with the fact that
max{[|(t, sp11, 5[], 1O, 41, 50) |1} < VAW (51, 5041)],
to conclude that

max{|[Qt, sny1, 50)[LO(F snp1, $0)l[} <

VAN sup{|| B(t)||* : t > fo} (aeo
2€

5n+1)

By the exponential energy-growth condition, we know that there exist 6 €
Rso and N € R such that [|[W=1(s,,, s,)|| < Ne?*n+1. So, we have that

VAN sup{|[BO)|* : ¢ > to}
28
X (112, swe)2()] + 19 (s, 500l (50) = 2(s0)1).

|z(t)] < BB (5,41, 50)| %

By Lemma 3.3.3, for any t € [s,, s,41), we get ||®(,s,)]| < €% which
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implies that

VANSWUBOI 1> 1) o
VAN sup{[[ BA)[I” : £ > to} (scsa
2€

where the last inequality follows from the fact that ¢y > 0. Note that |z(s,)—
i)l < X 19 (sm, so)eall|B (@) — B7(2)] < EemeCont=o) by the defining

A~
n
7

|z (t)]

(lz(sa)l + 12 (sn)]) <

Sn+1—t0) (’x(sn” + |3A7(Sn)‘)7

equations of 37, and (s,) presented in part 1 of the proof, from which
we conclude that

|2 ()] < €7 4 [ (sn)].

So, we can write

< VAN SUP{“B(t)HZ 't 2 t0}6(4§+9)(5n+1—t0)

(2|lz(sn)| + é'e_a(s”“_tf))).

|z (t)]

Thus, by the conclusion of the proof of part 2, we get

|z(t)] <
2. >

\/EN Sup{”‘iét)n i1 — t0}6(4§+9)(8n+1*t0) (20(’x<t0)‘ + g) + é’)e*a(sn-klfto) S
2. >

VN SHP{HBQ(?” A (2C|z(t)| + (2C + 1)&) e #enrrto),

Since o = (4€ + 6 + ). Finally, recall that e = ”W“)NS“;;”B“)”Q:tzto}g and
M = \/ECNsup{HgB(t)\Pz

2t} Hence, we conclude that

()] < (Mlz(to)| + e)e ™ Crir=) < (Ma(to)| + e)e )

forall t > t,. Therefore, we proved that %r (e, M, K, 11) is a stabilizing control
set, concluding the proof of part 3.

- Part /: Note that there is a bijection between the elements of H?:O Hle CJ
and those of %r(e, M, K, 1) by the definition of v(x,t). So, #%r(e, M, K, 1) =
H?:o H?:1 #Cf. Also, by the same equations, we have that #%(e, M, K, )

is constant for T' € [s,,, S41) for each n € Z>y. Thus,

1

o (#%c(e, M, K, ) < — log (#%r(e, M, K, )

60



for T' € [sn, Snt1). Also, note that

#C! = {e()‘sn“+04)Sn+1*(/\3"+a)5n-‘

for every i € [d] and n € Z;. Therefore,

d

log (H HQj) < al(()\s"+1 + a)spp1 — (A +a)s; + n),
J

n
=1:i=1

where the inequality comes from the facts that log([e?]) < y+1 for y € Rs;
and from the property of telescoping series. Combining our previous re-
sults, we arrive at + log(#%r(e, M, K, j1)) < %((,\snﬂ + a)sp — (A +
S log(#€?)

Sn

a)sy + n) +

with T going to infinity implies that we are taking the limit superior on

. Taking the limit superior on the left hand side

the right hand sided with n going to infinity because n = inf{l € Z>, :
51 < T and s;41 > T'}. Hence, we get limsupy_, 7 log(#%r(e, M, K, n)) <
lim sup,,_, ., d(’\s%:a)s"“ + & < d(A+ @)R + Q. The first inequality fol-
lows from the fact that 3_%  log(#C?) and (A\* + a)s; are finite. The last
inequality follows because limsup,, . = @ and because given two se-
quences of positive numbers (an)nez., and (bn)z.,, then limsup,, ,, anb, <

limsup,,_,, a,limsup,,_,., b, and we have that

lim sup ¥+ = X
n—oo

and limsup,, ., 82:1 = R by persistent complete controllability. Since our
bound does not depend on €, we have that the previous inequality gives an

upper bound for b(M, ). In this way, we proved that
b(M, ) < lm b(% (e, M, K, 1)) < dA+a)R+Q < oo
e—

for every u € Rsg and our chosen M. Thus, we conclude the proof of the
theorem.

In the next chapter, we will see that controllable LTI systems are con-
trollable with a finite data-rate. In the following subsection, we state our
necessary condition for controllability with finite data-rate. Then, we use it
to show why the system from Example 3.2.1 is not controllable with finite

data-rate.
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3.3.2 Necessary Condition

In this subsection, we state a necessary condition for system (3.1) to be
controllable with finite data-rate. We prove this theorem in the Appendix
A.6.

Theorem 3.3.6. System (3.1) is controllable with finite data-rate only if it

is completely controllable.

Remark 3.3.7. We now analyze the gap between the hypotheses of the
necessary condition and those of the sufficient condition. More explicitly,
the sufficient condition requires the system to satisfy the exponential energy-
growth rate and the persistency of complete controllability in addition to the
necessary condition’s assumptions. We examine the role of each of those two
conditions separately: first, we note that the exponential energy-growth rate
is only used in part three of the proof of Theorem 3.3.5. Its purposed is to
bound the growth of the state between times s,, and s,+1 for n € Z>,. We do
not know at this time if this condition is necessary or if it is a consequence
of our choice of stabilizing control set % (¢, M, K, 1) in the proof of Theorem
3.3.5. Assuming that our system satisfies the exponential energy-growth rate
is reasonable, however. This latter fact is true because, in practice, we require
the control energy to remain bounded, a stronger assumption. Second, we
use the persistency of the complete controllability in the last part of the proof
of Theorem 3.3.5 to bound the data-rate. Nonetheless, at the moment, it is

not clear if we can remove it from the statement of Theorem 3.3.5.

We now have tools to understand why Example 3.2.1 cannot be control-
lable with finite data-rate. Given an arbitrary increasing sequence (s, ) with
lim, o S, = 00, we know that there exists ng € Z>o such that s, > 1
for all n > ngy. Thus, the matrices W (s,1, s,) are not invertible for each
n > ng. This argument shows that that system is not controllable with finite

data-rate.

3.4  Conclusion

In this chapter, we discussed the problem of controlling LTV systems when

our controller operates with a finite data-rate. We motivated our study by
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showing that systems that are controllable in the usual sense might not be
controllable when our controller needs to operate with a finite the data-rate.
Then, we introduced a definition of controllability with finite data-rate that
extends the usual notion of arbitrary pole placement, characteristic of LTV
systems that are controllable in the usual sense. After that, we introduced
additional concepts to help us characterize when our system is controllable
with a finite data-rate. Namely, we introduced the notions of persistent
complete controllability and exponential energy-growth rate. Finally, we gave
a necessary and a sufficient condition for an LTV system to be controllable

when the data-rate is finite in terms of the latter mentioned notions.
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CHAPTER 4

CONTROLLABILITY AND CONTROLLER
DESIGN FOR SWITCHED LINEAR
SYSTEMS WITH A FINITE DATA-RATE

4.1 Chapter Overview

In this Chapter, we continue the discussion we started in Chapter 3 about
controllability with a finite data-rate of linear time-varying systems by spe-
cializing to switched linear systems [58]. For this case, we provide some
sufficient conditions for our system to be controllable with a finite data-rate.
The first of them is just a special case of the sufficient condition provided
in the previous chapter. The second of them has a constructive proof and
provides an algorithm for designing a controller. Additionally, this controller
can handle packet losses naturally. We illustrate this condition and algo-
rithm with a practical example. We consider a switched linear system with
controllable modes that we control over a communication network. However,
we assume that that communication channel is under a Denial-of-Service
(DoS) attack, i.e., the transmitted symbols, which carry information about
the quantized measurements of the plant state, may not always arrive at the
sampling times because of an attack. For this example, our task is to design
a switching signal and a controller. Further, we present a necessary condition
for our controllability notion to hold, although there is a gap between this
and the sufficient condition we provide. This latter fact is the topic of future
research.

We take this opportunity to connect this chapter with Chapter 3, where
we discussed controllability with a finite data-rate for linear time-varying
(LTV) systems. In that chapter, we presented a necessary condition and a
sufficient condition for a general LTV system to be controllable with a finite
data-rate. There, we gave a different sufficient condition for controllability
that works for more general LTV systems than the class of switched linear

ones. In the present chapter, we use the switched linear structure to derive
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a different sufficient condition, which helps us associate controllability with
a finite data-rate of the switched system with the controllable subspaces of
each mode and the switching signal. Also, the switched structure appears
in our controller design technique. Further, we also consider the possibility
of packet losses, which we did not in our previous chapter. This latter fact
allows us to discuss some applications, such as the DoS attacks mentioned
above. Furthermore, we give a more in-depth explanation to concepts that
we only explained briefly in Chapter 3.

The structure of this chapter is as follows: First, in Section 4.2, we pose
our problem and describe why we need a new controllability notion. We
also introduce the practically motivated example we want to study. Still in
Section 4.2, we define controllability with a finite data-rate. Next, in Section
4.3, we state our necessary condition for controllability with a finite data-
rate. Also in that section, we introduce some new concepts needed for our
sufficient condition, illustrate them with figures and examples, and we state
our sufficient condition. We finish Section 4.3 with a disscussion on the gap
between the necessary condition and the sufficient one. After that, in Section
4.4, we describe our control algorithm and prove its correctness. Then, we
use that same algorithm to prove the sufficient condition. In Section 3.4, we
conclude and present future research directions.

Notation: We denote by Z-g (Z>¢) the set of the positive (nonnegative)
integers. We denote by R the set of real numbers. We denote by R~o (R>o)
the set of positive (nonnegative) real numbers. Given m € Z, we define the
set [m] == {1,...,m} and [m]o := [m] U {0}. Given two integers a and b, we
denote by (a mod b) the remainder of the division of a by b. Given m € Z.,
we define the set [m] == {1,...,m}. Given a set S, we denote by #5 its
cardinality. For a set S C Zs(, we denote by S¢ its complement in the set
Z-y. Let S C R% and € € Ry, we define the e-collar of S by! S¢ = {z €
R :inf{lz —y| : y € S} < e}. Let d, € Z- and d,, € Z~(, we denote by
Mdexdu the set of d, x d, real matrices. Let d, € Z-, then we denote by I,
the d, x d, identity matrix. We denote the transpose of a matrix A € Md=*du
by A’ € M%>d= Given a pair of matrices (A, B) with A € M%>% and B €
M e denote by (A|B) their controllable subspace. Given A € M%=*de

and B € M9 *% two symmetric positive semi-definite matrices, we write that

! Although, when ¢ is a positive integer, the notation S might cause confusion with
the Cartesian product of S, we make it clear in the text when we are using a collar.
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A > B (A > B)if A— B is positive semidefinite (definite). For k € [d,] and
A € MM we define the matrix measure of A as u(A) = limgg w.
We denote by B(z,r) C R% (B[z,r] C R%) the open (closed) ball of radius
r € Ryg and center # € R%. For a matrix A € M%*% e denote by N(A)
its null space. If A is a d, X d, real matrix and | - | is a vector norm? in
R we denote by ||A| := max{|Az|: |z| = 1,2 € R%} the norm induced by
that vector norm. For a set S C R%, we define its maximum distance from
the origin as dist(S) = sup{|z| : = € S}. We denote by log(a) the natural
logarithm of a € Rsg. We denote by L2 ([ty, 00),R™) the set of all Lebesgue
integrable (see, e.g., Chapter 2 of [59]) locally essentially bounded functions
from [tg,00) to R% where tq € R>o and d,, € Z-(. Finally, given a function
u:1 CR— R¥™and aset JC I, we denote by u;(-) the restriction of the

function u(-) to the subset J.

4.2  Motivation

We start this section by describing the class of systems we study in most of the
paper. Then, we explain why the usual notion of controllability is unfit to deal
with systems that have quantization and data-rate constraints. Further, we
present a new notion of controllability with finite data-rate, which addresses
the issues that appear in our setting. Next, we introduce some definitions
and preliminary results. Finally, we provide a partial characterization of our

controllability notion.

4.2.1 The Model

In this work, we study the controllability with a finite data-rate of switched

linear systems, i.e., systems described by equation
l’(t) = Ag(t)l’<t) + Bg(t)u<t)7 (41)

where the current time is t € [ty, 00), the initial time is ¢y € R>g, the initial
state is z(tg) = zo and it belongs to a compact set with nonempty interior

K C R% m € Z. is the number of modes, o : [tg,00) — [m] is the switching

2If not stated otherwise, we assume that | - | is the Euclidean norm.
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signal, u : [fp,00) — R% is the control function, and A, € M%**% and
B, € M9>du are the matrices of each mode p € [m]. We also assume that
u(-) € L ([tg, 00), R%™) and that o(-) is a cadlag function®. We denote by
t, the n-th discontinuity point of o(:) and we call such points the switching
times. Finally, we define by ®,(¢,7) for t € R and 7 € R the state-transition
matriz associated with the autonomous part of system (4.1), i.e., ®,(¢,7) is
the unique solution to the differential equation ®,(t,7) = A, ®,(t, 7) with
O, (1, 7) =14

A control law is a set % (K) of functions u(z, -) indexed by initial condi-

T

tions + € K C R%, i.e., each initial state z € K corresponds to a unique
control u(z,-) € % (K). Denote by %r(K) = {vj,m(-) € L. ([to, T),R™) :

v(+) € % (K)} the set of restrictions of functions from our control law. We
define the data-rate of the control law % (K) as

b(% (K)) = limsup 1 log(#%r(K))
Tooo 1
and we say that the control law % (K) operates with a finite data-rate if it
satisfies b(% (K)) < oo. We can, alternatively, look at the control law as a
function with two parameters u(-, ), where the first parameter is the initial
state and the second is the time. However, looking at the control law as a

set allows us to define the data-rate more naturally.

4.2.2 The Need for a New Controllability Notion

In this subsection, we explain why the usual notion of controllability of LTV
systems is not suitable when we consider control systems that use quantiza-
tion and that operate with finite data-rate.

To do that, we start by recalling the usual controllability notion (see, e.g.,
Chapter 9 of [54].) for LTV systems.

Definition 4.2.1. We say that system (4.1) is controllable in the usual sense
on [tg, T|, where T > t,, if for every initial condition z(tg) = xg € R% there
exists a function u : [tg, T]| — R% such that z(T") = 0.

3A function that is right-continuous and has a left limit everywhere.
4We consider ¢, the 0-th discontinuity point of o(-) to keep the notation simple.
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To see why this notion is unfit when we work with finite data-rate, we

consider the following simple Example 4.2.1.

Example 4.2.1. Let @(t) = u(t) where t € R, 2y € K C R with K compact
with a nonempty interior and u(t) € R%. We can easily solve this equation
to get that x(T) = x¢ + ftior u(T)dr. Note that, if u(t) € R%, this system
is controllable in the usual sense on the interval [tg, T]. If we impose that
this control function comes from a control law that operates with finite data-
rate, we have that the set of possible controls up, () on any interval of time
t € [to,T] has a finite cardinality. Therefore, the integral ftfu(T)dT attains
at most finitely many values, but xy belongs to the set K, which has infinitely
many points. Hence, it is not possible to make z(7") = 0 for an arbitrary

initial condition in K.

The goal of the previous example is to make the straightforward observa-
tion that we cannot have z(T) = 0 for an arbitrary initial condition in K,
which supports the claim that the usual controllability notion is unfit for the
case where we have finite data-rate. Thus, we must define a new notion of
controllability in this setting. One way of doing so is to think of controlla-
bility as the property of being able to drive the state as fast as possible to
the origin. The following Proposition 4.2.2 shows that, in general, the fastest
mode of decay for the norm of the state of system (4.1) using finite data-rate
is exponentially fast. Indeed, a stronger claim is true for a much larger class

of systems. We provide a proof of this proposition in Appendix A.5.

Proposition 4.2.2. Let the set of possible initial states K C R% have a
nonempty interior, let m € Z-, be the number of modes, and let t5 € R
be the initial time. Consider the switched nonlinear time-varying dynamics
given by

#(t) = f(t.o (), ulwo, 1), 2(). (4.2)

where x(ty) = xy € K is a initial state, u(zo,:) € Z(K) is the con-
trol function that corresponds to the initial state xo, % (K) is a control
law that operates with a finite data-rate, o : [ty,00) — [m] is a cadlag
switching signal, and f : Rso x [m] x R¥ x R% — Rd.  Also, define
R, = {u(z,t) € R&: (z,t) € P and u(x, ) € % (K)}, where® P = {(x,t) €
K x [tg,00) : |u(z,t)| < oo for u(z,-) € % (K)}. We assume that:

°Note that (K x [0,00))\ P has measure zero since u(-, -) is locally essentially bounded.
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e Equation (4.2) has a unique forward-complete® Caratheodory solution
for each initial state 7o € K and the initial time ¢,. We denote by’
&(t,to, xo) the Caratheodory solution of (4.2) at time ¢ when the initial

time is ¢tg and the initial state is .

e There exists a compact set B, C R% such that® {|£(t,tg,10)| : 7o €
K,t € [tg,00)} C B,.

e f(-,-,+,-) is continuously differentiable in its fourth argument. Define
the Jacobian of f(-,-,-,-) in its fourth argument as f, : R x [m] x R% x
R¥ — Ré=xd= where (fu(-, -, )i = §£2(~, -+, +) for each pair (i,75) €
[d,]?. We assume that f,(-,, -, ) is a continuous function. Further, the
quantity a = esssup{|| f»(p1, P2, p3, pa)ll = P1 € [to,00),p2 € [m],ps €
R, ps € B} is finite.

Denote by dist(t, o, K) :== sup{|{(¢, to, o)| : xo € K} the maximum distance

from a point in the reachable set of (4.2) at time t € [ty, 00) and the origin

of R% when the initial condition belongs to K. Then, we have that
log(dist(t, g, K))

lim inf > —00.
t—o00 t

In particular, if f(t,0(t),u(zo,t), 2(t)) = Asyx(t) + Brpyu(zo,t), Ry is a
bounded subset of R%, and the second bullet above is true, then this result
holds.

Thus, it seems natural to relax the usual controllability notion by asking
the norm of the state to converge to zero with an arbitrary exponential rate
of decay instead of asking the state to equal zero in finite time. To formally
state our controllability notion, we use the following Definition 4.2.2, which is
an adaptation from the definitions given in [11] about stabilization with finite
data-rate. To improve readability, we name some sets and properties that
were not named in [11]. We remark that the following definitions appeared

in Chapter 3. We rewrite them here for the reader’s convenience.

6This means that the solution is defined for all ¢+ € [ty,00). See, e.g., Section 1.5
from [60] for sufficient conditions on f(-,-,-, ) for this assumption to hold.

"Note that the control is defined by the initial state.

8Informally, we are asking the control law to keep the state bounded uniformly over all
possible initial states.
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Definition 4.2.2. We say that system (4.1) satisfies the ezponential decay
condition with rate a@ € R>g, with M € R.p, and € € R if for each zy €
K C R% there exists u(-) € L. ([tg,00),R%) such that the corresponding

loc

solution satisfies

2(t)] < (M]ao| + €)e ) (4.3)
for all + € Rsy,. For given a@ € Rsg, M € Ryg, € € Ryg, and K C R%
as above, we call a set® Z(e, M, K,a) C L ([to,00),R%) a stabilizing con-
trol set of system (4.1) if for every xy € K, there exists a control function

u(-) € Z(e, M, K,a) such that (4.3) holds for the corresponding solution.

Furthermore, we denote by

‘%T(Ea M, K, Oé) = {U’Hto:T](') < Lloooc([th T], Rdu) : (44)

u() € Rle, M, K, 0)}
a set of restrictions of stabilizing controls, where T" > ty is arbitrary. We
define the data-rate associated with system (4.1) in the following manner.

First, given a stabilizing control set Z (e, M, K, «), we define the data-rate of
the stabilizing control set Z(e, M, K, o) as'®

b(Z%(e, M, K,«)) = limsup % log(#%Zr(e, M, K, «)).

T—oo

Next, we define the data-rate of system (4.1) as'!

b(M,«a) = 11_{% (inf{b(Z(e, M, K, )) : Z(e, M, K, &) (4.5)

is a stabilizing control set of (4.1)}).

Finally, we say that system (4.1) can be stabilized with finite data-rate with
M € R.g and o € Ry if b(M, &) < 0.

The reader might wonder if we can remove the € term from inside inequality
(4.3) and still get a reasonable notion of stabilizability with finite data-rate.

The answer is negative and is proved in Proposition 2.2 of [11] where the

9We note that this set can be infinite in general.

The corresponding quantity in [11] uses the limit inferior instead of limit superior.
Because of that, if the quantity given in [11] is infinite, ours is also infinite.

"Note that b(M,a) also depends on the set of initial conditions K. We drop that
dependence to make the notation simpler.
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author showed that, for any pair (o, M) € R-g X Rsg, LTI systems with
poles with a nonnegative real part cannot satisfy (4.3) with ¢ = 0 and have
b(M,a) < oco. Also, we take this opportunity to note that the limit on the
right-hand side of Equation (4.5) exists. That happens because the infimum
on the right-hand side of that equality is a monotonically decreasing function
of . Consequently, that limit can be replaced by the supremum over € € Ry .
We also note that Z(e, M, K,«) is a control law'? that operates with the
data-rate b(Z (e, M, K, «)). Now, we are ready to define controllability with

a finite data-rate, which is one of the contributions of this paper.

Definition 4.2.3. We say that system (4.1) is controllable with a finite data-
rate if for every oo € R-g, there exists M € Rs( such that system (4.1) can
be stabilized with finite data-rate b(M, o) < oo.

In light of our discussion, Definition 4.2.3 captures the property of the norm
of the state converging to zero as fast as possible in our setting. We believe
that it is a natural candidate for extending the concept of controllability to
switched linear systems with finite data-rate. It is important to remark that
the previous definition is new and it differs from the definition of stabilization
with finite data-rate, originally given in [11], in the sense that it captures the
possibility of stabilization with an arbitrary convergence rate ao € R>¢ , while

in [11] @ was taken to be a fixed parameter.

4.2.3 Motivating Example

In this subsection, we present an example to motivate the study of control-
lability with a finite data-rate concept. We answer the questions we pose
in this subsection later in the paper once we have enough tools. Before we
continue, we need to introduce a few concepts that we will use throughout
the remainder of this document.

First, define the sequence of sampling times (7,)nez., C [to, 00) by
T = to + nT), (4.6)

where T}, € Ry is the sampling period. When (t,)nez., C (Tn)nezso, We

say that the switching happens synchronously with the sampling. Now, let

12Gee Subsection 4.2.1
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S ={n € Zs : o(m,) # o(t) for some t € [1,,Ty11)}, 1e., n € S if a
switching occurs in the interior of the time interval [7,,7,41). Note that
S = ) only if the switchings happen synchronously with the samplings, or if
there are no switchings.

Now we are ready to present our motivating example. Our example deals
with a class of cyberphysical attacks called DoS attacks. We refer to [61] for

a discussion on their practical relevance.

Example 4.2.3. (DoS attack) Assume that we want to control a switched
linear system described by Equation (4.1) over a communication network,
and suppose that the modes (A;, B;) are controllable for each j € [m]. We
also assume that the encoder sends a quantization symbol ¢, corresponding
to the state x(7,) at time 7,, € R for n € Z5y. The channel may transmit
the symbol or erase it (when an attack occurs), i.e., the decoder may receive
either ¢, or an empty symbol (in which case we say that we lost a packet).
We further suppose that the encoder knows when an attack occurs. We ask
if we can drive the state of this system to zero exponentially fast with an
arbitrarily prescribed exponential decay rate. We give a sufficient condition
for this problem to have a solution in Section 4.3 and, for that case, we
present a controller design technique in Section 4.4.

We take this opportunity to informally introduce some sets, related to
packet losses, that are instrumental in our later discussion. Let £ C Zs
be the set of sampling time indices such that no packet loss occurs at time
Tn. Then, we define R := L U §¢ as the set of sampling time indices’ n such
that no switching occurs in the interior of the time interval [7,, 7,.1) nor a
packet loss occurs at 7,,. The generalized set of losses associated to system
(4.1) is R¢. Notice that if there are no packet losses and the switchings are
synchronous, we have that R¢ = (3, explaining the name of the set. We define
both sets £ and R formally in Subsection 4.3.6.

4.3 Controllability with a Finite Data-Rate

In this section, we state a necessary condition and sufficient condition for
a switched linear system to be controllable with a finite data-rate. We
recall some classical concepts related to controllability to state our nec-

essary condition. Next, we introduce some new controllability concepts,
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which require some discussion and examples, to state our sufficient con-
dition. Then, we introduce concepts related to quantized control and the
coder-decoder/controller scheme, which we use to prove our sufficient condi-
tion in a constructive manner. Finally, we briefly discuss the gap between the
necessary condition and the sufficient condition, and we provide examples of
applications. In particular, we answer the questions posed in Example 4.2.3

as an application.

4.3.1 The Necessary Condition

We start this subsection by recalling the notion of complete controllability,
first stated in [56].

Definition 4.3.1. We say that system (4.1) is completely controllable if, for
each t € [tg, 00), there exists t; € (¢, 00) such that (4.1) is controllable in the

13

usual sense'® on the time interval [¢, ¢].

We have two remarks about this definition. First, some authors, such
as [62] in Chapter 4, use the term “complete controllability” to refer to usual
controllability on a given time interval. The difference is that Definition 4.3.1
requires system (4.1) to be controllable over infinitely many intervals, while
the definition given in [62] requires the system to be controllable on a single

time interval. Second, the next definition is helpful.

Definition 4.3.2. The controllability Gramian of system (4.1) is given by

t
Wit s) = / Dy (t,7) Bty Bl L (1, 7)dlr (4.7)

for anyt € Rug and s € Ryy.

Then, it is a well-known fact, see, e.g., [48], that complete controlabillity
is equivalent to the statement: for every ¢ € Rs( there exists some ¢, > ¢
such that W (ty,t) is invertible. This result gives us an operational way to
check if a system is completely controllable. Now, we are ready to state our
necessary condition in Theorem 4.3.1. We provide a proof of it in Appendix

A.6.
13Gee Definiton 4.2.1.
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Theorem 4.3.1. System (4.1) is controllable with finite data-rate only if it

is completely controllable.

This statement is interesting because it gives a simple condition that guar-
antees that, if not satisfied, we can rule out the possibility of our system
being controllable with a finite data-rate. This theorem appears in Chapter
3 of this thesis, stated for a more general class of LTV systems. In fact, in
Example 3.2.1 from Chapter 3, we present a system that does not satisfy the
necessary condition, with the goal of illustrating the usage of our previous
theorem. The reason why we restate this theorem is because we want to re-
mind the reader about it before we argue in Section 4.4.3 that this condition
is close to our sufficient condition stated in Theorem 4.3.2, which we present

in the next subsection.

4.3.2 The Sufficient Condition: the case without packet losses

In this subsection, we study the sufficient condition when no packet losses
occur. We deal with packet losses in Subsection 4.3.4. To state the suffi-
cient condition, we must first recall a classical controllability notion for LTV

systems.

Definition 4.3.3. We say that system (4.1) is uniformly completely con-
trollable (UCC) if there exist T € Ry and some w € Ry such that the
controllability Gramian satisfies wl;, < W(t + T,t) for all t € R, where
the inequality here denotes the partial order relation on symmetric positive

definite matrices.

We remark that this concept was introduced by Kalman in works [48]
and [56] using different conditions from the one we stated. It was [63] who
proved that, if A, and By are uniformly bounded for all times, then the
condition we present in Definition 4.3.3 is equivalent to UCC. Now, we are

ready to state our sufficient condition:

Theorem 4.3.2. System (4.1) is controllable with a finite data-rate if it is
UCC.

This result is a consequence of Theorem 3.3.5 from Chapter 3 of this disser-

tation. It happens that being UCC is a stronger condition than the condition

74



presented in that chapter. Thus, an LTV UCC system is controllable with a
finite data-rate. We prove this latter fact in Appendix A.7.

4 and it requires us to

The previous result applies to any LTV system!
prove that our system is UCC, which might be difficult in general. However,
assuming that our system is given by the switched linear dynamics (4.1), we
can prove results that involve the controllable subspaces of the modes and

some properties of the switching signal.

4.3.3 Applications

To extend our theory to deal with a more general case that considers packet
losses, we discuss two relatively simple examples of practical relevance that
we can analyze with what we have discussed. First, we assume that the
switchings are synchronous and derive a relatively simple condition for UCC.
We illustrate that case with an example where the modes are unstabilizable,
but the switched system is UCC. After that, we remove the assumption on
synchronicity and state a result that gives us another condition for UCC
when the modes are controllable. In particular, when system (4.1) satisfies
an average dwell-time condition (ADT), we arrive at an elementary relation
involving the chatter bound, the average dwell-time, and the sampling period
that guarantee UCC.

To state our condition for uniform complete controllability when the switch-
ings are synchronous, we must introduce a new controllability definition. We
briefly recall that (A|B) denotes the controllable subspace of the pair (A, B).

Definition 4.3.4. Let £ € Z- be a discrete time-horizon and let S = (). For
each k € Zx, let n = n(k) = |%]. Define Vi = &, (74, Ten) (Ao(ry) | Bo(ry))-
We say that system (4.1) is {—uniformly completely controllable if
((n(k)+1)—1
> VY =R*% (4.8)

j=tn(k)

for each™ k € Z5,.

14 Any system with @(t) = A(t)z(t) + B(t)u(t), where the function u(-) is integrable and
locally essentially bounded an the matrix functions A(-) and B(-) are locally integrable
and bounded.

15Note that for each | € Zxq there exists some k € Z>q such that [ = | %]. Thus, n(k)
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To help the reader better understand the idea behind Definition 4.3.4, we
first discuss its relationship with classical controllability notions. Notice that
Equation (4.8) is the same as the condition for complete controllability on
the interval [74,, Tyns1)] given in Chapter 4 of [62] for some fixed n € Z5¢'.
In fact, more is true. Since Equation (4.8) holds for each n € Z, a stronger
controllability property must hold. The following lemma shows that Defi-
nition 4.3.4 and UCC are equivalent when the switchings are synchronous.
Therefore, in the synchronous case, the existence of ¢ € Z, such that our
system is (-uniformly completely controllable is sufficient for our system to

be controllable with a finite data-rate.

Lemma 4.3.3. Let S = (). Then, there exists some ¢ € Z- such that system

(4.1) is —uniformly completely controllable if, and only if, system (4.1) is
UCC.

The following example should help us illustrate how we can apply Lemma

4.3.3 to show a nontrivial result.

Example 4.3.4. Let £ € Z.¢, let m = 2, and let ty = 0. Let {e;,es} C R?

be the canonical basis. Assume that, for each n € Zs(, there exists at least

one integer k;(n) such that ¢n < k;(n) < ¢(n+ 1) and that o(k;(n)) = i for
10 0 0

1 € [2]. Also, let A} = , Ay = , B1 = €1, and By = es.
[2] 1 (00 2 (02 1 1 2 2

Note that each individual mode is unstabilizable. A simple calculation shows
that (A;|B;) = span{e;} for ¢ € [2]. Also, since the matrix A; is diagonal for
each i € [2], we have that ®,(¢, s) is diagonal for each ¢t € R>g and s € [t, 00).
This latter fact implies that ®; (¢, s)(A;|B;) = (A;|B;) = span{e;} for each
i € [2], all t € Rsg, and all s € [t,00). In particular, for each n € Z-
and each ¢ € [2], we have that V) = span{e;}. Thus, we conclude that
Zﬁ(:n;f)_l Vi D Viym) + Vieny = R?, which implies that our system is (-
uniformly completely controllable. Thus, by Lemma 4.3.3, our system is

controllable with a finite data-rate.

The previous example used the fact that the switchings are synchronous to
conclude that the switched system is controllable with a finite data-rate, even

though the individual modes are unstabilizable. This result, however, relies

is a surjective function.
16We also notice that there exists an analogous characterization for the concept of
complete observability, given in [64].
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on synchronicity. At this point, the reader might wonder if there are simple
conditions that ensure that the conditions from Theorem 4.3.2 hold when
we do not require the switchings to be synchronous. The next proposition

answers this questions affirmatively.

Proposition 4.3.5. Let { € Z5(. If, for each index n € Z>, there exists
some index k(n) € Zsq such that ¢n < k(n) < {(n + 1), that k(n) € S, and
that (Ao(r) | Bo(rm)) = Rz then system (4.1) is UCC.

Informally, the last proposition is saying the following: if each interval of
the form [74,, Tyn+1), where n € Z>o and ¢ € Z5 is given, has a sampling
subinterval without a switching in its interior and a controllable mode is ac-
tive on that subinterval, then the conditions of Theorem 4.3.2 hold. This
latter condition is verified, for instance, when we have a “safe” mode, which
we visit at least once in each time interval [74,, Tyn41), i.€., we vist the con-
trollable mode “frequently enough”.

Interestingly, Proposition 4.3.5 has an immediate corollary of practical

interest. First, we recall the definition of average dwell-time.

Definition 4.3.5 (Average Dwell-Time [65]). We say that system (4.1) sat-
isfies an average dwell-time condition [65] if there exists a chatter bound
Ny € Z5y and an average dwell-time 7p € R-( such that the number of

switches N,(t,7) on any time interval of the form [r,t) C [tg,00) satisfies
Ny (t,7) < No+ £T.

The next result gives us a simple relation between the sampling period, the
chatter bound, and the dwell-time of our switching signal that ensures that
system (4.1) is controllable with a finite data-rate. We prove this corollary
in the Appendix A.10.

Corollary 4.3.6. Assume that system (4.1) satisfies the ADT condition with
average dwell-time 7p € Ry and chatter bound Ny € Z>y. Further, assume

that system (4.1) modes’ are controllable. If N5 = Ip, then the system is

controllable with a finite data-rate.

4.3.4 The Sufficient Condition: the general case

In the previous two subsections, we described a sufficient condition for a

switched linear system to be controllable with a finite data-rate when no
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packet losses are present. Also, we showed how we can apply that result
to cases of practical interest. In this subsection, we finally address the case
where packet losses can occur.

To state the sufficient condition, we must make a small change to Defini-
tion 4.3.4 to accommodate packet losses, which will also be useful when we
discuss our controller design technique. We briefly recall that S¢ denotes the

complement for a set S C Z>o.

Definition 4.3.6. Let ¢ € Z-( be a discrete time-horizon and let R C Z>
be the set of generalized losses'”. For each k € Zsg, let n = n(k) = L%J
Define Vi, = @, (7, 7o) (Ao (r) | Bo(r)), if k& € R, and V. := {0}, otherwise.
We say that system (4.1) is {—uniformly completely controllable with losses

i R if
L(n(k)+1)—1

> VY =R*% (4.9)

j=tn(k)

for each' k € Z,.

We take this opportunity to make a few comments about Definition 4.3.6.
Note that f-uniform controllability, introduced in Definition 4.3.4, is the same
as f-uniform controllability with losses in the empty set. In this sense, Def-
inition 4.3.6 generalizes Definition 4.3.4. Also, recall from Subsection 4.2.3
that the set R is the set of sampling time indices” where no switching occurs
on the interior of the time interval |73, 71 1) and that no packet losses happen
at times 73, for each k € R.

Even though Definition 4.3.6 plays a major role in our theory, our suf-
ficiency theorem requires one more condition, which only appears because
we work with a continuous-time system with data-rate constraints for its
control. To precisely state that additional condition we need yet another

technical definition, which we present below.

Definition 4.3.7. (compatible projection matriz) Let ¢ € Z be a discrete

time-horizon and let R¢ C Zx( be the generalized set of losses of system (4.1).

For each k € Zxo, let n = n(k) = |£]. We define a compatible projection

matriz Py in the following way.

17See, Subsection 4.2.3.
Note that for each | € Zxq there exists some k € Z>¢ such that [ = [%]. Thus, n(k)
is a surjective function.
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e If k € R: First, choose a subspace W;, C R% such that'’ (Ag(r) | Bo(ry))®
Wi = ®(1,70) 0007, Since (Ay(rg|Bogr) N Wi = {0}, we
have that W, C ®(, 7¢n) Zf(:",j j{fl V;. Next, choose another sub-
space W, C R% such that (Ao(r)| Bo(ry)) © Wi @ W, = R%. Then, de-
fine P, € M%*% ag the oblique projection?® matrix over (Ay(r)|Bo(r,))
that is parallel to Wy @ W, ie., Pix = z if x € (Ao(r)| Bo(r,)) and
Poz =0 if x € W), & W, Since (Ao(r)| Bo(r)) ® Wi @ Wy = R this

construction completely defines the projection matrix F.
o If k € R define P, = 0 € M%xde,

We first note that P is an oblique projection matrix for each k € Z>, i.e.,
P2 = P,. Also, we notice that the specific construction above requires some
choices of vector subspaces, namely W, and W,, that are up to the designer
as long as they comply with the conditions mentioned. Also, because of
this freedom, the construction in Definition 4.3.7 is technical and difficult to
understand at first. In the next subsection, we present Example 4.3.10, where
we walk the reader through each detail of this construction to help clarify it.

We are ready to enunciate the assumptions needed to state Theorem 4.3.7.

Assumption 4.3.1. There exists { € Z.y such that system (4.1) is /(-

uniformly completely controllable with losses in its generalized set of losses

Re.

Assumption 4.3.2. There exist a real number g € R>, and a sequence
(Pi)kezs, © M®>% of compatible projection matrices such that || Pyl <
(14 g) for all k € Z>,.

We now have all the definitions needed to state the sufficient condition for

controllability with a finite data-rate.

Theorem 4.3.7. System (4.1) is controllable with a finite data-rate if As-
sumptions 4.3.1 and 4.3.2 hold.

We present the proof of this Theorem in Section 4.4. The proof relies
on Proposition 4.2.2, which states that our control Algorithm 4.4.1 ensures

that the norm of the solution of (4.1), under the action of the control law

19Recall that for two vector subspaces V C R% and W € R%, when we write the direct
sum V & W, we implicitly have that V N W = {0}.
20This means that it may not be an orthogonal projection in general.
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the algorithm constructs, satisfies the exponential decay condition 3.2 with a
prescribed exponential rate of decay, that is an algorithm parameter. Then,
we show in Subsection 4.4.4 how to use that proposition to prove Theorem
4.3.7. Because of this proof structure, we claim that our proof is constructive

since we can use Algorithm 4.4.1 to design controllers in practice.

4.3.5 Understanding the General Sufficient Condition

In Subsection 4.3.3, we discussed how to interpret our results when the
switching signal is synchronous. Now, we explain the ideas behind the previ-
ous subsection’s definitions, which deal with switchings that might be asyn-
chronous and packet losses can be present.

We start by explaining what happens when the set of generalized losses is
nonempty and why it matters. The idea behind Definition 4.3.6 is as follows:
on each interval of the form [74,, Tym41)), for an arbitrary n € Zs, if we are
only allowed to use the control u(t) = 0 for each t € [, Tht1) C [Tens Tetn+1))
and each k € R°N{ln,...,¢(n+1)—1}, our system would still be completely
controllable if (4.9) was true. Thus, if we have a communication channel
between the plant and the controller and the packets carrying information
about the system’s state?! at times 73, for k € R¢, were lost, we would still
be able to send the state of the system to zero under the assumption that our
system is /—uniform completely controllable with losses in R¢. We state that
claim more formally in Lemma 4.3.8, which we prove in Appendix A.11. We
can see Definition 4.3.6 as an operational version of the property described
in that lemma’s statement. Further, we note that this property is not related

to data-rate constraints, but it is a characteristic of system (4.1) and the set

R.

Lemma 4.3.8. Let R C Z5, be the generalized set of losses of system
(4.1) and let ¢ € Z-,. System (4.1) is {—uniformly completely controllable
with losses in R if, and only if, for each n € Z>y and each x € R%_ there
exists a control u,(-) € L2 ([Ten, Tens1)), R™) with the following property: If
x(7e,) = x, then we have x(7yn41)) = 0 and u,(t) = 0 for each t € 74, Tp11)
and each k£ € R°.

21Here we are assuming that we can transmit perfect information through the channel,
i.e., data-rate constraints play no role in this part of the discussion.
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We already discussed how the property presented in Assumption 4.3.1 is re-
lated to UCC when R¢ = () and gave an interpretation for it in Lemma 4.3.8.
Assumption 4.3.2, by its turn, has a geometric interpretation, which can be
understood rigorously by studying the equality presented in the following
Lemma 4.3.9. We provide a proof of it in Appendix A.12 for completeness.
Note, however, that this result is standard and its proof can be found in
Theorem 3.1 from [66]. It is also worth mentioning that a similar quantity,
namely, the minimum gap between subspaces, appears in the control systems

literature, see, e.g., [67].

Lemma 4.3.9. Let V C R% and W C R% be such that V& W = R%. If
{0} #V C R% and {0} # W C R%, we denote the cosine between those two
spaces by cos(V, W) = max{|(v,w)| : v € Vjw € W,|v| = 1,|w| = 1}. If
either V' = {0} or W = {0}, then we define cos(V, W) := 0. Let P € M4
be projection matrix such that Pxr = x when z € V, and Pxr = 0 when
x € W. Then, |P|| = (1 —cos?(V,W))""2 if V # {0}, and ||P|| = 0,

otherwise.

Thus, we see that Assumption 4.3.2 implies that the cosine between the
controllable subspace of the active mode at time 7, i.e., (AJ(Tk)|BU(Tk)>, and
its complement space, Wiy, @ W, is uniformly far from 1 for all k € R. Note
that the cosine between two subspaces will only equal 1 if one is contained
in the other. Thus, these inequalities ensure that (A, )|Bs(r,)) and its
complement space W, @ W, will not collapse into each other as k goes to
infinity.

We finally present Example 4.3.10, which should help the reader under-
stand the construction described in Definition 4.3.7 regarding compatible
projection matrices. Also, we explain the interpretation of Assumption 4.3.2

in terms of angles between subspaces using the result from Lemma 4.3.9.

Example 4.3.10. Let ¢ = 5, let the sampling times be 7,, = 2.5n for each
n € Zso, and let R ={n € Z>p: n mod ¢ € {1,3,4}} be the generalized set
of losses. We see that the definition of R¢ is compatible with the switching
signal o(-) we defined. Indeed, we see that S = {n € Z>¢ : n mod ¢ € {1,3}}.
Thus, we can also infer that the losses occur at each sampling time 7,, such

that n mod ¢ = 4. We consider system (4.1) with two modes described as

1 -1
follows: mode 1 is such that A; = ) and By = (1,1)’; and mode 2
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2 0
is such that A = 01 and By = (1,0)". Let ty,,1 = 3.5+ 12.5n and

ton+2 = 8+ 12.5n for each n € Z>y be switching times. We assume that the
switching signal o : R>g — [2] is such that** o(t) = 1 for t € [tanyi1,tonta)
and o(t) = 2 for ¢ € [Ton, tans1) U [tant2, Tems1y) for each n € Zso. Note that
Tint2 € [tant1, tanta).-

To continue our construction, we must first compute the spaces Vj for each
k € Z>p. In what follows, we assume that the claims hold for any n €
Zso. When k = ¢n, we know that o(7s,) = 2. This implies that Vy, =
O (Ton, Ten ) (As| Ba) = (As|By) = span{(1,0)'}. When k = fn + 2, we also
know that o(7,.2) = 1. This implies that Vi, 10 = ®, (Tons2, 7en) (A1 B1) =
6—3.51426—1.5141 <A1‘Bl> — 6_3'5‘42 <A1|Bl> — 6_3'5A2span{(1, 1)/} —

span{(e~%% 1)'}. We note that, when k = fn+1, or k = {n+3, or k = {n+4,
we have that & € R¢. Thus, we have that V11 = Vinis = Vensa = {0}
Further, notice that Zj(j;”‘l V; = R?, which implies that our system is
{—uniform completely controllable with losses in R¢. Next, we construct the
oblique projection matrices. We note that we have Py, 1 = Ppi3 = Prpig =
0 by the fact that all such indices belong to the generalized set of losses R°.
To deal with the cases when £ = n and k = fn+2, we must first construct the
spaces W, and Wk When k = ¢n, we choose W, to be an arbitrary subspace
of R? such that (A, (r)| Bor) © Wen = €5 (7o i) SV~ Yy = R%. We
can choose, for instance, Wy, = span{(1,2)'}. In this case, W, = {0}, since
Win 0 ((As(en) | Bo(en)) @ Win) = {0} by the definition of direct sum. With

1 =05

these choices, we get that Py, = 00 . When k = ¢n + 2, we choose

Win+2 to be an arbitrary subspace of R? such that (A, )| Bo(ronya)) @
Winsz = O (Tnre Tin) Sonrands ' Vy = (A1 Bi) = span{(1,1)'}. Hence,
Win—2 = {0}, and there are no further choices in this case. Finally, we
choose Wyn4» as some subspace of R? such that (A1|B1) @ Winyo @ Winio =
R2. We can choose Wi,4s = span{(1,0)'} to get the projection matrices
0 1

01/

The purpose of Figure 4.1 is to help us understand the concepts introduced

P€n+2 =

so far. For each sampling time 7 with & € {¢n,...,¢(n + 1)} we draw a

copy of the state space R%. In the copy at time 73, we draw the controllable

22We chose a periodic switching signal for simplicity. In this case, the period is 12.5.
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subspace (Ag(r,)|Bo(r,)) of mode o(73), i.e., the controllable subspace of the
mode that is active at the sampling time 7. If n € R, we use the color
black for the sampling time and the controllable subspace, as is the case of
k=/tn, k=4¥¢m+2 and k =¥¢n+5. If £ € R as in the case of k = /n + 1,
k =/fn+ 3, and k = ¢n + 4, we use the color orange. Also, we use the color

red to represent the switching times o, 1 and to,12.

<A2|Bg> <A1|Bl> <A2|B2>
T2
z
' t
Ten Lont1 Ten+2 tont2 Te(n+1)

Figure 4.1: Subspaces and sampling times.

There are a few important things to notice in Figure 4.1. First, on the time
interval [T¢, Toni1), System (4.1) behaves as the LTT system z(t) = Aqz(t) +
Bou(t) and the controllable subspace is one-dimensional. This implies that
we cannot send the state to zero at time 74,,1. Second, we assume that
u(t) = 0 for t € [Tons1, Tent2) U [Tents, Tensa) U [Tonta, Tents) because those
sampling time indices belong to the generalized set of losses R¢. Third,
note that our system behaves as the LTI system z(t) = Ajx(t) + Byu(t)
on the time interval [7y,42, Trny3). Consequently, if z(7,) # 0 and if we
impose our previous assumption on u(t), we can only have z(7p,45) = 0
when z(74,12) € (A1|By). To do that, we must decompose state x(74,) into
a component that belongs to Vi, = (A3|Bs), which we can send to zero on
the time interval [7,, Ts,11], and another which we can send to zero on the
time interval [Tg,19, Tenes]. This second component must lie on the vector
subspace Vipio = P (Toni2, Ten) (A1 By) since this vector space is mapped
into the vector space (A;|B;) at time 7,,2. To perform this decomposition,
we use the oblique projection matrices. More explicitly, we can write z(74,) =
P (7o) + (Is — Ppn)x(7er,), where the first term belongs to (As|Bs) and the
second term belong to the nullspace of2® P,,. Note that Wy, & W,, is the

ZThis follows from P(I; — P)z = (P — P?)z = 0 for any projection matrix P and any
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nullspace of Py, by definition 4.3.7. Our previous discussion tells us that
Win ® Wen = O (Tinsa, Tin) (A1|B1). This implies that, at time 7y,42, the
component (I — Pp,)x(74,) will belong to the subspace @, (7u 42, 7on) Win &
Win) = (A1|By). These concepts are depicted in Figure 4.2 where we show
the state at time 74, and the state at time 74,2 as red arrows. As we can

see, the state at time 7,42 lies in (A;|By).

q);l (Tﬂn+2~, Tln)

Vin = (A2| By <A1|Bl

T2 Ton,

(nn)z“V‘
Vensa = O, (Tensz, 7e) (A1| By) [ e \\-/ T (Tent2

z1
q)a (TZn+2-, Tén)

Ten Ten+1 Ten+2
Figure 4.2: Vector spaces flown backwards.

More explicitly, in Figure 4.2 we see the previously mentioned decomposition
of the state z(74,) at the time 7, into components that lie on (Ay|Bs) and
O, (Tonto, Ten) (A1|B1), i.e., we can write x(7p,) = Zpn + Ton, Where Ty, =
Pox(1e,) and Ty, = (Ig — Pp)x(7en). Note that the component Z,, €
O (Tons2, Ten) (A1 By) and that Ty, € (As|Bs).

Finally, we can now interpret Assumption 4.3.2 using the notion of angle
between subspaces. We note that, for each n € Z>, we have that || Pp,41]| =
| Prnisl| = || Pensall = 0. Also, simple calculations show us that ||Pp,|| = ‘/75
and || Py, 12]| = V2. Thus, if we pick g = max{\/?g —1,v/2 — 1}, we arrive
at the conclusion that our system satisfies Assumption 4.3.2. It is worth
mentioning, that these norms depend on the choices of vector spaces W
and W, for k € R, as mentioned earlier. Indeed, for instance, we could have
chosen Wy, 1o = span{(1,1—1/n)'} for each n € Zs,. This would still give us

that (A1|B1) ® Wipio ® Wgn+2 = R2. However, for this choice, a compatible

1—-n n
projection matrix would be P, , = ( ) ) Thus, no g € R> exists
—-n n

vector = € Ré=.
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such that || P}, || < (1+g) since || P}, || goes to infinity as n goes to infinity.
[ Bo(rensa)) = (A1]Bi1) and

span{(1,1)'} goes to 1 as n grows. It is important to notice here that the

This happens because the cosine between (A, .,
existence of this sequence of matrices is not in contradiction with Assumption
4.3.2 since the assumption only asks for the existence of a some sequence
(Py)rso C M®*? of compatible projection matrices with the property that
[Pl < (1+g).

4.3.6 Quantized Control Concepts

We start this subsection by defining the concept of coder-decoder/controller
scheme. These definitions are used in the description of Algorithm 4.4.1 and
the proof of Theorem 4.3.7. Also, we finally address the questions asked in
Example 4.2.3 about DoS attacks. Furthermore, we also formally define the
set £, which we used to define the set R in Subsection 4.2.3.

Definition 4.3.8 (coder-decoder/controller scheme).

A coder-decoder/controller scheme is defined by the following quantities:
e A sequence of sampling times (Tn)nezzo C R>g where 7y = #o;

e A sequence of finite cardinality sets (C")ncz,, where each element of

the sequence is called a coder alphabet;

e A sequence of finite cardinality sets (é”)nezzo where each element of

the sequence is called a decoder alphabet;

e A sequence of coder functions (7")nez,, such that 7 : R% — C° and
A COx - x C"1 x R% — C" for each n € Z+;

o A sequence of channel functions (¢")yez., such that? ¢ : C" — C™;

A sequence of decoder functions (8")nez., such that ™ : COx- - xC" —

Ré= for each n € Z>y;

A controller is a sequence of controller functions

(Un)nezsy C Lipe([Tn, Tay1) X R Rdv).

24We could consider more general channel models, e.g., channels with memory. Nonethe-
less, we will not do this in this document.
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Additionally, we make the following definitions. The elements of a coder or
decoder alphabet are called symbols. Further, we assume that Cr = C"uU
{0} where the special symbol () is called the empty symbol. The remaining
symbols of a decoder alphabet are called the valid symbols. Furthermore,
we define the set £ = {n € Z5 : ¢,(q) = ¢ for all ¢ € C"}, i.e., the set
of indices n such that the corresponding channel function is the identity
function. If £ = Z>( we say that our communication channel is lossless. If
n € L¢ we say that we have a packet loss at the sampling time 7,,. Finally,

we define the received average data-rate of the coder-decoder scheme®

brx = lim SUPp 00 ﬁ Zke[ﬁﬂ[n}o log(#ck) :

as

A few remarks are in order. First, this definition was inspired by the
definition of coder-controller pair first presented in [68] to study the control
of stochastic linear systems under data-rate constraints. We also refer to the
survey paper [4] for a discussion about such schemes. The main difference
between the next definition and that of [68] is that we split our scheme into
coder, decoder, and controller instead of just coder and controller. Also,
we introduce the channel functions to deal with the issue of packet losses.
Second, in the information theory literature, see, e.g., the first three chapters
of [69], the channel function is treated as a random function in the sense that,
for each n € Z5( and each ¢ € C", the value ¢"(q) is random. We do not treat
this case here. Third, we note that any control system that measures the
state using a digital sensor or analog-to-digital converter, can be described
using the previous definitions by suitably choosing the coder, channel, and
decoder functions. To do that, let q : R>g x R% — D C R% be the quantizer,
where D is a set of finite cardinality of possible sensor outputs. Let the
sampling times be 7, = T;, where T, € R> is the sensor’s clock frequency, for
each k € Z5(. We assume that the quantizer is a piecewise constant function
on its first argument in each interval of the form [ry, 74.1) for each k € Z>,.
In addition, let the alphabets be C* = C" = D for each n € Zs. We
choose the functions from the coder-decoder/controller scheme as follows:
let?6 ’Yn(*,...,A*,l’(Tn)) = (70, z(7n)), €(q) = q, and 8"(x,...,*,q) = q,
for each ¢ € C" and each n € Z5,. Furthermore, if we apply a controller

u(-, ) € LS ([to, 00) x R%¥ R¥) then, we can define a sequence of controller

25We note that the data-rate does not depend on the controller explicitly.
26The symbol * as an argument for a function means that the function is constant in
that argument.
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functions (un)nez,, such that w,(t,-) = wu(t,-) for t € [r,,7u41) for each
n € Z>o. This construction tells us that we can associate a notion of data-
rate, given by b,, to any controller that uses digital sensors or analog-to-
digital converters in a natural way.

Now, we are ready to illustrate the concepts developed thus far by answer-

ing the questions posed in the motivating Example 4.2.3.

Example 4.3.11 (Example 4.2.3 continued). For simplicity, we assume that
the switchings are synchronous. Thus, as we discussed earlier in this subsec-
tion, we only need to check Assumption 4.3.1 for Theorem 4.3.7 to hold. Now,
assume that there exists ¢ € Z. such that in each time interval of the form
[Ten> Teny1)) We have at least one subinterval 73, 7411) with & € R. Since all
modes are controllable, we have that Equation (4.9) holds for each n € Z-,.
Hence, our system is {—uniformly completely controllable and Theorem 4.3.7
holds. This implies that we can send the state of our switched linear system
to zero even in the presence of a DoS attack that satisfies this condition.
Note that, we are imposing a constraint on the attack duration and on the
frequency at which such attacks occur. See, e.g., [61] for a discussion on why

imposing such constraints is reasonable.

4.3.7 The Gap Between the Conditions

Now, we discuss the gap between the necessary condition given by Theorem
3.3.6 and the sufficient condition when no packet losses are present. We
argue that, although those conditions are “close”, the sufficient condition is
not necessary.

We see that the difference between the assumptions of Theorem 3.3.6
and 4.3.2 is just uniformity. It seems natural to ask if the sufficient con-
dition is actually necessary. The answer is negative as Example 4.3.12
shows. Before we formally state that example, we take this opportunity
to recall some concepts and results presented in [53]. We recall that sys-
tem (4.1) is called persistently completely controllable if there exists an in-
creasing sequence of times (s,)nez., C [to,00) such that s; = to, that
lim,,_,o S, = 00, that limsupn_m% < o0, and that W(s,.1,$,) is in-
vertible for each n € Z>,. We also recall that system (4.1) satisfies the

exponential energy-growth condition if there exist constants N € Ry, and
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0 € Rsq such that [|[W=(s,11,8,)|| < Ne*n+1 for each n € Zsg. The latter
condition is related to the minimum control energy needed to drive the state
x(s,) at time s, to zero at time s,41 for each n € Z-o. We refer to [53] for
a discussion on this latter point. Now, Theorem 3.1 from [53] says that if an
LTV system is persistently completely controllable and satisfies the exponen-
tial energy-growth condition, then it is controllable with a finite data-rate.
We use this result in our next example to show that UCC is not a necessary

condition.

Example 4.3.12. Let ¢, = 2 and consider the equation &(t) = b, yu(t) with
bory = 1, when t € U,>1[2",2" + 1), and by = 0, otherwise. We claim
that this system is controllable with a finite data-rate but it is not UCC.
We start by choosing a sequence (s,)nez., C [2,00) such that s, = 2"

for n € Z5o. Naturally, (s,)nez., is an increasing sequence that grows to

infinity. Also, we have that limsup,, ., SZII = 2. Further, for each n € Z,
on the interval [2"T1, 2"%2) we have that b, = 1 only on the time subinterval
2712711 41) and by(;) = 0 for the remainder of the total interval. Therefore,
we get that W (s, 1,8,) = f;"“ bi(T)dT = f;:;lﬂ ldT =1 for each n € Zx,
i.e., W(spt1,8n) is invertible for each n € Z-,. Finally, we can easily see
that |W='(s,11,8,)| = 1 for every n € Z>g, which implies that our system
satisfies the exponential energy-growth condition with N = 1 and 6 = 0.
Thus, our system satisfies all the conditions for Theorem 3.1 from [53] to
hold. We therefore conclude that this system is controllable with a finite
data-rate. Nonetheless, this system is not UCC. To see that, note that for
every T € Ry there exists some n € Z( so that W(s, +1+1T1,s,+ 1) =0.
Indeed, this follows from the fact that b, = 0 for all £ € [sn+1,8,+1+T)
if T < 2"t — 1 since s, + 14+ T < 2"2. This proves the claim.

As we can see, in Chapter 3, we work with a more general class of systems,
i.e., general LTV systems, and we obtain a sufficient condition that works in
more general settings than the one we present in Theorem 4.3.2. Hence, one
might ask why we need a new chapter to study a more restrictive class of
systems and even obtain more restrictive results. We note two main differ-
ences between those results, which should justify the relevance of the results
from the present chapter. First, the sufficient condition from Chapter 3 has
no clear geometric interpretation. In the switched case, however, we can

attribute a geometric meaning related to the controllable subspaces of the
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modes to our sufficient conditions. We note that we can check Assumption
4.3.1 using Equation (4.9), and we recall that we have already discussed the
geometrical interpretation of Assumption 4.3.2. Thus, the conditions from
Theorem 4.3.2 are geometric, whereas Theorem 3.3.5 has no natural geo-
metric interpretation. We should not expect a geometric characterization of
this latter property for general LTV systems since these systems do not keep
nonzero subspaces of R% invariant over any time interval. A switched linear
system, however, behaves as an LTT system between two consecutive switch-
ings, thus allowing us to analyze controllability properties using each mode’s
controllable subspace. Indeed, this geometric characterization allowed us
find easy conditions for controllability with a finite data-rate, as we present
in the Subsection 4.3.3. Second, in the present chapter, we allow for packet
losses in Theorem 4.3.7, which is not a case we consider in Chapter 3. Thus,
we cannot draw a fair comparison between those two cases when losses are
present.

In the next section, we design a control law that works with a finite data-
rate. Also in that section, we prove properties of such control law and we

use such controller to prove Theorem 4.3.7.

4.4  Controller Design

In this section, we present an algorithm that, under Assumptions 4.3.1 and
4.3.2, designs a control law that will be used in proving Theorem 4.3.7. First,
we present a high-level description of how our algorithm works and, to make
the concepts clear, we illustrate that idea with a figure. Then, we formally
describe the algorithm. After that, we prove its correctness in Proposition

4.4.4. Finally, we present the proof of Theorem 4.3.7.

4.4.1 Algorithm’s Idea

Here, we describe the high-level idea of our control algorithm. We do that
inductively and with the help of Figures 4.4 and 4.3. We use Figure 4.3
to describe what happens between two consecutive sampling times and we
use Figure 4.4 to explain the working mechanism behind our algorithm. Be-

fore we begin, we need to introduce some additional notation. Let x(t) :=
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é(t, to, o, u(+)), where u(-) is the control given by our algorithm.?” Next,
let ¢° = 7%(x(m0)) and let ¢* = +*(¢°, ..., ¢* 1, x(m)) for each k € Z..
Analogously, we define ¢ := c%(¢°) and ¢* = c*(¢*) for each k € Z(. Then,
we define the k-th state estimate as (7)) = 8%(¢°,...,q") and the k-th
estimation error e(t) = 8F(c%(¢%),...,c*(¢*)) — x(t) for each t € |14, Thy1)
and each k € Zs,. Further, let ¢ € Z.( be such that system (4.1) satisfies
the assumptions from Theorem 4.3.7, let k € Zso, and let n = n(k) = [£].
Furthermore, let o € R>( be a prescribed exponential rate of decay and let
€ € R.y. Now we have all quantities we need to describe the algorithm’s idea.

At time 7, for an arbitrary k € Z>o, we assume that our system’s state
z(7) belong to a compact set B¥ C R% which is an overapproximation to
the reachable set such that 0 € B¥. The set B*, by its turn, is the union of
several disjoints subsets called the quantization regions. Each quantization
region corresponds to a symbol in the coding alphabet C¥. We denote by B*
the quantization region that contains x(7;) at time 75, and its corresponding
symbol is ¢*. Informally, we say that we measure the state x(7;) and the
encoder encodes that measurement as the symbol ¢*. The symbol ¢* is
transmitted over the communication channel, and the symbol ¢* arrives at
the decoder®® at time 73,. Then, ¢* is converted by the decoder into a state
estimate (7). Next, we implement a control law wy(-, P2 (7)) that drives
the compatible projection of our state estimate, i.e., PyZ(7%), to zero over
the time interval |7y, 7x+1). We repeat this procedure for all k € Zy.

On the left of Figure 4.3, we see the set B* subdivided into squares. Each
one of the squares represents a quantization region. The state x(7x) at time
Tk, is represented by a red dot, and the state estimate Z(7y) is represented
by a blue dot. The state estimate is always at the center of a quantization
region. The origin is represented by the black dot in the center of B¥. When
we apply the control law ug(t, Py2(7y)), our system follows the red trajectory
and lands on the set B*1 at time 75,11, i.e., 7(7py1) € B¥L, which we can
see represented on the right side of Figure 4.3. Then, we repeat the process
for k + 1.

2TTo be precise, we only need the restriction of u(-) to the time interval [to,t). We make
this remark to emphasize that our algorithm is causal.
28We assume that there is no communication delay.
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Figure 4.3: Quantization region and state trajectory.

On Figure 4.4, once again we consider the system we described in Example
4.3.10. We analyze the time interval [7¢,, Tyn41)) for some n € Z-,. As before,
we see several copies of the state space R? at each sampling time. As in Fig-
ure 4.3, we represent the origin as a black dot and the state at time 75, by the
red dot for each k € {¢n,..., ¢(n+1)}. At time 74,, we see a dashed region,
which represents B‘. At time 74,,1, however, the dashed region depicts a
subset of B!, To explain what set that dashed represents, we first need to
understand what the control is doing. We start by assuming that there is no
estimation error, i.e., (1) = (%) for k € Z>, and we drop that assumption
later in our discussion. Our goal is to drive x(74,) to zero. Nevertheless, we
know that we cannot do that on the time interval 74, 7¢,+1) since the control-
lable subspace of the active mode on that interval is (As|By) = span{(1,0)'},
which is a proper subspace of R?. We can, nonetheless, drive the compatible
projection Pp,x(7s,) to zero, which is what the control wg, (-, Ppx(7e,)) does.
This leads us to the conclusion that x(74,+1) € Py (Toni1, Tgn)(2§(:n;l+)1_ ! V) =
Do (Tont 1, Ten ) (P (Tens, Ten ) (AL B1)) = O (Tony2, Tens1)(A1|By), which is a
one-dimensional subspace of the state space R%. Now, due to quantization,
the estimation error is nonzero in general. Because of that, we have that
2(Tens1) belong to the g4, 1—collar of the set @, (74,42, Tons1)(A1]By)) for
some® £4,,1 € Ryg. In other words, we drive the state to an approximation
of the subspace @, (Tsni2, Tont1) (A1|B), i-e., 2(Topny1) €
(D, (Tons2, Tens1) (A1 B1)))%+1.We see this latter fact in Figure 4.4 repre-
sented by the fact that the dashed region at time 74,1 shrinks along the

29We give a precise value for each ¢y, in the proof of Proposition 4.4.4, for each k € Z>y.
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direction of the subspace (As|Bsy). More precisely, the dashed region at time
Tons1 Tepresents the set BO TN (D (14,10, Tons1) (A1|B1))¥ 1. The same rea-
soning holds for the other time intervals |7y, 741) for k € {{n+2,... In+4}.
We finally notice that, if the diameter of B‘™+1) decreases exponentially with
n, we can ensure that the sate decays exponentially fast. We explain, in the
next subsection 4.4.2, how to choose our algorithm parameters so that we

achieve an exponential decays with a prescribed exponential decay rate.

Remark 4.4.1. It is worth mentioning that the idea of driving the center
of a quantization region to zero is not new. In [5], the author did something
similar for discrete-time linear time-invariant systems. In the proof of his
Proposition 2.2, we see that he designed a control sequence that steers the
center of a quantization region to its corner. The goal was to drive the state to
a neighborhood of the origin and keep it there. In some sense, our algorithm
builds on that idea to design a controller that operates with a finite data-
rate for switched linear systems. However, we also need to emphasize some
differences here. The fact that we work in continuous time complicates the
analysis. Indeed, when we deal with sampled continuous-time systems, the
inter-sample growth of the state norm plays a prominent role in the controller
design [70,71]. In fact, if system (4.1) was a discrete-time linear switched
system, we could simplify the proof of Proposition 4.4.4 by removing the
analysis of the inter-sample behavior, which we use to prove Theorem 4.3.7.
It is important to note that Assumption 4.3.2 is only used in the inter-sample
behavior analysis. Thus, the discrete-time case is simpler to analyze.

(A2|Ba) o (A2]Ba) o (AilB1) s

<A1|B}> <A2|B?) . <A2\32> .

T2

Ten Ton+1 Top 41 Ten+2 Ten+3 topyo  Tin+d Te(n+1)
Figure 4.4: Algorithm’s Idea.

Before we resume our discussion, we need the following technical lemma,

which we prove in Appendix A.13.
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Lemma 4.4.2. Let k € R. If 2(7k) € (As(r)|Bo(r,)), then there exists some
ug (-, ) € L ([Th, Tes1) X R%, R%) such that x(7441) = 0 and such that

up(t, ) = Fyrp@ (4.10)

for each t € [7}, Tk1) and some Fi(,,) € MP™ that only depends on the

active mode at time 7y,.

Now, we are ready to formally present our control algorithm.

4.4.2 Algorithm’s Formal Description

Algorithm 4.4.1. We denote the canonical basis in R%, where the matrices
A; and B; are defined for every i € [m], by Vy = {e1,...,eq, }. For conve-
nience, we denote zy = x(71x) for n € Z>g. Prescribe a parameter € € R
and an exponential decay rate o € R>o. Also, we can precompute the quanti-
ties: 1 = max{||A|| : ¢ € [m]}, €™, and b := max{||B;|| : i € [m]}. Further,
for each mode i € [m], we can precompute: the matrix ei’» and the matrix
measure p(A;). Furthermore, we can define and compute J; :== " for each
i € [m]. Finally, choose ¢ € Rso and a prescribed exponential decay rate
a € Rxg.

i) Coder Side:
Online at time 19:

We describe the coder function at time 75 (70 : K — C°):
e Define the overapproximation of the initial set at time 7 as
B = K; (4.11)

e Define the constants® £ = min{(z,e;) : z € K} and &) =

max{(z,e;) : x € K} for every i € [d,];

e Define the quantity I'{ := -~ and a set of positive integers C} :=
=0_,.0
{1, [P ]} for every i € [d,]. Further, we define the set of

30Note that, if K is a box, i.e., a set of the form {z € R% : x = Z?il ciei, ¢; € lai, by}
where a; € R and b; € R with b; > a; for each i € [dy], then this optimization problem
becomes one of checking the values of that inner product at the vertices of that box.
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quantization symbols at time 7y to be
C'=C)x- xCy; (4.12)

e Define the i-th quantization symbol at time 7y, i.e. the quantization
symbol related to the projection of the initial state into the vector

space span{e;} by
¢ (o) ={p€C) ] +T3(p — 1) < (wo,e;) < 1] +T7p} (4.13)

for each i € [d,|. Further, if 0 € R, we define the quantization

region that contains z(7y) at time 7y as

B :={x € R¥ : k¥ + TP (20) — 1) < (z,¢;)
< K +T9¢%(xo) for each i € [d,]}, (4.14)

and BY := B, otherwise;

e Define the coder function % : K — CY at step zero as
0 _ (0 0
7 (20) = (g1 (20), - - - qa, (20))- (4.15)

Online at time 1, with k € Z~:

We describe the coder function at time 75, (v : B¥xCOx. .. xCF1 — CF):

e If n € R, then we define the overapproximation to the reachable

set at time 75, as
BF = {z € Ré . gy = eAU(W)TPy—i-

T, _
+ / eA‘T(T’“)(TpiT)Bo(ﬂc)uk (Ta gk—l)d77 Yy e Bk_l}' (4'16)
0

If n ¢ R, then we define the overapproximation to the reachable

set at time 75, as

Bf = {z e R™ : |z — &(T-1)| < Jo(ry|&(Tu1)|+
+e"ry/d, max{TF i € [d,]}}; (4.17)
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e Define the constants
KY = min{(y, e;) : y € B*} (4.18)
R = max{(z,e;) : * € B¥} (4.19)

7

for every ¢ € {1,...,d};

e Define the constant 'V := e‘O‘TPFf’l. Also, define a set of positive

integers CF == {1, - [E;c;,f?]} for each i € [d,] and each n € Z5.

Further, we define the set of quantization symbols at time 75, to be

Ch=0CFx---xCk (4.20)

e Define the quantized value of the i—th projection of the state at

time 73 into the vector space span{e;} by
F(xy) ={peCl:wF+TFp—1) < (ap,e) <&F+TFp} (4.21)

for each i € [d,|. Further, if £ € R, we define the quantization

region that contains z(7;) at time 7 as

B = {z € R% : g} + TF(qF(z1) — 1) < (v, ¢;)
< k¥ 4+ Tkq¥(2y) for each i € [d,]}, (4.22)

and B* .= B* otherwise;

e Define the coder function v* : B¥ x C% x --- x C*~1 — C¥ at step n

as
V() = (g (@n), - gl (). (4.23)
ii) Decoder/Controller Side:
Online at time 7y:

We describe the decoder function at time 7o (8° : C® — BY):

e Compute the same constants £ and %! for every i € [d,] as in the

coder side. Also, compute the quantization region BY;

o If £ € R, define the quantized value of the i—th projection of the

95



initial state into the vector space span{e;} at time 7o by
Bo(wo) = 8+ T (o) — 1/2) (4:24)

for each i € [d,], i.e., the midpoint of the interval®' £ +T?(¢(zo) —
1) < (z,e:) < &)+ T7q) (z0).

(2

If k ¢ R, define 3%(x0) := 0 for each i € [d,];

e Define the state estimate at time 7y as

(1) = iﬁ?(ﬂfo)ei- (4.25)

Furthermore, we define the decoder at time 7y as 8°(¢°) == #(m);
We describe the controller function (ug : B® x [, 1) — R%):

e Define the control law on the time interval |1y, 1) as
Uo(i’(To), t) = Fa(m)(t - T())Li’(To). (426)

Online at time 7, with n € Z<y:

We describe the decoder at time 7, (8% : C% x -+ x C* — B*):

e Define the quantization regions on the decoder side as in the coder

side, i.e., using Equations(4.18) and (4.19). Also, compute B*;
o If k£ € R, define the value of the projection of the state at time 7y

into the vector space span{e;} by*?
BF () = &f + Ti (g7 (1) — 1/2) (4.27)

for each i € [d,].
If k ¢ R, define 8¥(x;,) = 0;

e Define the state estimate at time 73, as

&(m) = Zz B (zx)es. (4.28)

3INote that |(zo,e;) — £2(x)| < T9/2.
32Note that |(xk, e;) — BF(x1)| < Tk /2.
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Furthermore, we define the decoded value of z; as
8% (7 (o), - - -, Y* () = &();

We describe the controller function (uy, : B¥ x [13, Tpy1) — R%):

e Define the projection of the state estimate Z(7x) at time 73 as
9(mk) = Pp(7y). (4.29)
e Define the control law for ¢ on the time interval [, 7411) as

U (2(73), 1) = Fo(r) (t — )9 (k). (4.30)

4.4.3 Controller Analysis

In this subsection, we prove Proposition 4.4.4. This lengthy result will be
used in the proof of Theorem 4.3.7 in the next subsection. Also, this result
can be seen as the proof of correctness of our Algorithm 4.4.1. We start
by stating the simple technical Lemma 4.4.3, whose proof can be found in
Appendix A.14.

Lemma 4.4.3. Let (yx)rezo, C R0, @ € Rop, and b € Rxg. If ypy1 < ayp +0
for each k € Z5(, then we have that y;, < aky0+b“k_1 holds for each k € Z>,.

a—1

Now, we are ready to state our proposition.

Proposition 4.4.4. Let the Assumptions 4.3.1 and 4.3.2 hold for some
{ € Zyo and g € Ry, respectively. Let (e(7,))nez., be the sequence
of state estimation errors produced by Algorithm 4.4.1. Then, the coder-
decoder /controller scheme described in Algorithm 4.4.1 ensures that there
exist constants M € Rsg and P € R. such that the solution to (4.1) satis-
fies

[2(t)] < M|zo|X (seRsir—s>0} (1) + Pllejen—2).emll oo (4.31)
where 7 =[], mp = x(70), and [leuylle = max{sup{le(t)| : ¢ €

[Tk, Tkr1)} c k€ {a,...,b—1}} for a € Z5o, b € Z>p, and b > a.

Proof. For k € Zsg, let n € Zso be n = n(k) == [%] and note that this
implies that 7, € [Ten, Ten+1))- Also, let e, = 0 for n € Z>¢ and €41 =
ee e (g, + gle(ri)]) for each k € Zsq such that k # nf — 1 for any n € Zs,.
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We split this proof into four parts.
Part 1: Analysis of the state at times 7, for £ € Z>. In this part, our

goal is to prove that®?

o(1) € (B(menmen) Y. Vi)™ (4.32)

for each k € Z>y. We do that by induction over k € Z>(. Before we proceed

to prove this fact, we note that we can write

Thk41
T(Tht1) = P(Th1, 7o) 2 (7%) +/ ®(Tot1, T) Bo(ryu(T)dr, (4.33)
Tk
by the the variation of constants formula applied to system (4.1) with initial
state x(7;) at the initial time 7, when we apply the control u(-). Now, we

are ready to prove our induction step

€n
Step 0: note that Assumption 4.3.1 implies that (Zﬁ(j;;l)fl Vj> f_ R<.

So, x(7em) € <Z§(:n;f)fl Vj)enz for each n € Z>(, which implies that our
hypothesis is correct for k = ¢n for any n € Z>(. In particular, this proves
the base case z(7y) € R%. Furthermore, by the same reasoning, we conclude
that we only need to study the cases when k # ¢n for any n € Z>( to
complete our proof.
Step £+ 1 € Z>;: as we noted in step 0, we can assume that k # {n — 1
for any n € Z>o. Further, recall that our induction hypothesis gives us that
(1) € (P(7k, Ten) Zﬁ(:";nfl V;)7 for all integers p < k.
Now, let P, € M®? be the orthogonal projection matrix over the subspace
D (1%, Ton) Ef(:";ﬁ_l V;. We note that we can write

x(1x) = Pex(me) + (1g, — Pr)x (%)

= Pkl’(Tk) + Pk(ldz — Pk).fl?(Tk) + (Idz — Pk)([dz — Pk)ﬂf(Tk),

where Pyx (1) € (73, 7on) Vi and Py(Iy, — Pp)z(73) € (7%, Ten) ngﬁf—l V;
by how we constructed the matrices P, and P,. To make our discussion
simpler, we define y(73,) == Ppx(7i), 2(1%) = Pu(lq, — Pp)x (1), and w(7y,) =
(Ig, — Pp)(1g, — Py)z(7). We notice that |w(7y)| < &5 since our induction

hypothesis tells us that z(7;) € (®(7k, T¢n) Eﬁ(:",jl)*l Vi)™ and y(r)+2(mh) €

33Recall that A® is the e-collar of the set A C R,
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(e, 7en) X500 T Vi

Recall that we use Equations (4.26) and (4.30) to define the control sequence
(ur(-,-))vezso- Also recall that, when k € R, Lemma 4.4.2 gives us that
~ O (Tis1, )y = [1 @o(Tis1, T) Bo(ryyur(y, 7)dr for any y € R*. Now, we
break our analysis into two cases:

Case of k ¢ R: In this case, uy(t) = 0 for all ¢ € 7y, Tx+1). Thus, equation
(4.33) gives us that

(Trr1) = P(Ts1, i) () = @(Tk+1,7k)(y(7k) + z(7%) + w(Tk)).

Since V, = {0}, we have that y(rx) = 0. Further, recall that z(m) €
D (Th, Ton) Zﬁ(",;rll V;. Therefore, we have that ®(741,7%) (y(7k) + 2(7k)) €
((I)(Tk+1,7'gn) Zf(:",;:li Vj), since ®(1ps1, 76) P (T, Ton) = P(Thi1, Ten). Fur-
thermore, since |w(7)| < ey, we have that |®(7,1, 7o )w(7g)| < e"Ter1=weg;, <
e (er + gle(7x)|) = ers1. This proves the induction step in this case.
Case of k € R: In this case, equation (4.30) gives us that u(t) = Fy(,)(t —
7)4(7x). Further, since there are no switches on the time interval [7g, 751 1),
we have that ®(749,7) = eAotr (4177 and Bo(ry = Bg(ry for all 7 €
[Tk, Tk+1). Combining these facts with equation (4.33), we get that z(7x41) =
Ao =) (y() 4+ 2(m) + w(m)) + [P et T B (7 -
7, )dTy(T1). Equation (4.10) gives us that fT"“ Aer) 1= B Fo ) (T
Te)drg(7) = —eetrm TR b7y )

Hence, we get that
2(Thp1) = et T (y () — G(m) + 2(mk) + w(T)). (4.34)

Since z(1x) € Wi C ®(7%, on) Zf(",;:ll V;, we conclude that

4(n+1)—1

er(Tk)(Tk+1—Tk)Z(7-k> c ( Thal, Ten) E V
j=k+1

Also, we note that |eA"(Tk)(T’f+1_T’“)( (7e) = G(7k)) | < eMe1=™) |y(7) — G (7i) | =
"= | Py (2(1) — 2(73))| < ge"Tk+17)|e(73,)| where the first inequality
follows from the fact that [Jeetw 17| < en(w1=7%) and that || - || is
an operator norm. The equality follows from equation (4.29). Finally, the

last inequality follows from |P;| < g, by our uniform complete controlla-
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bility with losses assumption, and our assumption that |z(7x) — Z(7%)|

IAIA

le(7:)|. Next, we proceed as before to get that |eetw (T+1=m)y (7))
e"k+1=7)g, - Hence, combining these two inequalities, the fact that 7,41 —
7, < T, and using the triangle inequality, we get that |eAe i (Tht1=Tk) (y(Tk) —
§(7) + w(mk))| < e (e), + dle(rk)]) < exp1. Thus, we get that z(741) €
(@(Tk+1, Ten) Zf(j,j Jg*l Vj) concluding the proof of Part 1.

Part 2: Analysis of the state at times 7,, for n € Z>,. In this part,

our goal is to prove that

|2(7ne)| < B max{|e(Tuer;—1)] : j € [}, (4.35)
where E = ge”Tplli—",,TTpZ. First, we claim that z(7—1) = y(Tne—1) + W (Tne-1),

ie., 2(Th—1) = 0. Indeed, z(70_1) € (@(Tng,nn) Zﬁ(j})“ Vj) = {0}. Next,
we divide our analysis into two cases. If nf € R, we know that y(7,._1) €
{0}. Thus, equation (4.33) gives us that |x(7.0)| < |P (T, Ton—1)W(Ten—1)| <
eMren 1 < e (g1 + gmax{|e(Tuerj—1)| : 7 € [(]}). I nl € R, we
can follow the same steps as in Part 1 and conclude that the state x(7,)
satisfies equation (4.34), ie., z(7y) = e 170 (y(7 1) — §(Tpy) +
w(Tem—1)). Next, we can follow the same steps that we used after equa-
tion (4.34) in part 1 to conclude that |z(7.)| < €"?(gp_1 + gle(Tm_1)]) <
e™v(ep0-1 + gmax{|e(Tnerj_1)| : 7 € [€]}). Now, we need to find the value
of €4,_1; we obtain that value by solving the recursion for e, = e"rgy, +
e gmax{|e(Ten+j-1)|) : J € [€]} with 4, = 0 for k = ¢n — 1 to obtain that

%maxﬂe(nnﬂ_l)b : j € [{]}. Finally, we arrive at

_nTp(£—1) .
|z(70,)| < e (genTp% max{|e(Tim;—1)|) : J € [{]} + g X
1—e"Tp?

x max{le(m+j-1)]) 1 J € [(]}) = ge™ =5Gmy max{|e(rum;-1)]) : 7 € [}
This concludes the proof of Part 2.

En—1 = genTp

Part 3: Analysis of the state’s inter-sample behavior, i.e., for ¢t €
[Tk, Tk+1)- In this part, let k € Z>o be arbitrary. Our goal is to prove that,

for any t € [, Tk11), we have that

|2(t)| < Cla(mi)| + Dmax{le(Tm;-1)]) - 7 € [£]}, (4.36)
where the constants are C' := max{e"» + HBin”Fi;(t_m)Hoo : j € [m]} and
D = max{gHBij”HFZ‘j(t_Tk)H‘><> : j € [m]}. First, we use the variation of con-

n
stants formula to get that |z(t)| = |®(¢, %)z (%) + f:k O(t,7)Byryu(r)dr| <
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en(ti‘rk)|x(7_k>| + ||BO'(Tk)||||FO'(Tk)(T - Tk)”oo ft en(ti‘r)dﬂg(ﬂc)% where the in-

Tk

equality follows from the triangle inequality and the facts that || ® (¢, 7%)|| <
e"t=7¥) and that

| Boryu(7)| <max{0, | By(r,) Fo(r)(t — )3 (7k)| }
<[ Bo(r) N For) (T = 7o) oo | 9(72) |-

Thus, by upper-bounding the integral by %, we get that |z (t)| < (=) |z (73) |+
||BU(7k) ”HFU(Tk)(T_Tk)HOO ’g(

. 7x)|. Finally, we can write

[9(0)| = [ Pr(7)|
< d[i(7)]
< g(|#(m) — w(m)] + [ (m)])
< gmax{|e(Tm;—1)]) : j € [(]} + glz(m)].
By using the fact that e?*=™) < " for any t € [, Tk41) and rearranging
the terms, we arrive at inequality (4.36). This concludes this part.

Part 4: Bounds on the norm of the state for time ¢ > ¢y. In this final

part, our goal is to prove that the inequality

[2(t)| < M|zo|X(seRspire—s>0} (1) + Pllejiem—2),en | o (4.37)

where 71 = [120], M = C, and P = (C"E + D(%Gf)), holds for all
t > to. Before we do that, for each k € [¢], we define y; = sup{|z(t)| : t €
[Te(n—1)4k—1, Te(n—1)+&) }- Further, we define yo = [2(7y(n—1))|-

We start by analyzing what happens on the interval [7,_1), 7¢,) for an ar-
bitrary n € Z>y. Let a = C and b = D||ejjgn-1)m]/l- Note that, by
taking the supremum over t € [Tyn—1)4k—1,Te(n—1)+%) on both sides of in-
equality (4.36) we get that yr = sup{|z(¢)| : t € [Topn—1)+h—1, Ten—1)+%)} <
Cloe(Tyn—1)+k-1)| + Dll€pm-1),m]lloc < Cyr—1 + Dll€|e(n-1),tm]lloc = ayr—1 +b
where the first inequality comes from inequality (4.36) and the second in-

equality follows from the fact that3*

Yk—1 = Sup{|$(t)| 'te [Te(n—1)+k—2, Te(n—1)+k—1)}

34Note that |2 (Ton—1)+k—1)] < sup{|z(t)| : t € [To(n—1)+k—2) Te(n—1)+k—1)} since z(-) is
a continuous function on the closed interval [Tg(n,lHk,g, Tg(n,1)+k,1].
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if £k > 2 and y,_1 = |$(T£n1

if k = 1. Now, we can apply Lemma
4.4.3 and arrive at 1, < aFy + b(

Further, since a > 1, we get

v

that y, <

we get [2(t) < max{sup{lz(®) : t € (s ot} © € [} <

Cx(Tom-1))| + D||e|[g(n_1)7gn]||oo<%>. Now, we break our analysis into

) for any k € [(]. Hence, for any t € [Typm—1), Ten),

two cases. First, let n > 2. In this case, we can use inequality (4.35) to get
that |2(7om-1))| < Ellejem-2).en-1)llso- Thus, by the inequality above, we
get that

, ct—1

[#(0)] < CBllegn a1y lloe + Dlleeinvenloe (G )
CE

(CEE + D( o1 >> llejie(n—2),en] || 00

where we have used the fact that max{||e|jsm—1)m]l o0, |€/[e(n—2),6n-1) |0} <

ll€e(n—2),n] || 00> for any t € [Tyn—1), Ten). Second, when n = 1, we get that

C'—1
[2(0)] <C'la(m)] + Dllein-v.mlle (57 )
Ct —
<Clatm)| + (0B + DG ) )lejun-n.on

t—T1o0
0Ty

t € [Tyn—1), Ten). Finally, combining the previous inequalities, we conclude

for any ¢ € [19,7¢). Note that we can write n € Z> implicitly as [2=72] since

the proof of the proposition.
O

4.4.4 Data-Rate Analysis

In this subsection, we finally prove Theorem 4.3.7. Also, we note that in the
following proof, we indirectly prove that Algorithm 4.4.1 works with a finite
data-rate. Further, we discuss the relationship of the following proof with

some results from the topological entropy literature in Appendix A.15.

Proof of Theorem 4.3.7. Before we continue, let J := max{.J; : i € [m]} and
Ry = max{|z| : v € K}. Also, for this proof, we make the two following

definitions: Let i € [m| be a mode, then we define the perceived asymptotic
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active rate as

P = lim sup — ZX{} ;).

oo yeR
Further, for simplicity, we define w :== ¢ — min{#{¢n,... {(n+1)—1}NR:
n e Z>0}
Pick € := =*5— in Algorithm 4.4.1 and pick M = Me*™r | where M € Rsy
is the same as in Theorem 4.4.4. Further, definitions (4.24) and (4.27) give us

that |e(7,)| < e~®™~™) for all n € Zsy. Consequently, for any ¢ € [, 00),
_amaX{fté—T;ﬂ—Q,U}ZTp < gefozmax{tfﬂ'ofﬁTp,O}7

we have that |ejym—2)emll < e

where 7 = [ Tﬂ Choosing n € Z> and combining these previous results
with the bound (4.31), we get that

[2(t)] < M|zo|X (seRagire—s50) (£) + Pll€jjem—2),en |l

eP
< M\xolx{seRzow_Do} () + Eefamax{thonZTp,O}

= MeiaeTp‘xOIX{seRZO:W—DO} (t) + €e —amax{t—0,2Tp}
(

S Me_aeTp|xO|X{SERZO:T€_s>O} t) + €e t ’TO)

< (M|zo| + €)eoli=r0)

for all t € [ry, 7,). Here, we used the fact that 79 = ¢y on the last inequality.
The third inequality follows from max{t — 7o — 207,,0} > t — 7y for all
t > 75. The final inequality follows from the facts that e~ < e=(t=70)
for ¢t € [10,7) and that 0 = M|2o|X{seRogir—s>0} () < M|zole™ ) for all
t> 1.

Thus, we just proved that for any given o € Rsg, M € Rsg, € € Ry, and
any compact set with nonempty interior K C R%, the set of control laws
generated by Algorithm 4.4.1 forms a stabilizing control set® % (¢, M, K, )

for system (4.1). From our discussion, we know that the cardinality of the

set %r(€, M, K,a) is upper-bounded by H[ i #C7. Now, our goal is to
provide upper bounds for #C" for each n € Z5.

For n = 0, we have that #C° < (d—fo] For n € Z>,, we divide the analysis
into two cases. The first case happens when n € R and n # 0. In this case,
AP — kD < eletrA)) T max{T™ : 4 € [d,]}. Since, I'? is constant in i € [d,], we
get that #CP < [el@+#(ADT] | Thus, we conclude that #C" < [el@F#ANT]d,

35Compare with definition (4.2.2).
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The second case happens when n € R. In that case, we have that
R — K < 2(J;, |2 (Tt |+ ™ max {0t 1 i € [d,]}). (4.38)

Using the triangle inequality, we get that |2(7,-1)] < |2(7-1)| + |Z(T0-1) —
T(Tn-1)| € MRoX{scRogim—s>0} (1) + Sem@ma =020} fmax{T1 2 € [d,]},
where the second inequality comes from (4.31) and the fact that |xz¢| < R,.
Now, we can substitute that on (4.38) to get that

— P
R — ﬁﬂ < Q(J%n (MROX{SERZOZT[*S>O} (t) + %e_a max{t—ro—QETp,0}+

max{['?! i € [d,]}) + P max{T! 1 i € [d,]}). (4.39)

Dividing both sides by I = e % T?~! = £e7*"T> and recalling that 7" is
constant for i € [d,], we get that

E? — E? < Q(Jz (dMROeanTPX{SERZO:TZ—S>O} (t)+
Iy €
dpr —amax{—nTp+(t—70)—20Tp,—nTp} o7, (a+a)T;
+7€ ? e I r). (4.40)

Note that ea"Tpx{seRZU:Té,Do} (t) < e*r and that — max{—nT, + (t — 79) —

20T, —nT,} = min{ [t}:ﬂTp — (t— 7o) + 20T, P;;O}Tp}. Using the fact that

t}ZO]Tp —(t—m79) < T, we get that — max{—nT),+ (t —79) + 20T, —nT,} <

min{(2¢ + 1)7,,nT,} < (204 1)T, for all n € Z5(. Therefore,

K — K
L — < 2(J;
re - (i
dP
n 7ea(zeﬂ)Tp + %) e(n+a)Tp). (4.41)

dMRQGaZTpX{SERZO:Tgfs>O} (t)

€

n
1

_|_

Hence, using the fact that J = max{J; : ¢ € [m]} and recalling that, by Equa-
tion (4.20), we have that #C™ = (H?Zl #Cf) = (Hle (Ezlr_fﬁ). Therefore,
we conclude that #C™ < [w + Jde®PHDT 12 JeoTe 4 2elatn)Tp]d
for n < £ and n ¢ R, and that #C" < [Jde®+ VT 1 2 JeoTr 4 2elatn)Tp]d)
forn > £ and n ¢ R. For n € Zsq, let g(n) == |n/l| be the integer part

of the division of n by ¢ and let r(n) := n — q(n)¢ be the remainder of that

same division. Further, given a sequence (¢, )nez.,, for a € Z>g and b € Z5
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with @ > b we define Z?:a ¢; = 0. Additionally, define®® k= [

can write that

pr Now, we

b(% (¢, M, K, a))

TE]
< i 1 C7) < li — ) 1 C’
im sup - Z og(#C7) im sup 77 Z og(#¢7)
£q(k)+r(k)
= hmsup (Zlog #CJ + Zlog #CJ Z log(#Cj))
koo j=tq(k)+1
< hin_)sogp %(Zlog #C7) + w(q(k) — 1)x
Lq(k)
X (dlog([(]dea(%ﬂ)Tp + 2JeTr + 26(a+")Tp])) + Z log (#C7)+
Jer
Cq(k)+r(k) |
+ Y 1og(#Cﬂ)), (4.42)
j=tg(k)+1

where the first inequality follows from our coder-decoder/controller pair de-
scription” and the second inequality follows from the fact that [%} =k
and that kK7, < T. The third inequality follows from the fact that there
are at most w(q(k) — 1) values of j € R on the interval {/,...,¢q(k)} by
Assumption 4.3.1. Next, note that the first and last terms on right-hand side
of (4.42) are bounded since those sums are finite. Therefore, considering the
division by ﬁ, their limit superior equals zero. The ratio %T)pfl) has a
limit superior that equals 7 since k = q(k)+r(k) with 0 < r(k) < £. Also,
notice that log(#C7) < > icm] X (0(j))dlog([eW AT for any j € R

since o(j) € [m] for each j € Z>o and because of the upper bound we derived

36 depends on T, but we drop that dependency to simplify the notation.
37See Equations (4.26) and (4.30) in our Algorithm 4.4.1 description.
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for #C when n € R. Further, note that (4.4.4) can be written as

tq(n)
pp_hmsup (ZX{} 7))+ ZX{i}(U(J))"‘

JER
JER
tq(n)+r(n) 1 tat)
> xaao()) =limsup ~ Z X
Jj=tq(n)+1
jER JGR
which implies that
1 £q(k)
lim sup — lo #CJ
jGR
Lq(k)
< lim SUp Z Z Xy ( dlog([e i)+a)Tp ")
k—o0 p j=C ic[m
JER
1 Zq(k
T ;} (hm sup — Z X ( >dlog((e D) Tp])
jGR
—— Z pPdlog ([eAd+a)Tn]), (4.43)

Hence, we can write

b(% (€, 1, K, a))
_ wdlog([Jdee @D 12Ty 4 2elta)Te])

=7 T, +
+ 7_7 Z ,Ofd 10g("€(N(Az)+a)TP—D
P =1
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Finally, note that Equation (4.5) gives us that

b(M,a) = liminf {b(% (&, M, K, a))}
E—
< lir%b(%(E,M,K, a))

_ wdlog([Jde"CH VT 4 2T 4 2elote)])
< T

1 — e
+ T ZZI pldlog([elr A0t ),

+

Note that the right-hand side of the previous inequality is an upper bound
for Algorithm 4.4.1 data-rate

: PR n
bex(e,2) = Timsup - Z log(#C™),

n—oo

concluding the proof.

4.5 Conclusion

We discussed in this chapter why we need a new controllability notion for
systems that operate with a finite data-rate. Then, we presented a necessary
condition and a sufficient condition for switched linear systems to be con-
trollable with a finite data-rate. Next, we used the switched linear system’s
structure to get simpler sufficient conditions. The first condition stated in
Lemma 4.3.3, uses the controllable subspaces of the modes and a mild as-
sumption on the switching signal to establish controllability with a finite
data-rate. The second one, stated in Proposition 4.3.5, required us to acti-
vate some controllable mode frequently enough. In particular, when all the
modes are controllable, this latter condition boils down to a simple inequal-
ity for the sampling frequency that guarantees that a system that satisfies
an ADT condition is controllable with a finite data-rate. After that, we
studied a sufficient condition for controllability with a finite data-rate when
packet losses might be present. We proved this condition by introducing an

algorithm, which gives us a controller design technique.
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CHAPTER 5

FUTURE RESEARCH DIRECTIONS

In the future, our goal will be to extend the present results to the nonlinear
case. More specifically, we want to extend the notion of controllability with

a finite data-rate to systems of the form

#(t) = f(2(t), ult)). (5.1)

At the moment, it seems intuitive that such a generalization is possible when
we consider controllability around a nominal trajectory. More formally, let
v : Rsp — R™ be the nominal control with the nominal initial condition
7 € R? and let the corresponding solution v : Rsg — R? of (5.1) be the
nominal trajectory, i.e., y(-) is the unique solution of (5.1) when the control
is equal to v(-) and initial condition v(0) = 7. In practice, we only know
that 79 € K C RY, where K is a compact set. It is reasonable to assume
that we know an estimate 75 € K for v so that the error |y — 70| is small
in some sense. If system (5.1) is contractive, i.e., its nearby trajectories get
closer to each other exponentially fast, our control strategy should work.
However, if the nominal system g(t) = f(y(t)) == f(y(t),v(t)) has positive
topological entropy, we should expect that the true trajectory will diverge
from the nominal one. Intuitively, our system needs feedback, and how much
data we need to transmit from the system to the controller is related to the
topological entropy. To address this issue, we should make small corrections
to the nominal control v(+) as we receive more information from our system’s
output. We can do that by applying a small additive perturbation, i.e.,
u(t) = v(t) + w(t) for some function w(-). Denoting the solution of (5.1)
with initial condition 49 € K and control u(-) by 7(-), we define the error
as e(t) == ~y(t) — (t). Using the Taylor expansion, we conclude that é(t) =
a(t) — z(t) = fo(y(t),v(8)e(t) + fuly(t),v(t))w(t) + r(t e(t),w(t)), where
r(t,e(t),w(t)) is the Taylor expansion’s remainder, and the functions f,(-,-)
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and f,(-,-) denote the Jacobians of f(-,-) with respect to the first and second

variable, respectively. If we ignore the higher-order terms, we get that

e(t) = fo(v(t), v(t))e(t) + fuly(t), v(t))w(t),

which is an LTV system. Thus, we can apply the theory of Chapter 3 and the
data-rate for controlling the original system will be related to the data-rate
to control the linearized one. Nonetheless, a careful analysis is needed here
to deal with the higher-order terms since their contribution can be relevant.
Therefore, we will focus on this problem as an interesting future research

direction.
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APPENDIX A

A.1 Proof of equivalence between the two definitions of
complete controllability

Proof. The definition of complete controllability in [56] can be understood as
follows: For every! ¢ € Rsy,, there exists ¢ > ¢, such that W (¢, t) is positive
definite. First, we prove that this definition implies the complete controlla-
bility definition given in Definition 4.3.1. We prove this fact by induction.
For our base step, pick sqg = tg. By the defintion of complete controllability
from [56], we know that there exists s; > sg such that W (sy,so) is posi-
tive definite, which implies that it is invertible. Now we consider the step
n € Z>;. Note that there exists s,,11 > s, such that W(s,1,s,) is positive
definite. Hence, we proved that there exists an increasing sequence (Sn)nezzo
such that W (s,,, s,) is invertible for each n € Z-(. Therefore, we proved the
first part of the claim.

Now, we assume Definition 4.3.1 and we show that this implies the definition
given in [56]. For any ¢ € Ry, there exists n € Zsg such that ¢ < s,.
Consider W (s,41,t). Note that

W(sni1,t) = W(Sni1,5n) + P(Sns1s $0)W (80, £) P (Sn11, 5n)-

By hypothesis, we know that W (s, 1, s,) is positive definite? and we know
that ®(s,11, $n)W (Sn, )P’ (Sn41, Sn) 18 positive semi-definite. Therefore,
W (Spy1,t) is positive definite and we proved the claim.

L]

'Here we are imposing that the initial time is to € R, which was not required in [56].
2This is equivalent to invertibility of the Gramian.
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A.2 Proof of Lemma 3.3.2

Proof. Let (sn)nez., be such that W (s, 1, s,) is invertible for every n € Z>

Sn+1
Sn

and that lim sup,,_, = R. Recursively define 5y := sq and §,, := min{s €
(Sn)nezsy 18 = 81 + 1} for every n € Z5;. First, notice that W (8,11, 55)
is invertible for every n € Zs because there exists at least two distinct
elements from (s, )ncz., in the interval [5,,5,.1]. Next, note that, for every
n > 1, we have that 5, > 1 because so > 0 and the fact that 5, > 57 > 1.

Now, for every n € Z>o we have that 3, € (Sp)nezs,- Thus, there exists

m, € Z>o such that 5, = s, . Write S;""“. By the definition of 5,1, we

mn,

have that s,,,.,—1 < sm,, + 1. Hence, Sm:“_l < Smatl < 2, where the last

mn Smp

inequality comes from the fact that s,,, > 1. With this, we conclude that

; Sntl __ 13 Smp41 Smpq1—1
lim SUpP, oo 5. lim SUup,, v mm S
. S _ _ .
lim sup,,_, 2% = 2R. Further, note that 5,11 —35; > 1 for every i € Z5.
n

Thus, s, — 5y = Z?:o Si+1 — S; > n, where the first equality comes from

the equality for telescoping sums. Hence, =50 > =. Taking the limit

Sn
Sn+1—3S0 >

Sn —

superior when n goes to infinity, we get that 2R > limsup,,_, .
limsup,, ., -
Therefore, we proved that given a sequence (8, )nez., We can build a subse-
quence (8, )nez,, such that W (5,1, 5,) is invertible for every n € Z>, that
lim sup,,_,, “25 < oo, and that limsup,,_,,, 2 < oc.

O

A.3 Proof of Lemma 3.3.4

Proof. Note that, for every v # 0 in R?, we have that

V®(Sni1,8)B(5)B'(8)P(Sns1, 8)v = [V'P(sn41,8) B(s)|”
< [1@(sns1, ) P B(s) 1% o]

Also, because || ®(s,11,5)|| < efEn+175) for every s € [s,,Sn41) by Lemma
3.3.3, we get

®(s,41,5)B(s)B' ()P (811, 5) < sup{||B(t)||2 it > to}e%(s’”l_s)ld.
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Now, integrating both sides from s,, to s,,1, we conclude that

) e26(sny1—sn) _ 1
W (Snt1,5n) < sup{||B(2)]|° : t > to} % Ig.

Finally, taking the norm and noticing that e=2%*» < 1, we get

26(sn+1—sn) _ 1

€
IW (snr1, s0) [l < sup{[| BE)[* : ¢ > to} %

and we conclude the proof. O

A.4 Proof of Lemma 3.3.3

Proof. Recall that X(t) = ®(t,1) is the solution to the matrix differential

equation
dX(t)

dt
with X (ty) = I; and that X(-) is given by the Peano-Baker series®. More
explicitly, consider the recursively defined matrices My(t,ty) for t > t, and
all k € ZZO by

— ADX(t)

Mo(t, to) = [d

and .
Mk(t, to) = Id + / A(T)Mk_l(T, to)dT

to
for k € Z.o. Now, pick an arbitrary t; > ty5. It is a well-known fact that
M (-, to) converges uniformly* to X (-) = ®(-, %) on the interval [ty,,].

3See, e.g. Chapter 4 of [54] or Chapter 3 of [42].
4See, e.g., Theorem 1 of Chapter 3 of [42].
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Our goal now is to prove that ||®(t, )| < eS¢~ for all t € [ty,ty]. We do
that by proving that |[My(t,t)| < 25, & (tflfo)i holds for every k € Zsg
using induction. The base case ||My(t,to)|| < 1 is trivially true®. Now,
assume that || My_1(t, )| < Zi:ol SW is true. Then,

t
| Mi(t to)] <1+ / €My (7, to)dr || <
to

k

k—1 , )
i (E—t)™ (t—to)
1+;§+lm_;§]7

where j =i+ 1 and the inequality holds for all ¢ € [to,t;]. Thus,

l@(t,to)l| = || lim My(t,to)]| = lim [[My(t,t)|| < 5.
N—o0 N—oo

for all ¢ € [to,t1]. Since t; > to was arbitrary, || ®(¢,)|| < e£#~%) holds for
every t > to. Moreover, by definition of norm, we have that ||®(¢,to)] >
|®(t, to)v| for any v € R? with |v] = 1. Thus, we get |®(t,to)v| < et~ for
all £ >ty and all |v| = 1, which proves the upper bound.

For the lower bound, let Z(t) = ®'(ty,t). It is a well-known that®

dz(t)

Cdt
with Z(to) = I5. Thus, we can apply an analogous reasoning to get that
| @' (to, t)]] < eSt~*0) since & = sup{|| — A'(t)|| : t > to} as well. Finally, pick
any v € R? with |v| = 1 and note that

=—-A'(t)Z(t)

1= ['v| = [ Igo| = [V'®(to, t)D(t, to)v| < ['P(tg, t)||P(¢, to)v].
Now, divide by” |[v/®(tg,t)| to get

|D(t, to)v| > [V'®(to, )| .

Next, note that

®We are using the convention that, for t = to, (t —t)° = limy_, (t — )" = 1.
6See, e.g., Chapter 4 of [54].
"®(-,-) is always invertible, so [v'®(t,t)| cannot be zero.
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(¢, to)v| > min{|®(t,to)v] : [v] = 1} > min{|v'®(to, )| : |v| = 1}

= (max{l®(to, 0] : o] = 1) = [@(t0, 1)

where the last equality follows from the definition of norm of a matrix. Fi-
nally, recall that | ®'(ty,t)|| = [|®(to,t)||. So, we have, for any v € R? and
lv| =1, that

(2, to)v] 2 [|@(to, 1| = e,

Therefore, we concluded the proof. n

A.5 Proof of Proposition 4.2.2

To prove this proposition, we first need the following lemma.

Lemma A.5.1. Let t; € R>g, let

F(t) = /0 (1= 7)falt, o(t), v(t), 7€ (t, to, 2h,) + (1 = 7)&(E, to, Tr,))dT,

where f, : [to, 00) x [m]xR% x Rd= — Ré=*d= i continuous, o : [ty, 00) — [m] is
a cadlag function, u(xy,,-) : [to, 00) — R% is an integrable locally essentially
bounded function that belongs to a control law U(K), which operates with
a finite data-rate. Also, let a3, € K, let xy, € K, and let £(¢, 1o, 2) € R% be
the same as in the statement of Proposition 4.2.2 for each x € K and t > t,.

Then, F(-) is a locally integrable function.

Proof of Lemma A.5.1. :
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Let D C R be a compact set and let d € Z.y be arbitrary. We en-
dow R with the usual Lebesgue o-algebra £(R) and R? with the product
o-algebra L£(R?) = ®L,R. Further, we endow any Lebesgue-measurable
subset S C R? with the subset o-algebra, i.e., the o-algebra L£(S,R?) =
{XNS:X e L(RY}. Furthermore, we treat any subset of Z>q as a subset
of R. Additionally, we denote by Ag(:) the Lebesgue measure and by Aga(+)
the d-dimensional Lebesgue measure. We recall that that Aga([]0, Xi) =
H?Zl Ar(X;) when X; € L(R) for each i € [d]. Finally, we define the Lebesgue
measure \g(-) on a subset S C R? as the restriction of the function Aga(+) to
the subspace o-algebra £(S,R%). We also note that we endow the Cartesian
product of two topological spaces with the product topology.

Let hi(-) = op(:), ha(:) = up(zy,,-), and hs(t,7) = TE(t, to, Tk, ) + (1 —
T)E(t, to, k) for (t,7) € D x [0,1]. Note that hy(-) is bounded and mea-
surable®, hy(-) is essentially bounded and measurable, and hs(-,-) is contin-
uous. The latter fact follows from the facts that £(-, ¢, xx,) is an absolutely
continuous function (see, e.g., Section 1.5 from [60]) and usual properties
of sums and products of continuous functions. We claim that the function
G : D x [0,1] = R%&>d= defined as G(t,7) = fo(t,hi(t), ha(t), h3(t, 7)) is
a measurable function. Indeed, if we define the function ¢ : D x [0,1] —
Rso X [m]xR%& xR% as g(t,7) == (¢, hi(t), ha(t), hs(t, 7)), Proposition 2.4 from
[59] tells us that g(-,-) is measurable. Next, note that G(t,7) = (f. 0 g)(t, 7)
for each (t,7) € D x [0,1]. Since g¢(-,-) is measurable and f,(-,-,-, ) is con-

tinuous, it follows that G(-, -) is measurable (see, e.g., Section 2.1 from [59]).

8Every bounded cadlag function is Lebesgue measurable since its discontinuity set is
countable. See, e.g., Chapter 3 from [72].
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We claim that G(-,-) is essentially bounded. To see that, we make some def-
initions: let B; = {h;(t) : (D \ N)} for each i € [2] and note that these sets

are compact. This latter claim follows from the fact that h;(-) is bounded

on D\ N and the fact that B; is a closed of an Euclidean space for each
i € [2]. Also, let Bs = {hs(t,7) : (t,7) € D x [0,1]}, which is also compact
because D x [0,1] is compact and hs(-,-) is continuous. Since f,(-,-, ")
is continuous and D X B; x By X Bj is compact (the finite product of
compact sets is compact, see, e.g., Theorem 26.7 from [73]), we get that
Mg = sup{|| fo(t, p1, P2, 03)|| : (t,p1,P2,p3) € D X By X By X B3} < oo. Now,
note that

sup{[|G(¢,7)| : (¢,7) € (D\ N) x [0,1]}
= sup{|| fo(t, h1(t), ha(t), hs(t, 7))|| : (¢, 7) € (D\ N) x [0, 1]}
< sup{|| fo(t, p1,p2, p3)|| : (t,p1,p2,p3) € D X By X By x B3}
= Mg.

Thus, [|G(-,-)|| < oo on (D\ N) x [0,1]. All that we need to do now is prove
that NV x [0,1] is a null set in D x [0,1]. This follows from the fact that
Apx] (N % [0,1]) = Ap(IN)Ap,11([0,1]) = 0 since Ap(N) = 0, proving the
claim. We also note that, since G(, -) is measurable and essentially bounded,
it is integrable.

Finally, note that F(t) = fol(l — 7)G(t,7)dr. Since G(-,-) and 1 — 7 are
integrable, we get that (1 — 7)G(t, ) is integrable. Then, the Fubini-Tonelli
Theorem (see, e.g., Theorem 2.37 from [59]) guarantees that F'(-) is integrable

as well. Further, note that F(-) is bounded. Indeed, ||F(t)| = || fol(l -
T)G(t, 7)dr| < fol |G (t, 7)||dT < Mg, proving the lemma.
This concludes the proof of Lemma A.5.1. O]

Now, we are ready to prove the Proposition. Since b(% (K)) = limsup,_,
i log(#%,(K)), we know that, for each € € Rs, there exists s' = s'(¢) €
[to, 00) such that

1
t—to

log(7%/(K)) < e +b(% (K)) (A1)

for all t > s'.
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Since K C R% has nonempty interior, there exists some point Z € K and
some § = §(z) € Ry such that the open ball B(z,0) := {z € R?: |z| < §}
is contained in K. Further, since K is closed, the closed ball B[z, d] := {z €
RY: |x| < 4§} is also contained in K.

Next, choose an arbitrary s € Rsg so that s > s' = s'(e) and define
Ns = #U,(K). Also, choose Ns + 1 points S = {z1,...,2n,41} C B[z, 0]
such that |z; — 2;] > 7 +1 for each pair (i,7) € [N, + 1]* with i # j. Note
that we can always choose a set of N, + 1 points with this property. One
example is the set S = {r € R¥ : 2 =7 + ﬁpel for p € [Ny + 1]}, where
e; = (1,0,...,0) € R¥. It is easy to verify that given x € S and y € S

distinct, we have |z — y| = for some g € [N;]. Also, note that

N, +1q = NoA1 +1
any x € S is such that |z — z| = Ns+1p < ¢, proving that S C B[z, d]. Now,
by the pigeonhole principle, there are at least two indices k; € [Ny + 1] and
ko € [Ng + 1] of points in S such that u(xy,,t) = u(xy,,t) for all ¢t € [to, s].
For simplicity, we define v(t) := u(xy,,t) for each t € [tg, s].

Now, for each fixed ¢t € [tg, s], we can apply the Taylor Theorem with re-

mainder in its integral form (see, e.g., Theorem 2.68 from [74]) to get

f(t? U<t>7 U(t>7 §<t7 to, xkl)) :f<t7 U<t)7 U(t)v €<t7 to, $k2)) + F@)(é(t: to, xkl)
- g(tvt()?xkz)) (A2>

where F(t fo T) fu(t, o (t), v(t), TE(E, to, ox, ) + (1 — T)E(E, to, Tk, ) )dT s
the remalnder. To continue the proof, let Z°(t) == &(t, to, vk, ) — (2, to, Thy)

for each t € [ty, s]. Then, we can write

2 (t) = &(t, to, zr,) — E(t, Lo, 21y
= f(t>v(t)>£(t>t07xk1)) - f(t, v@)»é(tvtOv xkz))
=Ft)Z(t). (A.3)
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We can interpret equation (A.3) as a variational equation (see, e.g., [75] Sec-
tion 4.2.4) for nonlinear time-varying controlled switched systems. We notice
three things about equation (A.3). First, we prove in Lemma A.5.1 that F(+)
is locally integrable. Second, note that || F(-)|| is bounded on [ty, 00). This

follows from

IF(1)] < / (1 - 7)dr

x esssup{ || fo(p1, P2, P3, Pa)|| 1 € [to,00),p2 € [m],p3 € Ry, ps € B, }
< a.

Third, the right-hand side of (A.3) is a linear time-varying system. Thus, we
know that this system has a unique Caratheodory solution (see, e.g., Section
1.5 from [60]). In fact, more is true: we can write 2 (t) = ®(t,to). 2 (to) for
each t € [to, s], where ®(¢,y) is the uniform limit over compact sets of the
Peano-Baker series (see, e.g., Theorem 1 from [76]).

Since F(-) is locally integrable and its norm is uniformly bounded by a ,
Lemma 3.3.3 tells us that |®(¢,t0).2 (to)] > e~ 2=)|27(ty)| for each t €
[to, 00). Further, recall that, by our previous definitions of 27(-) and the set
S, we have |2 (to)| = |vk, — Ty| > N% > ﬁ. By (A.1) and the fact that
s > s', we know that ——log(Ny) < € + b(Z (K)), which implies that N, <

s—to
st (K4 - which, by its turn, implies that = > e~ (¢~f0)G@(K)+e),

Therefore,

|2 (s)] = |®(s,to) Z (to)] > ge_a(s_t(’)e_(s_tO)(b(%(K))Jre). (A.4)
Note that |£(s, to, zr, ) — &(S, to, Tk, )| < 2max{|E(s, to, Tk, )|, |E(S, to, Txy)|} <
2sup{|&(s,to, x)| : € K} = 2diam(s, to, K), where the first inequality fol-
lows from the triangle inequality and the second follows from the fact that
xy, € K and xy, € K. Hence, combining inequality (A.4) and the above, we
get that

2diam(s, to, K) > —e Us7l0)g=(s=to) (b(# (K))+e) (A.5)

N | Sn

Finally, we write

log(di to, K)) >
pa— og(diam(s, g, K)) > pa—

log(6/4) —a—b(%Z (K))+e, (A.6)
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for s > s'(e) arbitrary. This implies that

lim inf
s—o00 S — 0

log(diam(s, tg, K)) > —a — b(Z (K)) + € > —c0 (A.7)

proving the proposition.

To see why the switched linear case, i.e., f(t,0(t), u(zo,t), 2(t)) = Agwx(t)+
Bywyu(xo, t), is a particular case, we have to show that the three bullets that
appear in the proposition statement hold. To prove that the first bullet holds,
note that the functions A,y and B, are integrable since o(-) is measurable
and there are only finitely many modes. Further, since R, C R% is bounded,
we have that f(-,-, -, ) satisfies conditions for existence and uniqueness for
Caratheodory solutions (see, e.g., Section 1.5 from [60]). All that is left for
us is to prove the third bullet. Since there are finitely many modes, we know
that the quantity f.(¢,0(t),u(zo,t),2(t)) = A remains bounded for all
times, proving that all assumptions hold for the switched linear case. This

concludes the proof of this proposition.

A.6 Proof of Theorem 3.3.6

We prove this theorem by contradiction. Assume that there exists s > t
such that for all ¢ > s we have that the Gramian of system (4.1) W (¢, s) is
not invertible?, but system (4.1) can be stabilized with finite data-rate for
arbitrary o € Rsg and arbitrary € € Rsg. Thus, there exists w(t) € R? for
every t > to such that w(t) € N(W(t,s)) for all t > s and that |w(t)] =1
for all £ > s.

First, note that w'(t) [ ®(t,7) By(r)(T)u(r)dr = 0 for all

u(+) € L2 ([to, 00), R™). To see that, recall that since w(t) € N (W (t,s)) for

loc

all t > s, we have that w'(t)W (¢, s)w(t) = 0. That implies that

0 / B(t,7) Bt (7) Bl (1) (L, 7)drun(t)

:/ | (£)®(t, 7) By (T)|?dT = 0.,

9By the remark following Definition 4.3.1, we know that this implies that system (4.1)
is not completely controllable.
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which implies that w'(¢t)®(t, 7)By(r)(7) = 0 for almost all'® 7 € [s,¢]. This

implies the claim

w'(t)/ ®(t,7)Bo(ry(T)u(r)dr = 0.

Second, we pick!! a@ > a and pick some arbitrary ¢ € R.o. Since the data
rate is finite, we know that there exists a stabilizing control set Z (¢, M, K, «)
such that the cardinality of a set of restrictions of stabilizing controls Ny =
HHs(e, M, K, ) is finite. Thus, if we choose N+ 1 distinct initial conditions
x(tp) we have that at least two of them have the same associated control
restriction vy, ¢ (t) for all t € [to,s]. Now, let £ € K be some interior point
to K. Pick an open ball B(Z,r) that is contained in the interior of K. Thus,
for each i € [d], we can pick Ns + 1 colinear points that lie on a line that

J—1
Ng+1

j € [Ng+ 1] and every i € [d]. Note that all of such points belong to B(Z,r).

is parallel to e;. More precisely, define y;; = = + r( — %)ei for every
Denote by u;;(t) € R™ the control function from the stabilizing control-set
corresponding to the initial condition y;, at time ¢ > ¢, for each i € [d] and
J € [Ns+1], and denote by z;,(t) the corresponding state trajectory at time
t > to for each i € [d] and j € [Ns + 1]. Then, we can use the variation of

constants formula to get

t
ilfj,i(t) = q)(t, tO)yj,i + / (I)(t, T)BO(T) (T)Uj,i(T)dT
to
for all t > t3. Now, by the pigeonhole principle, for each i € [d], there
exists at least two distinct indices j € [N + 1] and kf € [N, + 1] such
that the restriction of their corresponding controls (u;;),,s(t) is the same

for t € [to,s]. Let 2; = yj= i —yrri = eiw for each ¢ € [d] and notice that

Not1
{21, -+, 24} form an orthogonal basis'? for R%. Further note that |z;| > N
since j; — ki is a nonzero integer. Also, let ¢;(t) = x;:;(t) — xp;(t) for

every i € [d] and all t > to. Therefore, again by the variation of parameters
formula, we get that

sz' (t) = q)(t, to)Zi

1OWith respect to the Lebesgue measure on [s, t].
HRecall that a = sup{||Ax| : k € [m]}.
12We have that z; is parallel to e; for each i € [d].
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for ¢ € [to, s] and for i € [d] and

¢

¢i(t) = O(t, 1)z + / O(t,7) Bo(ry () (s i(T) — wgs 5(7))dT
to

for t > s and for 7 € [d]. Now, for each i € [d] multiply ¢;(¢) on the left by

w'(t) and note that

w'(t)pi(t) = w'(t)D(t, to)z;

for all t > ¢¢ by the fact that w'(t) fst O(t,7)Boiry(T)u(T)dr = 0 for all t > s
and all integrable u(-). Next, for every fixed time ¢ > tg, define coeffi-
cients &(t) € R for all i € [d] such that 3%, |&(t)] = 1 and ®(t, t0)z(t) €
span{w(t)}, where z(t) = Zfil &i(t)z;. First, note that such coefficients
always exist since {z1,---,2q4} forms a basis for R? and ®(t,t,) is invert-
ible for every t > to. Hence, we can define &(t) as c{(® (¢, to)w(t), z;) /| zl|?
for'3 ¢ L Further, note that |2(t)] = S0, [&(t)]|2:] >

T ST e ® 2 =P

~ o7, Where the equality follows from the fact that {21,...,24} is an orthog-

onal basis and the inequality follows since S2¢ | |¢;(t)| = 1 and the fact that

|2i| > 57 for each @ € [d]. Let ¢(t) = S &) gi(t) for every t > .

Thus, for every t >ty we have

w'()(t) = w'(t)D(t, to)z(t)

for every t > ty,. Taking the norm on both sides and using the Cauchy-

Schwarz inequality, we see that

W' (£)p(t)] = | D (2, to)2(2)]

BNote that 1L, [G(D)] = |ell SHOTHE to)w(t), z:) /|2l = 1. Also, z(t) =
X (BTt to)w(t), 27) By = e L (@7t to)w(t), ex)es = c@ (¢, to)w(t).
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because |w'(t)®(t, to)z(t)] = |P(t, to)z(t)| since D(¢,t0)z(t) € span{w(t)} and
|w(t)] = 1. Now, recall that, by definition of controllability with finite data-
rate, for every a > 0 and every initial condition z(ty), we have that |z(t)| <
(M|z(to)| + €)e>=") for some M € R.g, some € > 0, and all ¢ > to. In
particular, this must hold for our choice of @ > a and our arbitrary choice of

€. This implies that

|—|Z€z )¢i(t !<Z€z (523 (O] + gz 1 (@)])

(MRO + e)e_o‘(t_to)

where the first inequality comes from the triangle inequality. The second
inequality follows from the facts that Zle |€:(t)| = 1, by construction, that
max{|z ;s ; ()], |zer i (0)]} < (Mlz(to)] + €)e =) by controllability with
finite data-rate, and that |z(¢y)] < Ro. Now, by the Cauchy-Schwarz in-
equality, we have that |®(t,t)z(t)| = |w'(t)p(t)] < |p(t)| since |w(t)| = 1.

Hence, we arrive at
2(MRy + €)e 710 > |®(t, 1) 2(t)].

Finally, note that [®(t,0)z(t)] > e —a(t=t0) That implies that |®(¢, to) ||
> e~t=t)  Thus, |B(t,t0)z(t)] > e ot0)|2(¢)| > N —a(t=t0) " where the

last equality comes from the construction of z(¢). Since this must hold for

each t > ty and we picked o > a, we arrived at a contradiction. Therefore,

system (4.1) must be completely controllable.
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A.7 Proof of Theorem 4.3.2

Proof. We prove that if system (4.1) is UCC, then it satisfies the assump-
tions from Theorem 3.3.5 from Chapter 3. The assumptions of that theorem
are: system (4.1) is persistently completely controllable and it satisfies the

exponential energy-growth condition'4

. First, we prove that UCC implies
persistent complete controllability. Since systems (4.1) is UCC, there exists
T € Rog and w € Ry such that W(t + T,t) > wl,, for all t € [ty, 00).

Choose s, = tg+ Tn for each n € Z>o. Note that W (s,41, s,) is invertible

Sn41

since s,41 — s, = T' for each n € Z5,. Further, limsup,,_, ., === < oo since
lim,, 00 % = 1. Thus, we proved the first claim. Next, note that

W (t+ T,t) > wly, implies that ||[W = (s,41,8,)]| = max{|W " (s,41, 8,)v| :
lv] =1} < w™! for each n € Z>g, proving the second claim. Thus, we proved

our theorem. O

A.8 Proof of Lemma 4.3.3

Proof. We need the following classical identity for the controllability Gramian:
let ty >t > to for ty € RZO7 then

W(tg, to) == (I)o-<t2, tl)W(tl, to)q);.(tg, tl) + W(tg, tl) (AS)

Sufficiency: there exist T' € Rug and w € R~q such that W(t + T,t) > I;,w
for each t € R>g. Now, let £ = [Tlp] and fix some arbitrary ¢ € R>o. Note
that (T, > T since (TZJ > % Let to =0T, +t, t1 =t+ 1T, and {) = ¢ in
equation (A.8) to get that W (t+01},,t) = O, (t +{T,,t+T)W (t+ T, )P (t+
(T, t +T)+ W(t+(T,t+T). Since the controllability Gramian is always
positive semi-definite, i.e., W(t +¢T,,t+ 1) > 0, and W(t +T,t) > I;,w we

conclude that W(t + (1}, t) > O, (t + 1, t + T)P! (t + (T}, t)w.

14Gee subsection 4.3.7 for the formal statement of these conditions.
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Now, recall that the Rayleigh-Ritz Theorem (see, e.g., Theorem 4.2.2 from
[77]) gives us that AA” > M\(AA')I,;, for an arbitrary matrix A € Ré=xd
where A(AA’) € Ry is the minimum eigenvalue of AA’. Further, remember
that A(AA’) equals the square of the smallest singular value of A (see, e.g.
Theorem 2.6.3 from [77]), which we denote by ¢(A). Thus, AA" > ¢?(A)I,,.
Hence, we can write W (¢t + 0T}, t) > ¢*(®,(t+T,,t+T))wl,, . Noticing that
O, (t+(T,,t+7T) is always invertible, we conclude that W (¢t + ¢T1,,t) > 0 for
all £ € R>o.

For each t € Rs and each z; € R% the condition W (t + ¢T,,t) > 0 implies
that there exists a control u : [t, t+T,] — R% such that ¢p(¢t-+0T), t, x4, u(-)) =
0 by Proposition 5.2 from [56]. Thus, Lemma 4.3.8 tells us that system (4.1)
is f-uniformly completely controllable.

Necessity: there exists ¢ € Z-( such that Z H) ! V; = R? holds for each
k € Z>o, where n(k) = |%]. We note that ¢- umform complete controllability

]én

with losses in R¢ implies, by Lemma 4.3.8, that system (4.1) is controllable
in the usual sense on each interval [7,, To(nt1 ] for n € Z>y. Again by Propo-
sition 5.2 from [56], we know that W (7y(41), 7en) > 0 for each n € Z>,. Now,

we prove that there exists w € R such that
W(Tf(n+1)77—€n) > @Idz (A9>

for every n € Z>y.
First, recall that ®, (7541, %) = eto T Also, define

T, /
W,(0,7,) ::/ =B B e T dr
0
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for each p € [m]. Now, we can rewrite W (Tem+1), Ten) in the following manner:

£(n+1)
W (Te(nr1), Ten) = / Do (Te(n1)s ) Bo(r) Bo(ry @0 (Tt 1), T)dT

Ten

— Z / @U(Tg(n+1),T)B ( )B/ (T)CD (Té(n—i-l) )dT
k=In Tk
{(n+1)—1
= Y Po(Tami) 1) X
k=tn
k+1
< [ Bl VB By @l (e, DI (1110 )
T
£(n+1)—1
= Y Co(Tens1ys Thet) Waria) (0, Tp) O (Tefrs1): Thst)
k=/In
(n+1)—1
— Z eAottmin-—1Tp . .. eA”(’““)TPWU(k)(O, Tp)eAif(kH)TP .. 6A2<z(7b+1>71)TP
k=tn

(A.10)

Note that the last term in equation (A.10) can only attain at most m‘ possible
values, each one corresponding to a tuple (o(¢ni1)-1),--.,0(Te)) € [m]".

This motivates us to define the simpligying notation
W(m,-..,pe) = Z eAreTe ... eAPk+1TPWO_(k)(O7 Tp)eA;’k-HTp N eA;?e

for each tuple (pi,...,pr) € [m]°. Thus, we can write W (Tetn41)—1, Ten) =
W

exist constants w (

for each n € Z>(. This latter equality implies that there

Tén)v-'?U(TZ(n«kl)fl)

D1,miDe) € R such that W(pl,m,pz) > w(pl,...7pg)[dz for each
(p1,-..,pe) € [m]", since W (Tem+1)-1,Ten) > 0 for every n € Z,. Hence, if

we choose @ = min{w,, : (p1, ..., pe) € [m]*}, we prove our claim that

-
W Tetms1), Ten) > wly, for eve)ry n € Zso.

Choose T' = 2(T, and fix an arbitrary ¢ € [tg, 00). Next, define ¢ == [t =
We claim that ¢ < 7y, and 7yg41) < T +t. The first claim follows from
Toq = To + (T, = 10+ [ TOMT > 10+ (52 TO)ET = t and the second claim
follows from 7yg1) = 70 + (¢ + DT, = 70 + [ TO—‘gT T, < 1o+ (tT? n
W, + 0T, =t+ 2T, =t+1T.
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We use (A.8) with the choices to =t + T, t; = Tyg+1), to = ¢ to get that

W(t+1T,t)
= Oy (t + T, Togqr1) W (Te(q 1), 1) P (t 4 T, Tyqi1y) + Wt + T, Tuqy1))
> q)g(t + T, Tf(q+1))W(7'€(q+1)7 t)@;(t + T, Tg(q_H)), (A.ll)

where the inequality comes from the fact that any Gramian matrix is always
positive semi-definite. Similarly, we use (A.8) with the choices o = Ty(g41),
t1 = Tuq, to =t to get that

W (Tyg1),t) = Po(Tetqr1)s Teg) W (Teg, 1) P (Tagga1), t1) + W(Tag41), Teg)
> W(Tu(g+1), Teq) (A.12)

where the inequality follows from the fact that any Gramian matrix is positive
semi-definite and by Sylvester law of Inertia (see, e.g., Theorem 4.5.8 from

[77]), which states that two congruent!

symmetric matrices have the same
number of positive, negative, and zero eigenvalues. Hence, combining both
inequalities (A.11) and (A.12), we get that

W(t+T,t) > Ot + T’ Tuq41)W (Tu(g41), Teg) 5 (¢ + T Ta(g1))
= (I)U(t + T, Tf(q+1))®/a<t + T, Té(q+1))@v (A'13)
where the last inequality follows from inequality (A.9).
Recall that a = sup{||As@)|| : t € [to,00)} is finite. Thus, we can apply
Lemma 3.3.3 to get that | @, (t+T, 7y(g41))v| > e~ T ~@i) for each v € R%
with |v| = 1. Now, we note that 7"+t — Ty(g41) < ¢T),. This follows from the
fact that T+t—7y(g41) < 20Tp+T0g—To(g+1) = (Tp. Thus, | Py (t+T, Ty(g41))v] >
e~%Ir for each v € R% with |v] = 1. Next, note that e %> < |®,(t +
T, Toiq1))01? = V'O (t+T, Ty(q1)) Po (t+T, To(g11))v for each v € R% with |v| =
1. This last remark implies that eI, < & (t+T, To(g41)) Po (t+T, To(g11))
(see, e.g. Section 7.1 from [77]).

15The matrices A € R% 9= and B € R%*% are congruent to each other if there exists
an invertible matrix P € R%*9= such that A = PBP’. See, e.g., Definition 4.5.4 from [77].

133



Let A € R%*d  Once again Rayleigh-Ritz Theorem tells us that a number
r € R satisfies AA" > rl; if, and only if, r lower-bounds the minimum
eigenvalue of AA’. Consequently, the previous inequality is true if, and only
if,  lower-bound the square of the minimum singular value of A. Recalling
that the singular values of A and A’ are the same (see, e.g., Theorem 2.6.3
from [77]), we conclude that AA” > rl,, if, and only if A’A > rl, . Thus,
since e= T [, < O (t+T, Ty(g11)) P (t+T, Ty(g+1)), we have that e *2r [, <
Qo (t+T, Tyig11)) P, (t4+T, Ty(q41y). This latter inequality, together with (A.13),
lets us write
W(t+T,t) > we v ], .

Defining w = we~*?Tr | we get that W (t + T,t) > wl,,. Since t € [ty,00) is
arbitrary, we conlcude the proof of the lemma.

]

A.9 Proof of Proposition 4.3.5

Proof. Once again, we need the following classical identity for the controlla-

bility Gramian: let to > ¢; > ¢, for ¢y € R>g, then
W(tQ, to) - q)o(tQ, tl)w<t1, to)q)/o.@g, tl) + W(tg, t1> (A14>

First, fix an arbitrary n € Z>o. Let to = Tynq1), t1 = Tn), and ty = 74,.

Then, equation (A.14) gives us that

W(TE(nJrl)aTén)

(I)o(Tf(n+1)a Tk(n))W(Tk(n% Tén)q); (TZ(nH), Tk(n)) + W<Tf(n+1)7 Tk(n))
> W<T€(n+1)a Tk(n)>7 (A15>

where the last inequality follows from the fact that

(I)U(Tﬁ(n+1)7 Tk(n))w<7—k(n)7 Tén)q);-<7-€(n+l)a Tk(n)) >0

(see proof of Lemma 4.3.3).
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Next, let to = Tynt1), t1 = Thm)+1, and to = Tpmy. Then, equation (A.14)

gives us that

W(Tetn11),Tem)) = Po(Tem+1)s Tr)+1) W (Tem) 415 Th(n)) Po (Tens1) s To(n)+1)+
+ WTotmt1ys Thn)+1)
> Do (Tont1), Thn)+1) W (Ti(n)+15 To(n) ) Pl (Tent1)s Th(n)+1)- (A16)

Let W,(0,T) = fOTp eAP(TP*T/)BpB]’JeA;(TP_T/)dT for each p € [m]. Also, for
each p € [m] choose w, € Ry so that W,(0,T7) > w,lq,. Define w =

min{w, : p € [m]} and note that w € R.o. It is easy to see that

WA Tkm)+1, Th(n))
Tk(n)+1
— / " er'(Tk(n))(Tk(n)+17T)B

A’ (7 —7)
D'(Tk n)) k(n)+1

o (Th(n)) ) dr

Tk(n)

/
By

Th(n)) €

Tp A/ T /
A (T —7”) ( p—T )
_ o(r yWip !/ o (Tk(n))
= /0 e k(n) BU(Tk(n))BT(Tk(n))e k(n) dr

= WG(Tk(n))(()) Tp) Z @‘[dz7

where the second equality follows from the change of variables 7" = 7 — 73,
and the inequality follows from the definition of w. Combining the previous
inequality with inequalities (A.15) and (A.16), we get that

W(Te(n-‘rl)u Ten) > ®U<Tf(n+1)7 Tk(n)—i—l)q);(Tf(n-&-l)u Tk(n)+1)@-

Let a = sup{||Ao|| : t € [to,00)}. Then, following similar steps as in the
necessity part of the proof of Lemma 4.3.3, we get that e 22(Ttn+1)=Th(m+1) <
Do (Totnt1) Th(n)+1) PL (Ten+1), Ten)+1)- Since Tymi1) — Thm)+1 < T, we con-
clude that e 2% [y < @, (Ty(nt1), Tho(n)+1) Po (Te(nt1)s Th(n)+1). Therefore, we
know that

W(Tf(n+1)7 Tén) Z @eimprldz-

Since n € Zs is arbitrary, we proved that W (7y,11), Ten) > we 221, for
alln € Zzo.
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To finish this proof, we take T' = 2(T, and let t € [tg,00) be arbitrary.

—2afTy  Then, we follow the exact same steps as

Further, define w = we
in the proof of Lemma 4.3.3 from the paragraph that starts with “Chose
T = 20T,”. We get that W (t + T,t) > we 2*"r [, = we **Tr],; . Choosing
e 2Ty we conclude that system (4.1) is UCC. This concludes the

proof of the Proposition.

(2

w =

O

A.10 Proof Corollary 4.3.6

Proof. Let NZJiQ > T, Take { € Z,y to be £ := Ny + 2. Then, the ADT
condition tells us that the number of switchings on any interval of length ¢7),
is upper-bounded by the quantity N()—i—% = NO+% < Ny+1, where the

last inequality follows from our initial assumption. Thus, for each n € Z>,

the time interval [74,, Tyn41)) has at most Ny + 1 switchings and contains
Ny + 2 sampling intervals. Therefore, by the pigeonhole principle, for each
n € Z.o, we know that there exists some k(n) € Z.o such that k(n) € S, i.e.,
there is no switching on the time interval [7y(n), T(k(n)+1)). Consequently, since
all modes are controllable, we have that (A,um))|Bokm))) = R?. Hence, all
assumption from Proposition 4.3.5 hold, concluding the proof of the corollary.

]

A.11 Proof of Lemma 4.3.8

Proof. We prove the sufficiency and necessity parts separately. We take this
opportunity to make a few definitions and prove some auxiliary results. For

each k € Z>, define the linear operator

Lk : L?C?C([Tk,Tk_,_l),Rdu) — Rdm
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given by Lg(u(-)) = f::“ Qo (Thy1, T) Bo(ryu(r)dr. Now, given two real vector
spaces V and W and a linear operator L : V — W, we define the range of
L to be the subspace Z(L) = {w € W : L(v) = w for some v € V}. The
next result will be instrumental in what follows: the range of Lj(-) equals

(I)O'(Tk-i-h Ten)Vlm i'e'7
A(Li(+) = Po(Ths1, Ten) Vi (A.17)

Indeed, note that there are no switchings inside the interval [, 7441), i.e.,
system (4.1) behaves as an LTI system on this interval. It is a well-known
fact that Z(Li(-)) = Z(W (141, 7)) (see’®, e.g., Lemma 2.1 from [78]).
Furthermore, Z(W (Tj41,7k)) = (Ao(r)|Bo(r)) (see, e.g., Lemma 2.10 from
[78]) since A,y and By are constant on the time interval [y, 741). Thus,
H(Li(-)) = (Ao Bor)) = Pol(Tht1, Ten) Vi and we conclude the proof of
our remark.

To aid the reader, we now prove some well-known facts about the range of
linear operators. Let V and W be real vector spaces, let L : V' — W be
a linear operator, and let S C V be a subset. We define LS = {w € W :
L(v) = w for some v € S}. Let Ly : V. — W and Ly : W — Z be linear

operators, where Z is a real vector space. Then, we see that

H(LoLs) ={z € Z: LyLi(v) = z for some v € V'}
={z€Z: Ly(y) =z for some y € Z(L1)} = LoZ(L1). (A.18)

Finally, let Ly : V — W and Ly : V — W be linear operators. Then, we see
that

H(L1+Ly) = {w € W : Ly(v) + La(v) for some v € V'}
C{w e W :y, 4y = w for some y; € ZL; and some yo € Z Lo}
=R+ XL, (A.19)

16 Although it is not explicitly mentioned, the proof of Lemma 2.1 provided in [78] shows
that the control is integrable locally essentially bounded.
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Sufficiency: for each n € Z>( and each x € R% there exist a control u,(-) €
L2 ([Ten, Tent1)), R™) with the following property: if z(7,) = x, then we
have x(7yn41)) = 0. We start this proof by noticing that the variation of

constants formula lets us write that

Te(n+1)
0= $(Té(n+1)) = ®U(Te(n+1)7 TZn)JJ + / CI)cr(TZ(n—l-l)v T>Bcr(7')un(7-)d7-'

Ten

We can rewrite the above integral as

To(nt1)
/ Qo (To(n41), T) Bo(rytn (T)dT

Ten

L(n+1)—

Tk+1
Z / TE n+1)» )BU(T)U’VZ(T>dT

k=In
L(n+1)—

Tk+1
= Z (I)U(Tﬁ(n+1)a7—k+1>/ @U(Tk+177—)B0(T)uTL(T>dT

k={n Tk

£(n+1)—1
= Z Do (Te(nt1)s Thor1) L (n g me 1) (4))- (A.20)
k=fn
Since x € R% is arbitrary and @, (Ty(n+1), Ten) is invertible, our initial as-

sumption is equivalent to the fact that

Te(n+1)
R = % (/ <I>J(Te(n+1),T)Ba(T)Un(T)dT) )
Tin

which, by equation (A.20), is equivalent to the following condition

L(n+1)—1

RE=Z | > Columen), Test) Di(tinry m ) () |- (A.21)
k=In

Using the set inclusion (A.19), we can write

L(n+1)—1

4 Z (I)U(Té(n—i-l): Tk+1)Lk<un|[Tk,Tk+1)('))

k=In
£(n+1)—

C Z TZ (n+1), Tk+1)Lk<un|[Tk,Tk+1)( )))
k=tn

138



Next, using (A.18), we conclude that

(n+1)—1

74 Z (I)U(Té(n+1)7 Tk+1>Lk(un|[Tk,Tk+1)('))
k={n

£(n+1)—

c Z o (Tatn 1), T61) 2 (Lt ) ().

k=In

Thus, the previous inclusion together with the equality (A.21), lets us write

that
£(n+1)—

R C Z TﬁnaTk-l-l)%(Lk(unHTkﬁkﬂ)(')))'

k=In

We multiply both terms in the previous relation by ®,(7s,, Tyn+1)) on the
left to get that

£(n+1)—1

R C Z TEn, Ty n+1))q)a(7—£(n+1)7 Tk+1)‘%(Lk<un|[Tkka+1) ()))
k=tn
£(n+1)—1

= Y Co(tn, T ) Z(Li(tnffryr 1) ()
k=tn
fn+1)—1 fnt1)—1

- Z Qo (Ten, Tt 1) Po (Thp 1, Ten ) Vi = Z Vi,

where the first equality follows from the semi-group property of the state-
transition matrix, and the second equality follows from equation (A.17). Fi-
nally, we note that the inclusion is actually an equality because the range of

the operator on the right is R%. Hence,

L(n+1)—

-y

k=tn
Since this holds for any n € Zs(, we conclude the proof of the sufficiency
part.
Necessity: there exists ¢ € Z>( such that system (4.1) is (-uniformly com-
pletely controllable. So, for each # € R% and each n € Zs,, we can write
T = i(;l,;”*l x;j, where x; € V; for each j € {{n,... . l{(n+ 1) —1}. To

organize our ideas, we split the proof of necessity into four parts.
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First, we have that ®,(Thi1, Ten) Tk € (Ao(ry)|Bo(r))- Indeed, we know that
2y € O (T, Ton) (Ao | Bory))- Thus, @, (Tk, 7en) 2k € (Ao(ry)|Bo(ny)). Fur-

AotTr  which implies that

thermore, we also have that ®,(mx11,7%) = e
Do (Tha1s Tk) (Ao(r) | Bon)) = (Ao(r)|Bo(r,)) since (Ao(r)|Bo(r)) 18 Ao(ry)
invariant (see, e.g., Chapter 1 from [79]).

Second, equation (A.17) gives us that Z(Li(-)) = Py (Tki1, Ten) Vi for each
k € Zso. This implies that there exists a L ([, Tes1), R™) function uy :
[Tk, 1) — R such that —®, (711, Ton) 2k = Li(ug(+)).

Third, define the function u : |74, Temin)) — R™ as u(t) = wug(t) for ¢t €
[Tk, Tkt1) and each k € {fn,...,¢(n+ 1) —1}. We note that u(-) is

L ([Tens Tent1)), R™). This follows from the facts that each u(+) is integrable
on its own domain and that the set where wu(-) is not bounded is a null
Lebesgue set. This latter fact follows from the simple observation that {¢ €
[Ttn, Ten41)) + |u(t)] = oo} = ui(;"b;f)‘l{t € [Tk, Tkt1) : |uk(t)| = oo} and that
the finite union of null sets is a null set. Therefore, u(-) is locally essentially
bounded. Fourth, let z(74,) = . Then, we can use the variation of constants

formula to get that

L(n+1)—

Té(n+1)
T(Tont1)) = Lo (To(ni1), Ten) Z xk+/ Qo (To(ns1), T) Bo(ryu(T)dr
k=fIn
L(n+1)— L(n+1)— Tk+1
= P4 (Te(n+1): Ten) Z T+ Z / o (Te(n41), T) Bo(ryun(T)dT
k=tIn k=/In Tk
f(n+1)—1 f(n+1)—1 Tk+1
= O, (Ty(n+1), Ten) Z T+ Z / o(Tht1, T) Bo(ryur(7)dT
k=/In k=fIn
L(n+1)—1
= O, (Ty(n+1), Ten) Z xr, + Li(ug(+))

= 0.

Since n € Zs( is arbitrary, we conclude the proof.
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A.12 Proof of Lemma 4.3.9

We prove the more general fact that given subspaces V C RY and W C R?
such that V @ W = R?, then the Euclidean norm of the projection matrix
Py over V' and parallel to W is given by ||Py|| = m If V={0},
then Py = 0 and ||Py|| = 0 < 1. Thus, we can assume that V' # {0}. First,
given any vector x € R?\ {0}, we can write it uniquely as z = av + fw,
where v € V and w € W since V@& W = R% Then, we see that Pyz = av
since Py is a projection along V. Assume that av # 0 and that fw # 0, i.e.,
x ¢V and x ¢ W. Now, we see that

|va|2 |Oﬂ)|2 |OzU|2
jav + Bwl ~ Jav + Bl + 2a5(v, w)
B 1
L L = 20284 o) e
B 1
1+|\av\|2+2< ’%>%||1’:}||7
by simple algebraic steps. Define y := al l|3|w|| € R and note that y? = ||Cw| 2.

Thus, we can write

1
1+ 2y(ptr, o) + %

w

|Pyaf® =

Note that the right-hand side can be upper-bounded by W since

[v]? [w]

the quadratic function at the denominator achieves its minimum for y*
— (&, 2. Thus, we get that

o] Juo]

1
Py < ———3-
L= (o mn)

Further, the term 1— (%, l) that can be lower-bounded by 1 — cos?(V, ).

o] 7 Jw]

Therefore, we have that

|Pyz| <

1
(1 — cos2(V, W))1/2 (A.22)
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for any z € R?\ {0} such that x € V and x ¢ W. If z € V, then |Pyz| =
% = 1. If z € W, then Pyx = 0. Thus, for any 2z € R?\ {0}, we have that
|Pyz| < max{0,1 L L

’(l—cos2(V,W))1/2} ~ (I—cos2(V,W))1/2>
follows from the fact that cos(V, W) € [0, 1).
Next, note that there exist v* € V and w* € W such that |[v*| = |w*| =1
and that |(v*, w*)| = cos(V, W). This follows from the fact that the function
fv,w) = [(v,w)| is continuous and the set {(v,w) € VxW : |v| = |w| =1}
is compact. Thus, the maximum is achieved by some pair (v*,w*) € V x W
with [v*| = |w*| = 1. Since cos(V, W) = max{f(v,w) : (v,w) € V X
W and |v| = |w| = 1}, we conclude the proof of this claim. Now, choose = =
v* —cos(V, W)w*. Therefore, « =1, B = —cos(V, W), and y = — cos(V, W).
Therefore, we get that

where the last equality

Thus, the maximum

1 _ 1
1+2y(v* w*)+y? ~ (1—cos2(V,W))1/2"
on the right-hand side of inequality (A.22) is achieved. Hence, we conclude

that |1 Pv]| = s—aqmmye

A.13 Proof of Lemma 4.4.2

First, the fact that the Riccati equation Pa(m(t — 1) = —Al (Tk)Pa(m)(t —
7) = Po(r) (t = T) Ao(r) = Qotr) T Potr) Bl B ) Bty Pt (£ — 71e) with
final condition Py(;)(Tit1) = I4 has a unique symmetric positive definite
solution for all ¢ € [ry, 7k41] is standard (see, e.g., Chapter 6 of [75]). Fur-
thermore, it is also standard that the system @(t) = Ay (r,)@(t) + Bo(ru(t)
with initial condition z(7;) at initial time 7, under the feedback control
u(t) = _R;(lTk)BQ(Tk)Pa(m)(t — 7 )z(t) is such that z(7x11) = 0. Note that
the feedback system, after making the substitution of w(t), becomes & (t) =
(AU(Tk) - R;(lfk)Bff(Tk)Po(m)(t — 7))z (t) for t € [Tk, Thia].

Second, note that ¢o(r,)(t — %) is the matrix transfer function for the LTV
system 2(t) = (Ao(r) — R;(lTk)B(;(Tk)PU(Tk)(t — 71))x(t) on the time interval
[Tk, k). Thus, note that ¢y (-, )(t — 7)x(7) = 2(t) by this previous fact.
Hence, we can write the previous feedback law as u(t) = —R;(l B ) Po(mo (t—

k)
Ti) o () (t — Ti)2(73), which proves the lemma.
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A.14 Proof of Lemma 4.4.3

We first prove the following inequality by induction over k& € Z>4:

k—1

Y < abyo + bzaj-
=0

Let kK =1, then
y1 < ayo + b.

Now, consider k =n + 1 for n € Z>;. Then,
n—1
Ynt1 S ayp +b<a (anyo —H)Zaj) +b
5=0

= a"lyy + bz a’ + b,
=1

where the second inequality comes from our induction hypothesis, proving

the claim. Recalling that Z?:o al = “n:_ll_ L we conclude the proof of this

lemma.
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A.15 Relation of Theorem 4.3.7 and the literature on
entropy

Remark A.15.1 (Relationship with topological entropy). There exists a
connection between the previous upper bound for the data rate used by our
coder-decoder/controller and recent results on upper bound for the topolog-
ical entropy of linear switched systems. To see that, we make a few sim-
plifying assumptions. First, assume that w = 0, i.e., the switching times
happen synchronously with the sampling times, then the perceived asymp-
totic active rate is given by pf = limsup,_, 1 ftto xgiy(o(7))dr. The right-
hand side of the latter equation is called asymptotic active rate of the i-th
mode in [26] and is denoted by p;. Further, we assume that the previous
limit superior is actually a limit'”. Also, if we take the limit as T}, — oo
in the last inequality for the data-rate given in the proof of Theorem 4.3.7,
we see that Tip log (e A +e) ) — max{0, u(4;) + o} since'® Llog(e™”) <
Llog([e*™]) < max{0,z + £}. Thus, inequality the inequality for the data-
rate given in Theorem 4.3.7 becomes b(M, ) < 37, pid max{0, u(A;)+a}.
Taking o = 0, we can compare our result with the upper-bound for the topo-
logical entropy of linear switched systems presented in Theorem 1 from [26].

In that paper, the upper bound presented was

lim sup Z max{0, du(A;)p;(t)} = Z max{0, du(A;)p;},

t=roo 1€[m] 1€[m)|

where we have used the fact that the limit superior is a limit to get the
equality. Comparing, we see that the upper bound given in the proof of the
Theorem 4.3.7 becomes 3, max{0, du(A;)p;}, which is the same as the
upper-bound given in [26]. Informally, if the sampling period T, is large,
system (4.1) satisfies Assumption 4.3.1 with w/¢ small, and we use o = 0,
then the data-rate used by our Algorithm 4.4.1 is close to the upper-bound
for the topological entropy provided in [26].

1"Tn our current analysis, we can drop this assumption by slightly modifying the inequal-
ities (4.43) and we would obtain the same conclusion without this assumption. However,
this would make the proof longer and less clear.

®Note that log([e”?]) = 0 if T < 0 and that log([e*]) < log(e”") + 1 if z > 0.
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